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ADVERTISEMENT. 



1 HE Mathematics in general, and particularly ^he Fluxionary 
and Integral Calculus, havings for many years, been greatly 
progressive, it would have been a great omission on the part 
of the editor of a work of such standard exeellence as 
SiMPsoi^'^s Fluxions, to have entirely overlooked the obvious 
improvements. It has, therefore, been the primary object in 
this new edition, in addition to a corrected copy of the text, 
to ftirnish the Student with the most elementary theories, on a 
variety of new and interesting subjects — to present him, as 
it were, with the links, connecting past with present science. 
If the labours of the editor effect, in the smallest degree, a closer 
union between what have been too long separate; he- witt Have 
the satisfaction of feeling they were not made in vain. 

To the Studenty any explanation at present with regard to 
the Appendixes would be unintelligible, and to the Adept, 
unnecessary. 

An author of Simpson's celebrity needs no recommendation. 
The ablest Geometers of this and other countries, have at all 
times bestowed upon him the most liberal praise. The following 
extracts will serve as specimens : 
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IV ADVERTISEMENT. 

^^ Demonstrationes olim oontrahere studui ut auditorum 
meorum comodo consulerem et Theoriam Fluxionum paucis 
exhibere : quod fere eodem tempore in Anglia praestitit Thomas 
Simpson.^ 

Fruius, Vol. 1, page 287. 

*^ Thomas Simpson, the ablest Analyst (if we regard the useful 
purposes of Analytical Science) that this country can boast of, &c/^ 

WoodhousCf Phfs. Ast page 202* 

*^ At the moment when we now write, the treatises of Mac- 
laurin and Simpson are the best which we have on the Fluxionary 
Calculus, &c.^ 

Plaj/fair's Worka^ Vol. 4, page 328. 

The last quoted author, however, proceeds to state, that ex- 
cellent as these treatises are, they are still inadequate to the 
present state of science. 
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TO THE 



RIGHT HONOURABLE 



GEORGE EARL OF MACCLESFIELD. 



&c. &c. &c. 



My Lord ; 

AS I esteem it a very great honour to be permitted 
to place the following sheets under your Lordship's 
protection, who is not only an encourager of, but an 
ornament to, mathematical learning; I have taken 
more than ordinary pains, that, what is here ushered 
into the world, with such advantage, may not be found 
altogether unworthy of so distinguished a patron. 

I am not vain enough to imagine, that, to one so 
deeply read in these abstruse and curious speculations, 
as your Lordship is universally allowed to be, this 



VI PEDICATION. 

work will appear without faults : but, then, I have 
the satisfaction to think, on the other hand, that, 
whatever is here to be met with capable of bearing 
the test of an exact and solid judgment, will also 
have its due weight, and not fail of receiving your 
Lordship's approbation : and if^ upon the whple, there 
is merit enough found to entitle me to a favourable 
reception, it will gratify the highest ambition of. 

My Lord, 

Your Lordship's 

Most Obedient Humble Servant, 



THOMAS SIMPSON. 



THE AUTHOR^S PREFACE. 



Having, in the year 1737, published a piece, cm 
this same subject, under the title of A Treatise of 
Fluxtons (whereof tiie whoie impression hath been 
long since sold), it may be proper here, first of all, to 
assign the reasons why this work is sent abroad into 
the world as a new book^ rather than a second edition 
of the said Treatise. Which, in short, are these two: 
First, because the present work is vastly more ftiU and 
comprehensive ; and, secondly, because the principal 
matters in it which are also to be met with in that 
Treatise^ are handled in a different manner. 

Besides the prees^errors with which the said Treatise 
abounds, theve are several obscurities and defects 
(which the Author^ want of experience, and the many 
disadvantages be then laboured under, in his first 
sally, may, it is hoped, in some measure excuse). 
But what is now offered to the public, being a per« 
formance of more mature considerati(»i and judgment, 
it will, I flatter myself^ be found much more cwrect^ 
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and claim a favourable reception ; especially, as par- 
ticular care and pains have been taken to put every 
thing in a clear light, and to oblige the lower, as well 
as the more experienced, class of readers. 

The notion and explication here given of the first 
principles of fluxions, are not essentially different from 
what they are in the above-mentioned Treatise, though 
expressed in other terms. The consideration of time, 
which 1 have introduced into the general definition, 
will, perhaps, be disliked by those who would have 
fluxions to be mere velocities : but the advantage of 
considering them otherwise (not as the velocities 
themselves, but the magnitudes they would uniformly 
generate in a given finite time), appear to me sufficient 
to obviate any objection on that head. 

By taking fluxions as mere velocities^ the imagina- 
tion is confined, as it were, to a point, and, without 
proper care, insensibly involved in metaphysical dif- 
ficulties : but according to our method of conceiving 
and explaining the matter, less caution in the learner 
is necessary, and the higher orders of fluxions are ren- 
dered much more easy and intelligible^ Besides, 
though Sir Isaac Newton defines fluxions to be the 
velocities of motions^ yet he hath recourse to the in- 
cretnents, or moments, generated in equal particles of 
time, in order to determine those velocities ; which he 
afterwards teaches us to expound by finite magnitudes 
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of Other kinds : without which (as is already hinted 
above) we could have but very obscure ideas of the 
higher orders of fluxions : for if motion in (or at) a 
point be so difficult to conceive, that some have even 
gone so far as to dispute the very existence of motion, 
how much more perplexing must it be to form a con- 
ception, not only, of the velocity of a motion, but 
also infinite changes and affections of ii, in one and 
the same point, where all the orders of fluxions are to 
be considered. 

Seeing the notion of a fluxion, according to our 
manner of defining it^ supposes an uniform motion, it 
may, perhaps, seem a matter of difficulty, at first view, 
how the fluxions of quantities, generated by means of 
accelerated and retarded motions, can be rightly 
assigned ; since not any, the least, time can be taken 
during which the generating celerity continues the 
same : here, indeed, we cannot express the fluxion by 
any increment or space, actvxiUy^ generated in a gi^n 
time (as in uniform motions). But, then, we can 
easily determine, what the (Contemporary increment, 
or generated space would be, if the acceleration, or 
retardation, was to cease at the proposed position in 
which the fluxion is to be found : whence the true 
fluxion, itself, will be obtained, without the assistance 
of infinitely small quantities, or any metaphysical con- 
siderations. 

Thus, for example, the motion of a ball, descending 



X PREFACE. 

by the force of its own gravity, is continually acce- 
lerated ; but to have the fluition of tliie distance fallen 
through at any given position of the ball, we must find 
how far the ball would, unHbrmly, descend, from that 
pointv in a)grvten time, if the gravity, or the earth^s at- 
traction^ from thence, was to cease acting. By which 
means we shall have as clear an idea of the fluxion and 
the true measure of the velocity of the ball, at any point 
assigned, as in those cases where the motion is, 
actually 9 uniform. 

Again, if a right-'hne be supposed to move parsdlel 
to itself with an equable motion, aiid< to increase in* 
lengtii, at the same time ; the area generated thereby, 
will increase with an acceliarated velocity ; but the 
fluxion thereof, at any given position of the line, will 
be had by taking that part of the increment which 
mould, uniformly, arise, was the length (as well as the 
velocity) of the line to continue invariable from the 
proposed position. For, if the length be supposed ta 
increase, frcMi the said position, the area generated, 
from dience, will be, evidently, greater than that which 
Ti^uld unfilbrmly arise in the same time ; smee the 
new' partly produced each succeeding> moment; are 
greater and greater: Therefore the fluxion must be 
lessi than any sfnoe that can be destribedyj^the gived 
time,' y^ftmt the liire^ inoreasest. And, in the earner 
manner, the fluxion will appear to be greater than ady 
space that' can be described^ iui the same tiaie, wten 
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tlie line decreases. It must, therefore, be equal to 
that space, which will arise, when the length of tiie 
generating line, from the given position, is supposed 
neither to increase nor decrease : agreeable to Art. 4. 
Thus much it seemed proper to offer here with re- 
gard to the first principles. I shall now proceed to 
say something concerning the order observed in treat- 
ing, and putting together, the several parts of the 
work ; wherein the ease and benefit of the young be- 
ginner have been particularly consulted : to load such 
an one with a multitude of rules and precepts, before 
giving him any taste of their use and application, 
would, certainly, be very discouraging; and like 
obliging a traveller to ascend an high mountain, with* 
out allowing him to stop by the way, to take breath, 
and refresh bis spirits with a prospect of the agreeable 
and extensive view he has to expect when he arrives 
at the summit : I have, therefore, after demonstrating* 
the first principles, proceeded immediately to exem- 
plify their utihty in several entertaining inquiries^ be-» 
fore touching at all upon the inverse method'^, or the 
more^ difficult parts of the direct. And, sinee that 
branch of theinverse method) which treats of the com- 
parison of fluents isv naturaltyi, somewhat difficult, it 
is-rdbrred tothaseeond'partof thework, together with 
such other matters in tjie Theory as might appear; 
either too tedious or hard to a learner at first setting 
out. The like care has been taken in the disposal of the 



Xll PREFACE. 

rest of the work. As to. the several particulars whereof 
it is composed, I must refer to the book itself^ they 
beiug too many to be here enumerated : one thing, 
however, I must not omit to take notice of, relating to 
that part which treats of the aforesaid business of 
fluents ; to which it may, perhaps, be objected, that 
notwithstanding my having insisted so largely on the 
subject, there are a number of forms of fluxions and 
fl.uents to be met with in authors, that I have not so 
much as touched upon. This is granted; but then 
they are most of them such as, I dare pronounce, can 
never arise in any inquiry into nature ; and it would, 
doubtless, be time and labour misapplied, to swell the 
work, and embarrass the learner with a number of un- 
necessary difficulties, and empty speculations ; when 
what is, really, proper and useful, in the subject, is 
sufficient (it is well known), to exercise his utmost at* 
tention and resolution. 

I cannot put an end to this Preface without ac- 
knowledging my obligations to a small tract, entitled, 
An Explanation of Fluxions in a Short Essay on the 
Theory ; printed for W. Innys : wrote by a worthy 
friend of mine (who was too modest to put his name 
to that, his first attempt) whose manner of determining 
the fluxion of a rectangle, and illustrating the higher 
orders of fluxions, I have, in particular, followed^ with 
little or no variation. 

THE DOCTRINE 
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SECTION I. ' 

Of the Nature and Investigatto7k of 

Fltixians. 

1. M.N order to tomn a proper idea of th^ nature of 
Fluxions^ all kinds of magnitudes are to be considered 
as generated by the continual motion of some of their 
bounds ot extremes ; as a Line by the motion of a 
Point ; a SurfiM» by the niotion of a Line ; and a Solid 
by the motion of a Surface. 

fti Every quantity so genemted is called a variable, or 
flowing quantity: and the magnitude by which any 
Jlowing quantity would > be uniformly increased in a 
givenpdrtion cftime, with the ^generating celerity at any 
proposed position^ or instant (was it from thence to con- 
tinue invariabkj is the fiuxion of the said quantity at 
tiuU position^ or instant^^ 

B 
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Thus, let the point m be conceived jto move from A, 

and generate the 
772. W T variable right- 

A ' > ' ."-*•»— iJne A wi, by a 

R motion any now 

regulated ; and 
let the celerity thereof, when it arrives at any proposed 
position R, be such aa would^ was it to continue uni- 
form from that point, be sufficient to describe the dis- 
tance, or line R r, in the given time allotted for the 
fluxion : then will R r be the fluxion of the variable 
line A m, in that posijtipn. 

3. The fluxion of a plane surface is conceived in 

like man^aer, 

B S S G *>y supposing 

- — —J. J - ^ given right- 

I j line mn to 

I j move parallel 

Hn U „F to itsdf, in 

R ^ the plane of 

the parallel, 
and immoveable lines A F and B G : for if (as above) 
R r be taken to express the fluxion of the line A m, 
and the rectangle R r s S be completed, then that rect- 
angle, being we spaee which wmld be uniformly de- 
scribed by the generating line m n, in the time that 
A m would be uniformly increased by m r, is therefore 
th^ fluxim of the generate^ reeitangle B tn, in that 
position, ac^rding to the true lueAnmg of the defini- 
Uon* 

4« If the length ef the g^eratipg . lilie mn coAr 
tinually varies, the fluxion of the area will sttU be 
expounded by a rectangle uoder that Un^ 9nd the 
fluxion of tne abscissa, or base: for, let the cur- 
^Uneal space A 99 9i be generated by the continual i^id^ 

1>arallel motion of thp (now) variable ]ijQ».m>n, sa^. 
et R r be the fl^iidcm of the base, or abseissa, A m (as 
befoise) ; . then the rectangle B r s S will here i^so be the 
fluxion of the g^rat^d space Amn: because, if the 
length and velocity of ttie generating line m n were 
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to continue invari- 
able from the posi- 
tion R S, the rect- 
angle Rra 5 would 
then be uniformly 
generated, with the 
yery oelfarity where- 
with it ^gins to be 
graierated, or with 
which the space 
A9Hn is increased 
in tliat p<>$ition. 

5; From what }ias been hitherto said, it w3l appear, 
that the fluxions of quantities are always as the ce/e- 
rities Igf which the qtumtities themselves increase in mag" 
nitude : whence it will not be difficult to form a notic«i 
of the Bu^aons of quantiti^ otherwise generaited ; as 
weQ such as arise from the revolution of right-lines 
and planes, as those by parallel motion : but of this 
hereafter. I come now to show the manner of deter- 
mining the fluxions, of algebrj^ic quantities ; by which 
all others, of what kind soever, are explicable^ But 
first of all it will be requisite. to preimise the following 
observations. 

I. That the, final letters u, w, x, y, z, of the alphabet 
are commonly put for variable quantities; and the initial 
kll^ ^> ^ c, d, &^Jpr ^jffqriqblfi ones: thus the 
^m^tf&> rf. a jgii^n oik^e i»»y l^dei|o|ed by.oj 

by«. 

It That. tJ^fiuxionqf a qmntity r^y^esmefi ^q 
single letter^ is usually ex^t^i^ ij/i tbe'sume Utteir wifk 
^^^ ^ futi^int of^it: l^b^s the Suxiiw. of « is 
Q^>es^jM[ bfr «i and tfeat of y by y. 

^I. \f^k;Lt,t^fiipc^ of a qifonti^ which decreaseSf 
if^^ifodi qf^ intreasffig^ u^ fo, hi considered tis negative. 
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PROPOSITION I. 



6. The Fluxion of a Quantity being given^ lit m proposed 
to find ike Fluxion of any Power of that Quantity. 

As a cleax understanding of this problem will be of 
great importance throughout the wnole work, it may 
not be improper to consider it first in one or two of its 
most simple eases. 

Case 1. Let x express the fluxion of x^ (according 
to the foregoing notation) and let the fluxion of x^ be 
required. 

Conceive two points, m and % to proceed, at the s^me 
time, from two other points, A and C, along the 
right-lines A B and C D, in sUch sort, that the mea- 
sure of the distance C S (y), described by the latter, 
may be, always^ equal to the square of that A B {x)y 
described by the former moving uniformly.. 



A 



;j^. 



c- 



X 



— I — I- 
. 7 



S 



TV 

—I 



..B 



Fnrtbiermore; let ty 3 and R, S be any contemporary 
{kMlitions of the generating points, and let the lines 
sc and y represent the respective distances that would 
be uniformly described, in the same time, with the cele- 
rities of those points at R and S, then those lines will 
express the fluxions of A m and C n in this position, 
(ly the D^nitumy Art. 3 and 5). 

Moreover, since C « = A r* and C S = A R* (by 
hypothesis), if R r be denoted by v, we shaQ have C S 
(y) = a?*, and Cs (= t— t?l*) = **— gaw + »% and 
consequently S « ( s= C S.— C s) t= £aw — v* ; from 
whence we gather, that while the point m moves over 
the distance v, the point n moves over the distance 
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^3N>^v\ But this last distance (since the square of 
stay quantity is, known to increi(se faster, in propeir- 
tien, than the root) is not described with an uni^rm 
motion Qiike the former), but an accelerated one ; and 
therefore is equal to, and may be taken to express, th« 
imiform space that might be described with the mean 
celerity at some intermediate point e, in the same time. 
Therefore, seeing the distances that might be described, 
in equal times, with the uniform celerity of m, and 
the mean celerity at e, are to each other as t; to ^v 
—0% or as 1 to 2a?— V, or, lastly, as x to 2a?i— t?i, 
(all of which are in the same proportion) it is evident, 
that in tlie time the point m would move uniformly 
over the distance x, the other point n, with its celerity 
at e, would move uniformly over the distianee 2apx— vx. 
This beii^ the case, let r, R, and «, S, be now sup- 
posed to coincide, by the, arrival of the generating 
points at R and S, then e (befng always between « and 
S) will likewise coincide with S; and the distance, 
^x— t?x, which might be uniformly described in the 
aforesaid time, with the velocity at c (now at 8), will 
become barely equal to 2xf ; which (by the Defin.) is 
equal to (yj, the true fluxion of C » or x*;* 



* It may, perhaps, aeem inaccurate, that the flaxions of 
« and a^ are compared together, and expressed both by 
lines, when the flowing quantities themselves^ considered 
as a right-line and a square, admit of no comparison. 
This objection would, indeed, be of force, were the expres- 
sions restrained to a geometrical signification ; but here our 
notions are more abstracted and universal, not obliging us 
to regard what kind of extension, may be defined by this 
or that expression, but only the vaJues of the algebraic 
quantities thereby signified ; to which the measures of all 
other quantities whatever ar^ ultimately referred. And 
though quantities of different kinds cannot be compared 
with each other, their measures, in numbers, may. Thus, 
for instance, though it would be wrong to affirm, that a 
square whose area is 9 inches, is equal to a line of 9 inches 
long, yet it is no impropriety at all to say the numbers ex:-' 
j^ressing their measures, in inches, arc equal. 
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7. C^tie ft. Let ^e IbUKim d «' be req«iired. 
Suppose every thitag to rtfimain d6 in the pireedU)(^ 

case; dniy let C n be here equal io the 6ube ^ A iH 
(iiMteid ef the ^uare). 
Then, in the ^ery same manner, We have S « (±s C S 

— C^=jc'— a?— t?l^)=3jt*t?— 3fl(?tJ* + t?': from Whence 
it appears^ that the distances which niight be desbrib(e4 
i|i the same time, with the uniform celerity off wi, and 
the mean celerity at e, will in this case^ be to each 
other as z? to Sx*© — Sow' + r*, or , as x to 8jc*ac — 
3jct?i+i?*i: which last expression, when «, c, aifd S 
coincide (as berore) will become Sjc^i, the true fluxion 
oix^ required. 

8. Univer9iUly. Let C n be alwaga equal to Ami" ; 

also let a?— t?l' (or «— t? raised to the power whose ex- 
ponent is nj be represented by x'*^ax^*^i)-^b3(f^v* 
— ea/^^i)', <S*c.. and let every thing else be supposed as 
above. 

Then, since Ss (j?*— «— t?i") is=sajc^'«— 6ar"*t;* 
•f cx^^i?', 4r^ it is plain that the spaces which might 
be described in thp same time, with the uniform cele- 
rity of m, and the mean celerity at e, will here be to 
each other as t? to 0**^'©— 6af~*o*4-cx*"^t?% \Sce. or as 
A to 03^"^ «— ijt^*t)x-f c«^'o*i, 6rc. 

Therefore, all the terms wherein v is found, vanish- 
ing, when *, e, and S coincide, we have a«^"' i for 
the required fluxion of Cn, or ocf; which fluxioii, 
because the num^al co-efficient of the second term of 
a binomial involved is known to be, universally^ equal 
to the exponent of the power, will also be truly ex- 
pressed by nx'^'i. Q. E. 1. 

9. If the quantity A m (olr a?) be generated with an 
accelerated, or a retarded motion, instead of an uni- 
form' one, the fluxion of x* (or Cn) will come out 
exactly the same : 

For the spaces r R and s S, actually described in the 
same time, being always, to each other, in the ratio ' 
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t)f «. to ajc"""*i T-bx*"^ vx, 4*c. the mean celerities, 
at certain intermediate points between r, R, ■ and ^, S, 
must also 1)e in tlkrt ratio : which, when v vanishes 
(as above) will beconve that of x to ax"~*x, (or njc*-'je) 
the very saitoe as before. 
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10. To Jind the Fluxion of the Product or Rectangle 

of two variable Quantities, 



Gqndeive two right -lines D E and F 6, perpendi- 
tular td each 




other^ to move 
d^am two other 
right - lines, 
B A and B C, 
continually pa- 
rallel to them- 
selves, and 
thereby gene- 
rate tne rect- 
^gleDR Let 
thepath of their 
intersection, or the loci of the angle H, be the Ime 
B H R ^, also let D d (xjmd F/ f^), be the fluxions 
of the sides B D (xj and B F (v), and let d m and/w, 
parallel to JD H and F H be drawn. Thete&re, be- . 
cause the fluxion of the space or area B D H is truly 
expressed by the rectangle D m (=y£^) and that of * Art. 4. 
the area, or space B F H, by the rectangle F w, and 
equal quantities have equal fluxions, it follows that the 
fluxion of the rectangle «y=DF (=:=BDH+.B F H) 
IS truly expressed by yx + xy. Q. E. I. 
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The same otherwise, 

11. Let xy be the given rectangle (as before) ; and 

?ut sr=ap+y, then z* being=a?*+2ajy+^% we have 
«*— f»*— }y = ocy. But the fluxion of i^*— |jc* 
^iy* (and consequently that of its equal xy^, is zx 
•^xi-^yy (by Art, 6) : which, because s=«+^ and 

ia=i-f y, is also equal to x-\-y x i+y— jci— ^=^i + 
:ry. Q. E. I. 

COBOLLABY 1. 

IS. Hence the fluxion of the product of three va- 
riable quantities (yzu) may be derived : for, if x be 
put ss^tf, ihsayzu will become sr yx^ and its fluxion 
^y»+y^ (o^ obove) : but x being =s sw, and there- 
fore x=zu + uzy if these values be substituted in or^ 

+ xy, it will become yxzu-j-uz-^zui^yzu-^yui-^- 
zuyy the fluxion of yzu required. In lue manner, the 
flus^ion of xyzu mil appear to be xyzu + xyiu + 
xyzu+xyzUf and that of xyzuiw=xyzuw- + atyzuw-^ 
xyzuw + xyzuve + onfzvw. 



COBOLLABY S. 



tt 



IS. Hence, also, the fluxion of a fraction — - may 

z 



u 



lie determined. For, putting j:= — , we have xz^u^ 



z 



and therefore xz-^zx^u (as above) \ whence, by trans- . 

, ,. . . . U XZ U ttZ /i 

. position and division, « = = (by 

^ Z ' z z z^ 



writing ^ for x)^ 

z 



zu — uz 

z^ 



; which is the Urue fluxion 



u 



p{x, or its equal — , the fraction proposed. * 

14. Now, from the foregoing propositions, and their 
/H^bsequent corollaries, the following practical rules 



OF FLUXIONS. 



fcr 'determining th^ fluxions of algebraic quantities^ are 
obtained. 



RULE L 

To find the fluxion of any given power of a variaUe 
quantity. 

Multiply thefuxion of the rooi by the exponent of the 
poweTy and the product by that power of the same root 
whose exponent is less by unity than the given exponent. 

This rule is investigated in Prop. 1, and is nothing 
more than nx^^x (tne fluxion olF x^) expressed in 
words. 

Hence the fluxion of x' is Sx^x ; that of x' is 5x^x; 

and that of a+y^"^ is 7y x a-fjM^ (because a being 
constant, y is the true fluxion of the root a +^9 in this 
case). 

Moreover the fluxion of a^+sfll^, will be ixSai 

xa*+5r*l4, or Szz l/a«+jBf^: for here, x being put 

=ra« + 2r-, we have xsiZzi^ and therefore ix^x, the 

fluxion of xi (or oM^O is = 3zz Vol^ + ««, as 
above. 

RULE IL 

15. To find the fluxion of the product of several 
variable quantities multiplied together. 

Multiply the fluxion of each by the product of the rest 
of the quantities^ and the sum of the products thus 
arising will be the fluxion sought.* 

Thus the fluxion of ^ is xy+yx ; that of xyz is 
xyz+xzy+yzx; and that otxyzuy is xyzti'\'Xyuz+xzuy 
-^yzux. 
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RULE III. 

16. To find the fluxion of a fraction. 

From tkefMxion t^ tHe fiutaerator drawn into the de- 
nominator, subtract the fluxion of the denominator 
dramm into the mmerator^ and dii^iJk ^ rerkodnder &y 
• Art 19, the square qfth^ denominator^ 

lliusy the fluxion of — is V^Tf^ \ thAt of r-, i 

^xMJ-jIiiSf^^^, and that Of i±g^n 

or 1 4- . . .. .^ is... » *? ... ■■ • -K ■ ; and so of others. 

17. In the examples hitherto given, eaeh is resolved 
by its own particular rule ; but in those that follow, the 
use <£ t#o, and sometimes of all the three ruleH is re- 
quisite. 

Thus (^y Rules 1 and S) the fluxion of jt^^^ is 
^'3/y+9.f'Xx; that of-' i^^^^^trJ^, (by Rule 



1 and 8) andthat of fllL'xs ^M±^^ii=:^% 

z z^ 

where all the three rules are necessary. 

When the proposed quantity is affected by a co-efB- 
cient, or constant multiplicator, the fluxion found as 
above, must be multiplied by that co-ef&cieiit or mul- 
tiplicator. 

Thus, the fluxion of Zx^ is \^xH. For the fluxion 
of x^ being 3j:«x, that of 5j:', which is 5 times as 
^eat, nwst consequently be 5 x %x-x, or \^X'X, 

And, in the very same manner the fluxion of or* will 
appear to be nar"^*x. Moreover, the fluxion of 
a 

"^f^^ii, or a x^Hhy^ "* ^? will be expressed by 



OF FLUXIONS. 11 



I 



j_i axx£+yy 

«x— fxari+gj^x*«+y^l ^ or - ^,^ .^, ■ ; 

that of V^x+y{9 at F+j^l, by ix + ixkyy^ X 



x«— a2 



; which 



by reduction, «= g^x»»-a»l*-xj£xa?^-fl°l *xj?+a 



j:— a 



_ 2ixx^-a^-i:iX3r+g _ ^X3:-gXJ?+g-j:'xxjr+g 



__ x-j-axjcx—2ax 

Having explained the manner of considering and de- 
termining the first fluxions of variable or flowing quon- 
titles, it will be proper to say something now concern- 
ing the higher orders, as second, third, foutth, &c. 
fluxions. 

18. The second fluxion of a Qmniity is the fiuxion 
of the variable or algtbraie quantity expressing thejirst 
fluxion already i/^nea.* By the third fluxion is meant • Art. 2, 
theflMxion of the variable quantity expressing the se- 
cond : and iy the fourth^ the fluxion of the variable 
quantity expressing the third fluxion : and so on. 

Thus, for example, let the line A B represent a 
variable quantity, generated by the mbticm of^the point 
B, and let the (first) fluxion thereof (or the spa<^ 
that might ie uniformly described in a given time, with 
the cekrity of B) be always expressed by the distance 
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of the point D from a given, or fixed point C : then 

if the oelerity of B 
B he not every where 



^•••••■•^» ••••■• 



the same; the dis- 
D tance C D, express- 



■fra •••«•••• ««l 



ing the measure of 

F that celerity, must 

E * also vary, by the 

^ H motion of D, from 

^ . ■■■■ |.„.,. or towards C, ac- 

cording as the cele- 
rity of B is an increasing or a decreasing one : Ani the 
fluxion of the line C D, so varying (or the space 
(E F) that might be uniformly described in the aforesaid 
given time, with the celerity of D) is the second 
fluxion of A B. Again, if the motion of B be such 
that neither it, nor that of D (which depends upon it) 
be enable, then £ F, expressing the celerity of D, will 
also have its fluxion 6 H ; which is the third fluxion 
of A B, and the second fluxion of C D. 

And thus are the fluxions of every other order to be 
considered, being the measures of the velocities of which 
their respective flowing quantities^ the fluxions of the 
•Art 2. preceding order are generated.* 

19* Hence it appears, that a second fluxion always 
shows the rate of the increase or decrease of the first 
fluxion; and that third, fourth, &c. fluxions, di£Per 
in nothing (except their order and notation) from first 
fluxions, lieing actually such to the quantities from 
whence they are immediately derived ; and therefore 
are also determinable, in the very same manner, by the 
general rules already delivered. 

Thus, by Rule S, the (first) fluxion of x^ is 3x^ : 
and, if X be supposed constant, that is, if the root x 
be generated with an equable celerity, the fluxion of 
Sx^x (or Sx X «*) again taken, by the same rule, will 
be 3i X 2xx^ or 6xx'^ ; which therefore is the second 
fluxion of x' : whose fluxion, found in like sort, 
will be Gx^y the third fluxion of xK Further than 



^Kich We ^nndt go in this case, because the last 
fluxion 6x^ is hfere a Constant duantitj. 

20. In, the preceding example the root x is supposed 
to be generated with an equal celerity : but if the 
celerity be an increasing or a decreasing one, then x, 
expressing the measure thereof, being variable, will also 
have its fluxion ; which is usually denoted by z : 
whose fluxion, according to the same method of nota- 
tion, is again designed ay £ ; and so on, with respect 
to the higher orders. 

91. Here follow a few examples, wherein the root 
X (ot i/) is supposed to be generated with a variable 
celerity. 

Thus, the first fluxion of x^ is Qx^x (or 3x^ x x). 
And, if the fluxion of 3x^ x x (considered as a rect- 
angle) be again found (by Rule 9\ we shall have 
6pcx X X + 3x^ X X = 6xx^ + Sx'^Xy for the second fluxion 
ofjr'. 

Moreover, from the fluxion last found we shall in ' 
like manner get 6xxx'^+6xx9xx+6xxxx'{-&x^x^ 
(or 6x^ + 18a:xx-f Sx^*) for the third fluxion of xK 

Thus also, if y=WJJ'*~'x, then will y=nxw;— Ix 
A^*x^ + nxx*-' ; and if i^^xy, then will 2il = 
xy+yx : and so of others. But, in the solution of 

Sroblems, it will be conveniekit to make the first 
uxion (rf* some one of the simple quantities (x or jf) 
invariable, not only to avoid trouble, but that it may 
serve as ^ standard to which the variable fluidons of the 
other quantities, depending thereon, may be always 
referred. The reader is also desired here (once fer au) 
to take particular notice, that thejluxions of all kinds 
and orders whatever^ are contemporaneotis^ or suck as 
may he generated together ^ mth their respective celeritic$, 
in one and the saw£ time. 
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SECTION 11. 



Of the Application of Fluxions to the Solu- 
tion of Problems de Maxim is et Mi- 
nimis. 

SS. IF a qmntity conceived to be generated by mo- 
tion, increases or decreases till it arrives at a certain 
magnitude or position, and then, on the contrary, grows 
lesser or greater, and it be required to determine the 
said magnitude or position, the question is called a 
Problem de Maximis et Minimis. 

General Ilx.ijstaation. 

Let a point wi, move uniformly in a right line, from 
A toiwofi B» and let another point » move adfiter it 
with a v;Blocity.eit)i€Q: incr^ksin^ or decreasing, but so 
that it may, at a cestain position, D, become. equalto 
that of the fi)rmer point m, moving xmiformly. 

This being premised, let the motion of n be fii^t 

considered as an in- 

"p , ■ 7. \ — r? wl^ich case the dis- 

7L 771 tance of n behind 

m will continually 
increase, till the two points aprive at the cotemporary 
positions C and D ; but afterwards it will again de- 
qreaae ; for^ tV P^otion of n^ till then, being slower thaa 
ai !D,,it is^o .slower tl^n that of the preceding point 
^ ^ hypothesis) but luecoining quiver afterwards 
than that of m, the distance mn (as ha3 been alreadjr 
said) will again decrease,: and therefore is a Tnaximunii 
or the greatest of all, when the celerities of the two 
points are equal to each other* 

vJBut, if n arrives at D with a decreasing celerity ; 
then its motion being first swifter, and afterwards slower, 
than that of m, the distance m n will first decrease and 



then increase ; and therefore is a Minimum^ or the least 
of all, in the foroipientioned oiroaii|sfainoe. 

Since, then, the distance m n is a maximum or a mU 
mmum^ idien the vdociti^^^ of m, an^ ^ ^T^ egual, dr 
when that distance increases sl%. fa^ ti)fmig1) the mo- 
tion of m, as it decreases by that of n, its fluxion at 
that instant is evidently equal to nothing.* There- •Art.H2&5' 
fore^ as the motion of the points m and n may be con- 
ceived, such that their distance m n may express the 
measure of any variable quantity wjiatever, it fol- 
lows, that the fluxion of any variable quantity what- 
ever, when a maximum or minimum, is equal to no- 
thing. 

EXAMPLE I. 

S3. To divide a given RightMne A B into two such 
PaftSy AC, B C, that their Product, or Rectangle^ 
miayhe the greatest, possible^ 

! Put the gi- 

ven line ABj C 

= a, and let A'^' '' » -hR 

the part AC, 

CH^i44ered- a& vari^e 0)y tfeew>tia»of-C fr<wv.A Ukt 
wards B). be denoted by «; then B C being =;.ar-a- 
we have A C x B C = apc^— oc^ : ^hose;fl^^A-.ai — 9x1 
being put = 0, according to the pic^scfj^t,; we getiwi 
= 2xx, and consequentljr 3^== \a\ TKer^e A C and 
B C, in the required cii:cumstance, are equal to each 
other; which we also know from other principles.. 

EXAMPLE H. 

£4^. Tofaid the Fractimivsh^^ sh^j^e^^itS' Cvi^- Ij/, 

the greatest quiantity-fioss^k^ 

Let X denote a variable quantity, expressing number 
in general ; then the excess of x alcove x^ being uni- 
versally represented by «— «^, if the flu^on thereof be 
tj^ken^^f. we shfJl Have op— 3«^i=Q; aisw} therdSm 
» = ^ ^f the fraction required. 
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EXAMPLE III. 

86. To determine the greatest Rectangle that can be 
inscribed in a given Triangle. 

Put the base 
A C of the gi- 
ven Triangle =s 
A, and its Alti- 
tude B D=a; 
and let the al- 
titude (B S) of 
the inscribed 
rectansle m c 
(considered as 
variable) be de- 
noted by X : 
Then, because of the parallel lines AC, and ac^ it 

wiUbeasB D (a): AC (b) : : D S (a-^x) \ -— - 

sac; whence the area of the rectangle, or ^xB.S 

bax^bx* 1 /I . fai— Siii- . 
will be = ■ : whose fluxion — ' beinc: 

(as before) put =sO, we shall get 0?= | a. Whence the 

fiieatest inscribed rectangle is that whose altitude is just 

naif the altitude of the triancle. 

^. It will be proper to observe here, that the value 

of a quantity, when a maximum or minimum^ may 

oftentimes be determined with more facility by taking 

the fluxion of some given part, multiple, or power 

thereof, than from the fluxion of the quantity itself. 

Thus, in the preceding example, where the general 

6ai— 6»* b ' 

expression is = — x (w? — «% if Uieconstant 

multiplicator -^ be rejected, we shall have ax -^ x^ -, 

whose fluxion <ii—S«x being put = 0, we get 4p=fd, 
the very same as before. 

The 
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The r^son of which is obvious ; bemuse when the 
quantity itself (be it of what kind it will) is the greatest, 
or least possible, any given part, power, or multiple of 
it is also the greatest or least possiole. 

EXAMPLE IV. 

97* Of all right'^ngkd plane Triangks hamng the same 
gipen Hyfothemtse^ toffn^that (A B C) whose Area 
is the greatest. 

"Let AC=:ff, AB=r», 
«nd B C = ^ : then, 
a;2-f.yj being = a^, we 

shall haT€^= VcF^lf^ 
and o<msei]uently ^ =: 

5- 1/ a« — a?2 = the 

area of the triangle; A. B 

fi^$i x^ 
whose square -^j — being also a maximun^ * • Art. 2ft 




ifxjc 



the fluxion . thereof -g- — xH must therefore 
bcr ssOf ;; whence j? is found = a \/T, and ^f Art 22. 

T%e same otherwise* 

Since |xy is a majrtmttm, and j?^H y'^rrfl^, let the 
fluxions of both be taken, and you will have ^xy + lyx 
6=0, and Sjs'jc+%y=0; from the former of which y 

wilt be=s: — ^— ; and from the latter it wffl be=5 : 

or y 

Therefore^ and — are equal to each other, and con- 
X y ^ 

sequently x=:y (the same as before). 

c 
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EXAMPLE V. 

28. Of (dl rtght-angUd plane Trianglts containing the 
same given Area^ to find that whereof the Sum of the 
two Legs A B + B C M tAe least possible. (See the 
preceding figure.) 

Let one leg, A B, be denoted by x^ and the area 
of the triangle by a ; then the other leg will be de- 

noted by — , and the sum of the two legs will be a^+ 
— ; whereofthefluxionisi r- » which, put = 0, 

gives X (A B)= V^2a: whence B C (^— ) is also = 

V^* Therefore the two legs are equal to each 
other. 

EXAMPLE VL 

29. To determine the Dimensions of the least Isosceles 
Triangle ACD that can circumscribe a given Circle. 

Let the Distanee 
(O D) of the vertex 
of the triangle from 
the center of the cir- 
cle, be denoted by x, 
and let the remaining 
part of the perpendi. 
cular, which is the 
]:adius of the circle, 
be represented by a: 
then, if O S, perp^. 

dicular to DC, be drawn, we shall have pS= l/a?«— a« ; 
and therefore since D S ! O S .** i D B ! B C, we likewise 




axx+a 



have B C = . ; which multiplied by x-^a(BD) 

Vx^-^a^ 
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fives ■ '• . for the area of the trianirle : which ' 

being a minimum^ its square must be a minimum, and 

consequently -, or its equal , a nunt- 

X — a^ X — a 

mum also.* Whose fluxion, therefore, which is*Art3S: 

-, being put = 0, and 



5--a|' 



«xx+«l 



8 



the whole divided by ■■ — , we also get 8 x x— a 

— X -h a = ; whence x = 2a : therefore, O D beittg = 
2 O S, and the triangles O DS and BDC equiangular, 
it is evident that D C is likewise =s 2 B 0= A C ; and 
so the triangle A C D, when the least possible, is equi- 
lateral. 



EXAMPLE VII. 

80. To determine the greatest Cylinder ^ dg, that can be 
inscribed in a given Cone A D B. 

Let a=B C, the altitude of the Cone ; 
i= A D, the diameter of its base ; 
x=:fg (dh) the diameter of the cylinder, con- 
sidered as variable. 

^^^8.14159. &c^ the area of the cirde 
whose diameter is unity. 

Then, the areas of circles being to one another aa 
the squares of their diameters, we have 1^ : x^ .' .' 
P .* (px^) the area of the circle^^ : ' moreover, from 
the similarity of the triangles ABC and A dfj we have 

ift(AC) :a(BC) ::U-|t (Ad) : d/= ——-, 

^ b 

which multiplied by the area px"^ (found above) gives 

c2 



so 
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'•••^. 



•••••...„.„,„„,•»••••' 






9b 



for the solid 
content of 
the cylin- 
der : which 
being a 
tnaxzmuw^ 
its fluxion 
^pcjfxx 

~b 
Spar** 



6 



must 



a 



* Art 22. be=(X,* consequently J^ = a" ^^ ^/ ^ ^ ' ■^®°* 

whence it appears, that the inscribed cylinder will be 
the greatest possible, when the altitude thereof is just 
7 of the altitude of the whole cone. 



EXAMPLE VIII. 

31. To determine the Dimensions of a cylindric Measure 
A B C D, epen at the top, which shall contain a given 
quantity (of Liquor, Grain, S;c.) under the least 
internal Superfmes possible. 



..... ..., 



••••^. 



••••••••••••*'••' 




Let the diameter 
ABrrj:, and tke alti- 
tude A D =^ ; moreover 
let p (3,14169, &c.) 
denote the periphery of 
the circle whose dia- 
meter is unity, and let 
c be the given content 
of the cylmder. Then 
it will h^X\ p\\x\ (px) 
the circumference of the 
base ; which, multiplied 
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"bj the altitude y, gives pjy for the cwicave superficies 
(^ the CTlinder. In like maimer, the area of the base, 
by multiplying the same expressioii into I of the dia- 

meter x, will be found = -r-; which drswn into the 

ahitudey, gives ■ j for the solid content of the cy- 
linder ; which being made = c, the concave surface 
pj^ will be ibund = — , and consequently the whole 

surGtce = 1- ^-r- ■ whereof the Euxion, which is 

X 4, 

— — + -^g-) being put = 0, we shall get— 8 c+px' 

= 0; and therefore j;=2Vt-; further, because ;(J7' 

=8 c, and px^y^i c, it follows, that x=2y ; whence j/ 
is also known, and from which it appears, that the dia- 
meter of the base must be just the double of the alti- 
tude. 

EXAMPLE IX. 

a9.0faa Cones under the same given Svperjides (s) 
to^nd (Aoi ( A B D) whox iSo/iefify is the greateit. 

"Let the semi- Q 

diameter of the 
base, AC=x, and 
the length of the 
slant 8ideAB=_y; 
and let p (as in 
, the preceding ex- 
amples) denote the 
periphery of the 
circle wnose dia- 
meter is unity. A 
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Then the cincumference of the base will be = Zpx, 
the area of the base = px% and the convex superficies 
of the cone = pxy {which last is found by multiplying 
half the periphery of the base by the length of the 
dant side) : wherefore, nnce the whole superficies is 

sspx^-i-pxjfszSf w.ehavev=s x; whence the alti- 

px 

tude CB (t/AB'-ACO = \/-fl _ - ; which 

▼ p-x*^ p 

multiplied by ( ^y -r of the area of the base, gives 

?^ \/ -4-^ for the solid content of the cone. 

3 y p«j:« p 

Which being a maximum, its square -^ -^ — must 

ulso be a maximum ; and therefore — ^ ^^ — =0; 

whence «— 4px2=0, and consequently j:= V/ — : firom 

which y (= jr.— *^/^ ^ J. — =:8j:)willlike- 

"^ px px px ' 

wise be known ; and from whence it will appear that 

the greatest cone under a given surface (or a given 

coue under the least sur&ce) will be when the length 

of^ the slant side is to the semi-diameter of the base in 

the ratio of 3 to 1, or (which comes to the same^ 

when the square of the altitude is to the square of the 

whole diameter in the ratio of 2 to 1. 



1 * 
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JEXAMPLE X. 

SS. To determine the position of a RightMne D £, 
toAtcA, passing through a given point P, shall cut 
two RightMnies A R and A S, given by position^ in 
such sort that the sum of the Segments^ A D and 
A £, made thereby^ may be the least possible. 




Make P B parallel to A S, =a, and P C, j)arallel to 
A R, i=b ; and let B D=x .* then, by reason of the 

parallel lines, it will he, x ! a ! ! ^ ! C £ = — : 

ah 

therefore A D+ A £3:&4-^+<E-{ 9 and its fluxion, 

X 

X p-, which, in the required circumstance, being 

Mr 

=Oj_we have x«-a* also =0, and consequently x= 

Vab ; whence the position of D £ is known. But the 
same thing may be otherwise determined, independent 
of fluxions, flroip the general solution of the problem 
for finding the position of D £, when the sum of the 
segments A D and A E (instead of beinc^ a minimum) 
shall be ^equal to a given quantity. Of which problen^ 
the geometrical construction may be as follows. 
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Complete the jparalleWram A B P C (a8 before) and 
in R A produced, take Ac= A C, and let c F be equa] 
to the given sum of, the two sggmeptft: also 1^ two 
fipnn-eincles be desorihed upon Be am B Ff a^ let 
A Ht perpendiculfor to B c, intersect th? former in H ; 
likewise let H K, parallel to F c, intevsecit the tatter in 
I ; draw I D perpendicular to F c, and through P and 
D draw D £, which will be the position required For 
A B X A c beings; A H*=D I»=B D x D F, we have 
BD : AB :: Ac(AC) :DF; lilso, because of the 
parallel lines, we have B D ! AB: iAC'.C £ ; whence 
DFsrCE, and consequently AD + AE (AD-f AC 
+ F D) is equal to c F, whioii construction is more neat 
than that in p. 1^.5 of my Geo$netry. ' But to show how 
tar this ma^^ndtiuse to the matter Int pniposed, we are 
to observe, that a^ the problem here constructed appears 
' to be impossible, when the right Jine H K (instead of 
cutting or touching) falls wholly 'below the circle B W F, 
the least possible value of B F (and consequently of AD 
+ A £) must therefore be when that right-line touches 

the circle; thatis,whenBD=DI== AH= i/AB x AC ; 
which value is the very same with that found above. 

The same conclusion may also be deduced from the 
algebraic^ solution of the aforesaid problem : for, put- 
ting 6+ j:+cH-— (AD + AE) =;: Sj and solving the 

equatioHi, x will be foundga ^ - -h v ^^ — ^ '--^ab^ 

■It mift^Ji I ^ 

wkidik equation being no lon^ possible than till — j — 

-«^a& i^ se 0, we have j:, in that circumstance, s 

s— 11— i ' 

— ^— ==:$/S; still as before. In like manner the 

9}iifixinm^ apd mnima may be j^termin^ in other cases, 
by finding the position or circumstai»ce wherein the 
genera} problem begins to be impossible (supposing the 
^uantitjr sought to be ^ven). But the operation by 
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fluxions is, for the general part, much mare short and 
expeditious. 

EXAMPLE XL 

S4. Th^ same bwig given as in the preceding Example^ 
to determine the Position, when the Line D E itself 
is the least possible. ' ' 

Upon A F let fall the perpendicular PQ ; make B Q 
=c, and the rest as before: then D P^ being (= 
DB2+BP2-2B Q xD B)=a^2 + a«-2cj:,^and jDBs: 

Dps : : D A«:DES we have x«:a:«-f a^-^cx: ! b+xV- 

. ^j.o bTx\^xx^''^ x + a'' _j^^2^^ ^."q^. 
. 1/Jc«''= — ' — : =o-f-X| XI — ' — \ ; 

X^ X x^ 



2c a- 



whose fluxion, which is 2xxb-\-xxl H + 

i_ X x^ 

i-forPx— J-, being put = 0, and the whole 

x^ x^ 

equation, divided by 2i x fe + ^j there will come out 1 — 

— + — f-o+xx 1= 0; whence x^ — Scjr^ + a^x 

« x^ x* x^ 



' +6 + XXCX— a*=Q; that is (by reduction) x*— cx^ 
-l-icx— a'6=0 : from the resolution of whith equation, 
the position of D E is determined. 

Lemma. 

86. if a body or point (nj be supposed to move in a 
right-line A B, its absolute celerity^ in the direction of 
thai line, will be to the relative celerity, whereby it tends 
to or from a given point C, any where out of the line, 
as the distance Cn is to the distance Dn, intercepted by 
n and the perpendicular CD; or as radius to the co-sine 
of the angle of inclination D w C. 

For, putting CD s? a, Dn = x, and Cn ^y, 
we have a^+x^s^y^, and consequently 2xi=%y :*»Art.2&,5. 
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E 



A D 



*Art2&& 




B 



Whence £ ! 

y y. y (C») : ac 

(D n) : : Radius : 
oo-fiineDnC: but 
the fluxions of 
quantities are as 
tne celerities of 
their increase, * 
therefore the truth 
of the proposition 
is manifest. 



dOBOLLART. 

It follows from hence, that the relative celerities in 
any two different directions, n £ and nC, are directly as 
the co-sines of the correi^nding angles D » £ and 
D n C Therefore, when n E is perpendicular to C w, 
(and the angle D n £ therefore equal to C) the celerity 
in the direction n £, will be to that in the direction 
nC, as the sine of D m C is to its oo-sine. From whence 
it appears, that the celerities in the directions Dn, C n, 
and £ ,n (perpendicular to n C) are to each other as C w> 
D », and C D respectively. 



• £XAMPL£ XIL 

86. To determine the Position of a Pointy from whence, 
if three Right-dines be drawn to so many given Points 
A, B^ C, their Sum shall be the least possibk. 

Let H P G he the periphery of a circle described 
about the point A, as 3 center, at any distance AG; 
in which let the point P be conceived to move with an 
uniform celerity, from G towards H. Then, because 
the relative celerity thereof, in the direction P C, is to 
that in the direction B P produced, as the co-sine of 
the angle C P H to the co-sine of the angle B P G (by 
the preceding Lemma) ; and since these celerities^ when 
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the sum of C P and B P is a mtnimum, must be equal,* 

it follows, therefore, 

that the said angles 

CPHandBPG,as 

well as their co-sines, 

will in that cireum- 

stanee become equal 

to each other ; and 

consequently A P C 

also equal to A P B. 

From whence it ap- 
pears, that (take A G 

what you will) the 

sum of the three 

lines, A P, B P, and 

C P, cannot be the 

leastpossiblewhen the 

an^es A P B and 

A P C are unequal. 

And, by the same 

argument, it also appears that their sum cannot be 

the least possible, when the angles B P A and B P C 

are unequal: therefore, their sum must be the least 

possible, when all the three angles about the point P 

are equal to one another ; provided the case will admit 

of such an equality, or that no one of the angles cf the 

triangle A B C is equal to, or greater than 4^ of 4 right 

angles (for otherwise the point P will fall in the obtuse 

angle) : hence this 

Construction. 

Describe, upon B C, a segment of a circle, to con- 
tain an angle of ISO^, and let the whole circle B C Q 
be completed ; and from A to the middle (Q) of the 
arch B Q C, draw A Q, intersecting the circumference 
of the circle in P ; which will be the point required. 
For the angles B P Q and C P Q, standing upon the 
equal arches B Q and C Q, have their complements 
A P B and A P C equal to each other ; and therefore 
the angle B P C being 120*" (by construction) each of 



J7 
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the said angles A F B, A P G, will likewise be 120 
« degrees. 

After the satne 
manner, it will 
appear that the 
sum of all the 
lines AP, BP, 
C P, &c. drawn 
from any num- 
h&t of ^vea 
points, ABC, 
&€• to meet in 
another point P, 
will be the least 
possible, when 
the do-sines of the andes R P A, R P B, R P C, &c. 
that the said line$ make with any other line R S, pass- 
ing through the point of concourse, destroy each otner : 
which willbe when all the angles A P B, B P C, C P D, 
&c. are equal in all cases where the position of the 
given points will admit of such an equality^. But if the 
numb^ of given ^ints be four, the requured ^int will 
be in the intersection of the two right-lines joining the 
opposite pomts : for supposing A P C and B P D tobe 
continued right-lines, the cosine of R P A will be equal 
and contrary to that of R P C, and that of R P B 
equal and contrary to that of R F D. 

EXAMPLE XIII. 

87. If two Bodies move at the same Time^ from two 
given Places A and B, and proceed wdfiilrmly from 
• theme in given Directions^ A P and B Q, wiSt Cek" 
rities in a given Ratio ; it is proposed to find their 
Position^ and how far each has gone, when th^ are 
the nearest possibk to each other. 

Let M and N be any two cotemporary positions of 
the bodies, and upon A P let fitU the perpendiculars 
N £ and B D ; also let Q B be produced to meet A P 
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A M 



in C, and let M N be drawn : moreover, let the siven 
celerity in B Q be to that in AF, as it to m, ana let 
A C, B C, and C D (which are also ^ven) be denoted 
fay a, &, and c, respectively, and make the variable dis- 
tazK^ C N:±:r : then, by tetaum of dK parallel linei 
NE and BD, we shall have b (CB) : x (CN) : . c (CD) 

: C E = -7- Also, because the distances, B N and 
b 

AM, gone over in the same time, are as the celeri* 

ties, we have likewise, n '. m .' ! x-^b (BN) I AM 

-, and consequently C M (AC— A M)=:a+ 



n 
mx 



mb mx J mx ^ . . , . mb\ „,, 

-- — =d (by wntmg dz=iU'\ )^ Whence 

. n n . n / 



n 



MN2 (=CMg + C Ng-C Mx2CE)wiUalsobefound=; 

(J mx\^ , _, - mr Zcx ,, Zdmx m-x^ 



n 



n 



ns 



+ J?^ ; — I ; — , whose nuxion r- H r— 



+ 2xx— 



b ' n6 

+ - 



n 



n^ 



, — -— being made=sO (because MN is 
to be a minimum) we get ---Idmn+m'^bx+nrhx^Tfcd 
H-2mncj?=:0; and consequently a: = — ^^ — -= — jz = 

; from whence BN, A M, and M N 



ndxmb'{-nc 



bxm^'^-n^+2mn4; 
are also given. 
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The same otherwise* 

. Because the relative celerities of the two bodies, at 
M and N, in the direction of the line M N (pro- 

, ,. , _ , Oh-sine M , co^, N 

duoed) are truly expressed by r^ x m.and t — 

^ , ^ ^ . '^ ^ ramus ^ rad. 

• Art. 35. X n respectively ;* and as these celerities, when the 

distance M N is a mimmumy do become equal to each 
t Art 29. other,-f* it follows that, in this circumstance, m \ n ', ', 

op-sine N. 1 co-sine M ! '. secant of M : secant of N 

(bypUme Trig.) 

Whence this construction. Take C H to C B in the 

giv^ ratio of m to n, and draw H B ; upon whidi 



A 




M m 



produced (if necessary) let fall the perpendicular A R ; 
draw R N parallel to A H, meeting C Q in N ; lastly, 
draw N M parallel to A R, and it will give the position 
required. For, first, it is plain, because AM (R N) ! 
B N (: : C H : C B) : : m : », that M and N are co^ 
temporary positions : it is likewise plain, that R N and 
B N will be secants of the angles K N R (C M N) and 
K N B (C N M) to the radius N K ; because the angle 
NKR (=ARK) is aright one. Which lines or 
secants are in the proposed ratio of m to n, as has been 
already shown. 
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But the same solution may be, yet, otherwise de- 
rived, independent of fluxions, from principles entirely 
geometrical. For; let m and n be any two cotemporary 
positions at pleasure, and let CH (as before) be to 
C B, as the celerity in A P to that in C Q ; moreover, 
let n r, parallel to A F^ be drawn, meeting H B pro- 
duced in r, and let A r be joined. Then, since C H I 
C H : j B n ', nr (by sim, triangles) and C B ! C H 
! ! B n ! A m f ^ ^^P-J ^^ follows, that n r and A m 
(which are parallel) will also be jpual to each other ; 
and therefore A r and m n, likewise equal and parallel. 
But A r is the least possible when perpendicular to H r. 
Whence the solution is manifest. 

EXAMFLE XIV. 

38. Let the body M move uniformly from A towards 
Q, with the Celerity m, and let another Body N pro- 
ceedfrom B, at the same time, with the Celerity n. 
Nfno it is proposed to find the Direction (B D) of 
the latter f so that the Distance M N of the two 
Bodies, when the tatter arrives in the Way or Diree- 
tion AQ of the former, may be the greatest possible. 



SL 




Let B C be perpendicular to A Q, and make A C= 
a, BCs:&, and BN=zx, Therefore, if the position 
M be supposed cotemporary with N, we shall have n I 



m 



a:: AM= 



mx ' mx 

— ; whence C M= a, and con- 

n n 



^ 
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mx 



• ) 



sequently MN (C N-C M)= •*•- b"-~ + a; 
whereof the fiiixion being taken, and made ss 0, we 

get , \ ' =s --; therefore «?= . , and C N 

(•jc^ — ^0= y :: whence, m ! n :: BN : 

C N ! ! radius ! oo^ne N. The same conclusion is 

otherwise derived, ikis, 

Let the right-Ii^ B D be supposed to revolve about 

the point B as a center, with tne motion so regulated, 

that the intercepted part thereof B N may increase with 

the uniform celerity n ; then, the celerity with which 

• Art, 35. nx tclHum* 

C N u mcreased being = — — . j^ , this expression, 

when M N is a mojcmum, must consequently be equal 
t Art. 122. to (m) the velocity of the other bodyf M ; and* there- 
fore m \ n \\ radius ! co-sine N, as before. 



EXAMPLE XV. 

39* Supposing a Ship to sail from a given place A, in a 
given Direction A Q, at the same time that a Boat^ 
jrom another given place B, sets out in order (if pos- 
sible J to come up with herj and supposing the rate at 
which each Vessel runs to be given ; it is required 
to find in what Direction the latter must proceed^ so 
that if it cannot come up with the former, it may, 
however y approach it as near as possible. 

Let the celerity of the ship be to that of the boat 
iir the given ratio of m to 9t ; also let D and F be the 
places of the two vessels when nearest possible to ciich 
other, and from the center B, through F, suppose the 
circumference of a circle tp be described. Tnen (the 
distance D F being the least possible) the point F must 
be in the right-line (D B) joining the point D and the 
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center B ; be- 
cause no other 
point in the 
whole periphe- 
ry, at which 
the boat from 
B might ar- 
rive in the same 
time, is so near 
to D as that 
wherein the 
line DB inter- 
sects the said 
periphery. But^now, to get an expression for D F, in 
algebraic terms^ let B C be pemenaicular to A Q, and 
ma ke A 0=0, B C=6, andCDs^x ; and then B D 

(v/BC* + CD«) will be= x/^b^+x^; moreover, because 
m:n::AD(a+^):BF,youwinhaveBF=^"^^ 




m 



and consequently D F= V^b^+x^ — 



na-^-nx 



whose 



m 



XX 



nx 



fluxion, ■ y - , being made = 0, we find 

yb^ + J^^ wi 

x=' , — =; whence the direction BD is known: 

and, if the value of x^ thus /ound, be substituted in 
that of DF (fo)itid abd^) we shall have DF= 

b ^in^ .I.. 7{2 _ YUl \ . . 

; whence the position of F is known. 

m 

And from which it is obsiirvabk, that, bs DF must be 

SL.realy po5th*t7e quantity (by the question) this method 

of soluti on can 4» ly eMmi whoi m is greater than n, 

and b ^m'^-^n% also greater than 7ia: for in aU other 
cases the boat will be able to come up with the ship. 

The same otherwise. 

Let the radius of the circle £ F H be conceived to 
increase uniibrmly) mth the celerity », whilst the point 
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D moves uniform along AQ, with the celerity mr 

then, the celerity at D, in the direction of B D pro* 

t i I- • MX co-«we D , , . , . '. , 
duced, being =s -=-. , the relative celerity with 

which the point D recedes from the periphery of the 
said variable circle, will be universally expressed by 

7; n ; which beincr = 0, when D F is a 

radius ° 

minimum^ we have in this case m x co-^ne Dzsnxra- 

diusy and consequ^tly m '. n \ : radius : cosine D. 

Therefore, if at p, a right-angled triande C 6 d be 

constituted, whose base Cd = n, and its liypothenuse 

d i=m, and parallel to the latter you draw d D, it will 

be the direction required : in ^hich, if there be taken 

BF, a fourth proportional to m, 91, and A D, you will 

also have the position required. 

EXAMPLE XVI. 

40. To determine the greatest Parabola that can,h€ 
formed by cutting a given Cone A C D. 




Let nVf parallel to C A, be the axis of the parabola^ 
r V m, and rm the base (or ordinate) thereof; putting 
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t>C=a, CA=&, andDnso?; then, because of the 

bx 
parallel lines, it will be a ; ft : : x : -- = n o : more- 



a 



over, by the property of the circle, we have r«* 
(=n m^=D n x C ») j= or— x^, . and consequently r m 

Z^ax—x^ ; which, multiplied by ^ x — (because 
every parabola is -3* of a parallelogram of the same base 



3 



4ftj? 



and altitude) gives ^^v ax— j:* for the content of the, 
parabola: whose fluxion, or that of ox'— x^* being 
put equal to nothing, we find nx as -j : whence nt)= 

3 8 

~ X AC, r ?»= C D X i/-T> ^^ ^'^^ ^^®* of *^® greatest 

4/3 

or required parabolas: A C x C D x —-• 

EXAMPLE XVII. 

41. To determine the greatest Ellipsis BTE S that can 
he formed In/ cutting a given Cone ABD. 

Let B E be the 
greater, and T S the 
ksser, axis of the el- 
lipsis BTES, consi- 
dered as variable by 
the motion of (the end 
of the transverse) £, 
along the line A D ; 
moreover, let E t? be 
parallel to A C, the axis 
of the cone, meeting 
the diameter BD in v, 
^d let the diameters 
E F and np be parallel 
to B D, whereof the 
latter np is supposed 

D 2 



Art 30. 
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to pass through O, the centre of the ellipsns : then, put- 
ting A C=a, C D=6, and C »=jr, we shall have Bt?=: 
b+x ; also, because of the parallel lines we have C D 

(b) \ C A fa) : : t)v (b-^x) :?ii^Ilf =Ei; ,. whence 

b 



BE Cv^B^M^E^ = ^'°-^'"+^;+°'^^^' 

Furthermore, since the triangles E O n, £ B D, and 
BOp, BEF are equiangular, and EO (=BO) = ABE, 
we likewise have 0»=§BD=i, andOp=iEF=Co 
=d: ; and consequently On x Op (=OTS hy the pro^ 
perty of the circle) =hx ; whence S T= ^ V^hx, and 

_V b^ X &-f3:1^ + g^ X ft— j:)^ X iibx- 



\ 



thereforeBE x ST= , 

Now the area of any ellipsis being in a constant 
ratio to the rectangle of its greater and lesser axes 
(namely, as 3,14159, &c. to 4) the last general ex- 
pression must therefqre be a mcmmum^ when the 
area is so ; and therefore its fluxion, or that of b^x x 

ft + JI^ + aPx xb-xl^ (= 6*T + 26'a:« + A^x^ + a^A-Jc 

•Art. 22. — 2a^6x^ +a^JJ'') equal to nothing;* that is, b*x 

+ ib^xx + 3 b^x^x + a'bH—4id^bxx + 5 a^xH =: : 

whence x^ - 3^^ + 36^ = - g-, and x = 

26xa«-J« ^6 t/a^-14a«ft« + 6* - t- 1, .u 

• ^ ^ - ^ ; itom wnicn the 

3a» + 36* 

ellipsis is known. 

But it is observable, that, when a^— 14a"4- + A^ is 
negative, this solution fails, because the square root of 
a negative quantity is to be extracted. Therefore, to 
determine the limit, put a*— 140-6^ + 6* = ; then, 
by ordering t^e equation, you will get a" = i- x 

7+^^48, and a= J x2+\/S ; and therefore a :b::^ 
+ / 8 : 1. Hence^ if the ratio of A C to C D be n9t 
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greater than that of 2^+ v^9 to 1, or (which comes to 
the same thing) if the angle D AC be not less than 15 
degrees, the fluxion of the ellipsis can never become 
equal to nothing ; but the elKpsis 'itself wilt increase 
continually from the vertex till it coincides with the 
base of the cone ; and therefore is greater at the base 
than in any other position. 

But it is. further to be observed, that this problem is 
confined to yet narrower limits. For either ^e 
ditpsis will increase^ continually, from the vertex to 
the base of the cone (which is shown to be the case 
when the angle D A C is greater^han 16") or efee it 
will increase till the point E arrives at a certain position 
H, ^nd afterwards^ decrease to another certain po^itd^n A, 
and then increase again till it coincides with* the base of 
the cone (for it must always increase again before it 
coincides with the base, because, after the point £ is 
got below the perpendicular B Q, both the axes of the 
ellipsis inca'ease at the same time). 

Th6 same thing also appears from the foregoing eqaai' 

2&xa2--A«±6/a^-14a-^2 + J^ . , 
tion aprs -^ rrrr } wnosB two 

roots express the two values of x (or Cvjai the times 
of the maximum {at R) . and its succeeding r/unim$tm - 
(at h). Hence it is manifest, that the ellipsis may ad- 
mit of a maximum between the vertex of the cone 
^and the pisrpendicukr BQ, and yet that maximviH, 
be less tnan the base of the cone, unless the fore- 
said angle Dt A C be so much less than 15"* (above 
found) that the increase from A to D be less than 
the decrease from H to' h. Now, therefore, to de- 
termine the exact limit, let the foresaid increment 
akid decr^neht be supposed equal to each ol^er, or, 
which is the same in efect, let the ellipsis B T E S B 
= the circle B ^ D w, or B E x S T=B D^ that is, let 



d^xft+J^I'+tt^x*— d^x4dT ..^ ^ , . , 

— - — ,,■.,.. — ■ .. , ■ — ,. ■■ =^0^ : irom wmcn 
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equation you will get a^r= _ x ■ 

b^ 46^-f Six+T^ 
=— X r r: moreover, from the equation 

(given above), you will agam get a^ = J^.^^^Jg^r 

-: whence, by comparing these 



b—xx^x—b 

equal values, there arises • — = — -^ r 

X ox — 

which, ordered, gives a:«+2ia:— 5'=:0, and therefore 

Moreover, 7- beinff= — = , if b^—xbx be 

substituted herein for its equal o:^, it will become 
a^_ 5¥-\-bx _ Sb^-x _ 5b + by/9,-b _ 4+v^2 
52"" 5x-a:2 ""Sjr^'^8*v^2-36-ft ~ -4+3^ 

■=4+3/2 x4+3-/2___ ^ ^ 

Hence we have, 1:1/11+8^/2 : : 6 (DC) : a (AC) 
: : radius to the tangent of the angle A D C=78° 3' : 
whose complement DAC = 11° 57', is the least limit 
possible. Therefore, unless the angle which the slant 
side makes with the axis be less than 11^ 57'$ the 
greatest ellipsis will be less than the base of the cone. 

EXAMPLE XVIII. 

« 

42. Of ail Triangles, having the same given Perimeter^ 
ana inscribed in the same given Circle; to determine 
the greatest. 

Let the diameter D A bisect the base B C of the re* 
quired triangle BEC in H, draw AE, AB, and BD; 
also draw AF perpendicular to BE, and GE parallel to 
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BC, meeting A D in G : 
then, putting AD = a, 
half the given perimeter 
of the triangle = &, and 
DH=^; wehayeBH= 

Vay—Sf^y and therefore 

EF=fr-$/^^.* More- 
over DH (y) : AD (a) 
: : DB^ : DA ^ : : E F^ 

{bZ^/^^^^) : EA« 

J' 




therefore AG (^)=EZS^, and H6 = 



(AG— AH=) -^ ^ — 2^ ; whence the area of 

y 

the triangle BEC (BHxHG) = ^lil^^^Z^'-gia 

\ah"y 
+ 2^> whose fluxion 2iy— y > < - being put = 0, 
yyon—jfy 

gives ;yV^cy—jQ^ =: }6a; whence ^, and from thence 
the sides of the triangle may be determined. 

EXAMPLE XIX, 

48. To determine the greatest Area that can be contained 
under four given Right-lines* 

Though it is demonstrable from commcm geometry 
that the area will be a maximum when the trapezium 
A B C D, formed by . the given lines, may be in- 
scribed in a circle,*)- yet I shall here give the solution 
from the principles of fluxions (whose uses I am now 

* By Prop. 13, page 62, Elem, Trig. 
t See page 117, of Elem* Geometry, 
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illustrating). In order to vbieh, let tke diagomd A C 
be drawn, and upon C B and AD let fall the perpendi- 
culars A E and C F ; putting AB=sa, BC=c^, CD=c, 

DAsi^BE^x^, 

EB r* a»d DF = v; 

then AE benig 

= /a«— j:-, and 

CF=V^c2-y, 
the area of the 
tru^ium 
(f BC X AE + 
AAD X C F)wtH 

be=iivV--a:2 
*^^y =0;* 




• Art. 22. and its fluxion 



and therefore 






V^o2-y« 



Moreover, 



since62 + a*+2Jjr. (=AC2) =^2+0^— 2rfj^, by taking 
the fluxion thereof, we have ^x=— 2dy, or ^dy=z 
hx; which, substituted fiar — dy in the foregoing equa- 
hxy bxx ^ y 



tion, gives 



-y/c • — y^ Va^-^x^^ 



and 






y 



!3 



J? 



■y - ;• and consequently, V c^ — j/^ (C F) : j^ 

(D F) . : l/a"- - x^ (A E) : x (BE): from which it 
appears that ijie triangles DCF and ABE are similar, 
and that (D + ABC beings=2 right aneles) the trape- 
zium may be inscribed in a circle; but this by the bye. 
We ajre now to get an expressioa for the area in known 
terms, and in order thereto we have &2+a^ + 2&x=s 

d2 4.c2_arfy, v=— , and CyJ^^!^ ""i!(becauseAB 

a a 

\ BE : : DC : DF, &c.) : therefore, by substitution, ¥ + 

a«+2i:r=d2+c^-^— , and the area (IBC x AE 

a 
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+ iADxCF)=|*V^a2-x2 + ^ V^ - X- = 
— ^ — 1/0*— X*; and theiefiiie the square hereof = 



^+^- 
4a3 



xa — x-= 



a6 +crfi- 
4a« 



xa+xxa— x= 



xl+f-xl—- ^ But sinee i^+d8+afcr=:iP+t«— 
a a 

^, we have — =s — ^^ — ^-5 — > 1 + — = 1 + 






Zab+2cd 



^^^^^^■^p^ 






2ab+2cd 



; andcoufiequeniljtlieaqisaie of the 



area = ^ — x — —- — r— : — x — 



fUib-b^cd 



16 



^ab'^2ed 
which (because 



the difference of the squares of any two quantities is 
equal to a rectangle under their sum and difierenoe) 

4 



b+a^d+c 



=irf+|c+|6+|a-«x|d+|c+i&+|a-6 



x|d+|c+ii+4a—cxfd+ic+ii+ia— 4 Whence 
it appears, that if from | the sum of all the four sides 
each particular side be subtracted, the continual pro- 
duet of the remainders will be the square, or second 
power, of the area. 

From this theorem, the rule in common practice, 
for finding the area of a triangle, having the three 
sides given, is deduced as a corollary: for, making 
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asO« the trapezium becomes a triangle, and the second 
p ower of its area = |rf + |c + i* xid + |c+|6— 6 

X 4d+ic+ii— c X id+ic+fft— d.- which, in words, 
is the common rule* 

EXAMPLE XX. 

44. Tojind the greatest Value ofy in the Equation a^tx^ = 

By putting the whole equation into fluxions, &c. 

wehave2a*xi==g3»J+%J^x8xiM^*; which in the 
« Art £12. required circumstance, when y = 0,* becomes 2a^x» 

=6j:ixa:«+^l*; whence x^+J^ =-73, and 5h-^' 



a« 



gg 3^3 = hut, by the given equati<tox*-i-^|* = a^^r* ; 
consequently a^sf^ = ■ ^^ , and therefore a: = 

; whence 3^« (=-75 "" * ) = a"V5» *^" 









The same otherwise. 



Since xx+yy^^ is given =a^x*, we have a?2+y^=. 
a^xj:^, and therefore v^=a1xx5—j:«; whose fluxion, 

■^^a^x j:"i— Sxi, being put =0, we also get ^ — 

=x ; whose cube is rr=i — = x^^ or -prsr = a:' ; 



whence 27j?^=aS and consequently ^=^V -s-Tq* 
the same as before. 



DE MAXIMIS ST MINIMIS. 

45. When, in the general eicpression, whose maxt-' 
mum or mmmum is sought, there are two or more inde- 
terminate quantities, independent of each other, their 
respective values, in the required circumstance, will 
be determined, by making them flow, one by one, while 
the others are supposed invariable ; as in the following 

EXAMPLE XXI. 

Wherein it is proposed to find three »uch Values of x^ y^ 
a nd Zy as s haU make the Value ofV^x^ X a^z-^z^ 
X ^y-"^* ^he greatest possible. 

First, consideiring^ as variable, and the rest constant, 

we have jryr— 2yy=0;* whence y^ix^ and ay— ^= • Art 22. 

Jx«. By making J? variable, we have x^i^Sz^z=0; 

X !2jr' 

whence z =-7^, and x^z-^z^ = ■ ■ , Now let these 

ysiuesotxy-'y^and x^z^z^ be substituted in the given 

x^ 2x^ 

expression, and it will become -r X "STya x 6^ — x^= 

b^x^-^sfi 
^ Q ■■ ; therefore 56*j?^i— &r'»=0 : whence a?=3 

ibx^5,y (=ix) =iix ^6, and z (<^^^^\hx 

The reason of the fore^ing process is obvious: 
for, if the fluxion of the given expression, when any 
one of the indeterminate quantities is made variable, be 
not equal to nothing, that expression may become 
greater, without altering the values of the rest, which 
are considered as constant:'}' and therefore cannot bef Art22. 
^ the. ^eatest possible, unless the said fluxion is equal to 
nothing. 
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EXAMPLE XXII. 

46. To determine the different values ofxy when that of 
3x*— ^a«' + 84a5a?*— 96a'ar+486* becomes a Maxi- 
mum or Minimum. 

The fluxion of the giten Expression being (as usual) 
put equal to nothing, we have ISx^— 84ar-H-168a*x 
— 96a^ = 0, or ;r^ — 7aj?^ + 14**a>— Sa^^O: from 
whence (by the method of divisors) we get x— a=0, 
x— 2a=0, or x— 4a=0 : therefore, the roots of the 
equation, or the three values of x, are a, ^, and 
4a, 

ScaoLitTM. 

47. It appears, from the last example, that a qu^- 
tkj may admU of as many maxinta and minima (ac- 
* Art 92. cording to the meaning of the definition'*) as there 
are possible roots in the equation, arising from as- 
suming it$ fluxion equal to nothing. Now to know 
which of those roots point out a maximMm^ and which 
a minimum ; find whether the value of the said fluxion, 
a little before it becomes equal to nothing, be ^itive 
or negative; {(.positive^ the succeeding root gives a 
maximum; but if negative^ a minimum: the iieason 
of which is extremely obvious ; because so long as $xiyr 
quantity increases, its fluxion is positive, but when it 
decreases, the fluxion is negative. 

As an example hereof, fet the quantity Sx^^SSax^ 
+ 84a*ap^— 96a%H-48&'*, be agam resumed ; who se 

fluxion i s Igj x x^— 7aap«-f 14a2ac— 8a^=:l^ xx—ax 

jc*— SaxjT— 3a; whereof the value, before it becomes 
equal to nothing, the first time (or be&re x=a) being 
negative (because the product of three negative factor? 
is negative) its first root (a) therefore indicates a mi" 
nimum : whence we may conclude, without consider- 
ing farther, that the second Foot (2a) gives a maxv- 
mum, and the third (4a) another minimmi* But, if 
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you would know whether the first or third iroot gives 
the lesser value of the two ; it is but substituting in the 
given quantity, which will come out 486^— 37a*, and 
485*— D^a*^ respectively; therefore the latter is the 
lesser, and the very least value the proposed express 
sion can admit of. 

When all the roots prove impossible, the quantity 
proposed (as its fluxion can never become =0) must 
either increase, or decrease, continually ; and therefore 
can neither admit of a maximum nor a minimfum. 

Moreover, it may so happen, that the roots are pos- 
sible, the fluxion =0, and yet the quantity itself be 
neither a maximum nor a minimum in that circum- 
stance. 

For let us ' again suppose the point n to move after 
m, as in the general illustration (vid. Art, 22), only 
let the velocity of n (in the first case) increase no 
longer than ^till it arrives at D ; after which let it again 
decrease: then, though the fluxion of the distance 
nm, is nothing, at the position C D, yet- the distance 
itself will not be a maximum ; because n (having 
afterwards, as well as before, a less velocity than m) will 
still continue to lose ground.-*-In the same manner the 
matter may be .explained with regard to a minimum. 
And it is evident, that these cases will always happen 
when the fluxion of i;he given quantity is of the same 
denomination (with regard to positive and negative) 
both before and aft^, i^ becomes equal to nothing: 
which^ by the rules of common algebra, is known 
to be when the equation admits of an even number of 
equal roots. — An example hereof however, may not* 
be improper. 

Let then the quantity proposed be ^4ia^xS0a^x- 
+ 16ax^Sx*; whose fluxion is 24ia^x—60a-xx-^ 

48ar*x— 12x'i=12i x a—x xa—xx 2a— x : which 
being made=0, it appears that the two least roots are 
equal. Therefore there is neither a maximum nor mi- 
nimum when X7=za (because whether x be taken a little 
less, or a little greater, than a, the value c^ the fluxion 
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will Still be aflSnnatiye). The greatest root, howetef, 
not being affected with another equal one, indicates a 
maximum^ according to the rule above prescribed. 

To render what has been observed above still more 
conspicuous, let the given expression, ftiM^x-^SOd^x^ 
+ locu:'— Sjt*, be r^resented by the variable ordinate 
P Q of the curve AQMNR, whose abscissa AP is (as 
usual) denoted by x. 

Then, whilst (12» x a—xx a— x x 2a— x) the 
fluxion of the ordinate continues positive (or till x 
becomes =a=AB), the ordinate itself will increase: 
but at the position B M it becomes stationary (if I may 
be allowed the expression) the fluxion being then=0. 
After which, the fluxion being again affirmative, the 
ordinate will again increase, till x becomes = 2a (= 
A C) ; when, the fluxion becoming nothing (a se- 




cond time), and afterwards negative, CN will be a 
maximum : soon after which the curve descends 
below its axis, and continues to recede from it in t»- 
jiniium. 

Another thing there is that ought to be regarded in 
the solution of Uiese kinds of proolems, and that is, 
whether the maxima or minima^ found by assuming 
the fluxion =0, fall within the limits prescribed by 
the nature of the question or figure ; which is often 
restrained by conditions that do not enter into the al- 
gebraic computation. 

Thus, for example ; suppose it were required to find 
that point (F) in a given ellipsis ABHD which, of all 



DB MAXIMIS £T MXNIKIS. 

otbers, is the most remote from the extreme B of the 
conjugate axis BD. 

Then, drawing 
F£ parallel to the 
transverse AH, and 
putting AIl=a, BD 
=zby and B£=j?, we 
have, by the property 
of the curve jBF^ 
(=BE^ + EF2) a:2 
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a:* 




+6x— o^^Xt^; from 

whence x is found = 

ia^b 
Vg^»^ . But, from the nature of the figure, the 

greatest value that x (sBE) can possibly admit of is 
(=:BD), therefore if the relation pf a and b be such, 

that ^is greater Ou^ib^Ai, solution b mnu&stly 

impossible. To determine the limit, therefore, 

make 4 — r<=&; then it will be found that 2&*=:a^ 

When;oe the foregoing solution can only obtain when 
SBD^ is e(|ual to, or less than AH*. 

Again, it ought to be also considered whether the , 
value of », found by the common method, gives a less 
quantity for the maximum^ and a greater for the mim- 
mumj than will arise from the extremes themselves by 
which X is limited. 

Thus, let it be 
required to deter- 
mme the greatest 
and least ordinates 
in a curve, APR, 
whose equation is 

4x', and whose 
greatest abscissa 
AD is given equal 
2a. 
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SOLUTION OF FEOBLSMS 



Here we shall, by taking the fluxion, <$*c. have x^ 
\af or x^a : the former of which values gives the cor* 






responding ordinate BP=:a y -r; and the latter^ CQ 

=a : but the first of these is not the greatest of all 
others, because the extreme DR exceeds it, beings 
Sa ; nor is CQ the least possible, because the ordinate 
at the other extveme A is nothing at all. 

Sometimes one, or more, of the points Q, S, Src. 
determining the maxima and mimmct, will fall below 
the axis AF (as in the annexed Jigure), In which 
case the corresponding value of the general expression; 
represented by the ordinate, will be negative : but at 
the points i, c, dy S;c. where the curve intersects the 
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axis, it will be equal to nothing: whence (by-the 
bye) the reason why the roots of an equation (x" 
— a:c"-^ + 6«j7'^. . . .+j»=0) are impossible by pairs 

IS evident. For, seeing A6, Ac, Ad, Ac, S^c. are the 
roots of that equation, or the different values of ^, 
when the ordinate a:*— aa?^^+i%"~*. .....+?" 

(MN) becomes equal to nothing, it is plain, if PA, 
expressing the given term q% be increased to Pa, so 
that AF (then jDoindding with af J may touch the curve 
in S, the adjacent roots Ad and Ae will then become 



equal ; and if 9* be farmer increased, so that the saaA 
itiay fall wholly below the curve, not only those two^ 
but abo the other roots, Afr and Ac, will become im- 
possible. 

Various other observations might be made, relating 
to the limits of equations, determined hj these maxi* 
ma and minma ; but this being foreign to the matter 
in hand, I shall content mysenwidi one remark more^ 

CIJK. 

» 

Any ejmre^sion, which being put equal to nothings 
admits of two or m&re equal roots, has as many «tic-. 
ceeding orders of fluxions equal to nothing, at tht 
same time, as are expressed by the number of those roots 
minus one. 

Thus, an equation, having three equal rodts, ha» 
both its first and second fluxions equal to nothing, 
when the fluent itself is equal to nothing. 

Hence we have another way (besides that given 
above) to know when a quantity may have its^fluxion 
equal to nothing, and yet neither admit ai a madnmuni 
nor a mimmum: for, since this drcumstanoe always 
takes place when the equation admits of an even nuta^ 
ber of equal roots (as has been ahready shown) the* 
number of orders, of fluxions, equal to nothing, 
at the same time (including t)ie first) must also d& 
even. 

Hence, also, we have an easy method fi>r diseovermg. 
when some' of the roota of an equation? aro equal ; 
aiid» if so, what they are. 

Thus, let x^ — Sax^ + 4a^ s be propounded ; 
whereof the fluxion d3fioi^6axof beine assumed equal 
to nothing, we find x=Sa; which wiu also be a root 
of the given equation, if it admits of two equal ones : 
to try It, tber^ore, I substitute 2a &r x, imd find* it 
asiswers. 

Again> let 8a?^— 28ai?' + 18aV+27a'jr— aTa^^srO;? 
whereof the first and second fluxions being 82x'i— 
MaxH + SGa^xx + 27a'« and 96j?*jp« — 168ajpi*-f 
SGtfx^^ if the latter of them be assumed as 0, » will 
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be found 



4V 



-—-- = •-., or--: one of wnicn, 



quantities, if the equation proposed admits of three 
equal roots, will be the value of each of them : by 

trpag -^9 k wH be found to aMeoeed. Whence, by a 

weB known nd^, the feutlh toot (bebg=: -^ — ^ 

X 8= — a^ is also given. 

The reason of these operations, as well as what is 
asserted above, may be thus demonsttated. 

Let r-^xxr-^x Sfc. x A+Bjc+Cj? <S^. =0, 
be any equation, having two or more equal roots^ re- 
presented, each, by r : put ^=r— jr, and let the num- 
ber <^ the equal roots h e deneled by it ; then, by s ub- 

stitution, we have y x A + Bxr— ^+Cxr— j^l* ^€. 
sO; whieb, by expanding the powers of r— ^, and 
puttinga=xA + Br+Cr*iS-c. ft=r B4-gCr+8Pr* ^ c 

will be further transformed toy xfl7-fc y+cy*- ^^^4* c* 
mO: whose fluxion n<qfy*~*— ?i+l • J^+»-i-2x 
c|^*^' ^e. is evidently equal to nothing, when y« w 
its equffl r— », is nothing^ (provided n ne gnealer than 
u nity). It is. equ ally pfa m, that the se cond fl uxiop. 

>t. n— 1 • fl^ jT*— «+] .nt^^^+nT^M-^l . ^f 
^c. will also be equal to notning, in the same cir- 
curastanoe, if n be sicater thairS, \c, 4rc. 

Hoioe^ unifnena%, kt the number (%} of equal 
roots be what it will, that of the orders of fluxions 
equal ta nothing, at dhe same time, will be expressed 
by that number ndmu one, as was to be shown* 
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SECTION III. 

The Use of FLVx.taNis in drawing Tcuig4»fi 

to Cwrvts. 

. * • ' 

Il.t9ST&ATX0K. 

48. Let a C G be a curve of any kind, and C the 
given point $Mnik whence the tangent is to be drawn. 




C^snoeive a xi^i4i&e 91^ to^ be* carried along wbi* 
ffiomd;, parflHd to itsd£; &om A Awards Q, and let, 
at tM same tiiiie,v a j^int p so move in that Hne, 
as- te^ dfesariber, or trace out, the given curve A C 6 : 
idftb let mm, <» Gn (equal and parallel to mm} express 
the fluxion of Ani, or tiiecdert^ tdicsewitli the lina 
mg^ is cfursied ; and let n S express the oorrespond^g 
flttx^'of snp^ m the pontion mC g^ g» theoelerit^ of' 
thepomt p^ m the line mg. Moxea^ex, through the 
poifit O I^t the rifiht-line b F be dmwti, meeliiBg tbr 
aa»s of the «ttrve ^ Q) in F. 

e2 
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THE USE OF TLXTXIOUf 

Now, it is evident, if ^^ rnoiim of p^ along tBe 
line mgf was ta Inroome equable at C, the point p 
would W dt S,^ when the line itself had acquired the 
position mSg (because, by hypothesus, C n and n S ex- 
press the distances that might be described by the two 
uniform motions in the same time). 
^ And, ifwsg be assumed to lep^esent any other posi- 
tion of that line, and s the contemporary position of 
the point p (still supposing an equable celenty of p) ; 
then the distances C v and v «, gone over, in the same 




p A^ m TV m. 



time, by the two motions, will, always, be to each 
other as die celerities, or as C n to n S : therefore, 
since C v I v « ! ! C n ! n S (whicb is a known property 
of similar trtan^es) the. point ^s will, always^ fiul iul 
the right-line F C S : wh^ce it- appe^, that, if the 
motion of the point p along the line mg was to become 
uniform at C, that point would then move in the rights 
line C S, mstead of the curve-line C 6. / 

Now, seeing the motion of j>, in the descriptioaof 

curves, must, eithier, be an accelerated or a retarded! 

one, let it. be,, first, considered as an accelerated one^j; 

in which case the ardi C O wUl fall, whfMy^ abovi 

* the right-line CD (as in fig. 1)^ bemuse, the didtancn 



I 

<Uf the pobt'ii fiom.the axis AQ, at the end' of aii;f 
^veo time, is greater than it wouU be if the acoblera- 
-iion was to cease at G ; and, if the acceleration had 
ceased at C,.the pcmit p would (it is proved) have 
been always finmd in the said right-line F S. 

But if the motion of the ^int ji be a retarded one, 
•it will appear, by reasoninff m the same manner, thni 
the arch CG wul fall whSlj below the right-Une C D 
^asinfig.S). 

Thislbeing the case, let the line mg, and the point 
p, along that line, be now supposed to move oack 
agaia, towards A and nl, in 4he same manner they pro- 
ceeded &om thence: then, since the celerity of p 
(Jig. 1) ^d before inlcrease, it must now, on the con- 
trary, decrease ; and, therefore, as p^ at the end of a 
^ven time, after repassing the point C, is not^ so near 
to:AQ,- as it would have been, had the velocity con- 
tinued the same as at C, the arch C A (as well as C 6) 
must &11 wholly above the right-litie F C D. And, by 
the same method of arguing, the arch CA, in the se~ 
fond^ casCf will &11, trAo%, .below FCD:. therefore 
F C D, in hath cases, is a tangent to the curve at the 
point C • whence, the triangles Fmii and CnS being 
sinular, it appears, that tl\e sub-tansent m F is always 
a fourth-proportional to ("nSi) the fluxion of the ordi- 
nates (C nj, the fluxion of the abscissa, and the. ordi- 
nate (C mj. 

Otherwise* < 

49. Let AGG repreijent the proposed curve, and let 
the right-line F G D be a tangent to it, at any point 
G, meeting the axis AQ (produced if necessary) in 
F : suppose a point p to move along the cuiVe, from A 
towards 6, and let the absolute celerity thereof at G, 
in the direction of the tangent G D, or the fluxion of 
the line Ap so generated*, be denoted by G S, any**^'**^*^* 
part of die said tangent : then, if A H, mp and tn S 
be made perpendicular, and Ipn paralld, to A Q, the 
JEelative celerities of that point, in < the directions Cn 
j^mCi wherewith Ip (^Am) and mp increase in this 
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pontiflD} mil he trul^ exprwf^dby On and li S* : but 
die oeleriMes by "dbich qDaattties kcfimte Me as the 
fluxion of tbose ^piaatitiai : thevefore (CS bo- 

i^g the IhsGMNi 
TT yj} of llie ewrve ^liiie 

*^^ ^*^ are the ecmei*- 

ponding flm-xkiBg 
of lAiB abiciflBli 
A m «d the or- 
dinate mji-: and 
we have S» : nC 

: iflii c : iftF, Ik 

Henee, if the 
dbaeissa Am be 
putssx, and the 
oidinate mptsty^ 

we shall have mF^*^: by means of which general ex-» 

pression^ and llhe equadon expressing the relation, be- 
tween X BSkiVf the ratio of the fluxions ± and^ will be 
firand, and from thenoe the lei^^ 'of the sup-tai^gent 
fai F) as in the Mowing Examples : 




EXAMPLE I. 

tSO. To draw a Right Jine C % to touch a given Circk 

B C A, «R u given Pmmt C. 

Let €! S be peipendicular to the diameter A !Et» and 

put A B sn 'O, 
BS«=«andSC 
szyi then, hj 
fhe ptoperty oJF 
the .cireH sf^ 

AS(si^xa— ^r) 
=i ax — or*; 




nf BSAWXmr TAVGtSSTS. 
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irbereof the flaxion being taken, in order to determine 
the ratio of x and y, we -get %y3s<zi— 2a(?i; conse- 

qu^tly 4-= ,. = \ ^' ; which, multiplied by v, 

gives ^=T-=^= the sub-tangent ST*. Whence • Art. « 

(O befflg supposed the oenter) we have OS ^|a— j^J : 
C S (y): : C S O; ; S T ; which we also know from 
«ther piiMfks. 



EXAMPLE IL 

51. To draw a Tmgent to (m) given Point C of the 

conical Parabola A C G. 

If the Latus Rectum of the curve be denoted hj 69 
the ordinate M C by y, and its corresponding abscissa 




A BI by a: ; 4hen the known equation, expiessiBg the 
tdadon of x and y, being aT=y% we have, in this 

case, ajc=2yy; whence —= ^, and consequently *^--J^ &49.' 

y y 

-.SCssJif— gjf— ]VrF. Therefore the sub-tangent 
a a ^^ 

is just the double of its corresponding dbscissa AM: 
which we likewise know from other prmdples. 
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EXAMPLE III. 

5S. To draw a Tangent to a Parabola of any kind. 
The general equadon of these gort of curves being 



«• mf ssy^f we ha ve no* af^\ Xszm+n xy***^* ^, 
and thererefore 4 = "+"x^'; . whence 4^ « 

— £— .= — ■ . ■ — (because y""»*=sa* J?") =5 

x»=the true value of the' sub-timgent : whidiy 

thca^ore, is to the abacissa, in the constant ratio of 
m+n to n* 



EXAMPLE IV. 

fiS. T9 draw a Tat^eni RT, to a given Poini B, in 

a given EUipm B B A. 

If R S be an 
ordinate to the 
principal axis 
AB9 and there 
beput fasusualj 

AB=a,andthe 
lesser a3ds=& ; we shall, hy the property of the eurve^ 
have a« : bK :ar-*« (BS x AS) : y^ (BS«), and there- 
fore 6« X ax-'X*=za'^y^ : whence 6« x ai— 2j?»=2a*jiy, 

; and consequently the sub-tangent 




Mid --=: 



y .6«x.a-2jp 



^ /vx\ 2aV «V 5* X (Mr— Of* 
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^^f^ , Whence the point T being given^ duough 

whieh the tangent must pass, the tangent itself may 
he drawn. 

.But if jou would derive an expression for the sub- 
tangent, m any other kind of ellipsis (besides the coni- 
cal) let the equation a— xl* x af'ss — x y***, exhibit- 
ing the nature of all kinds of ellipses, be as- 
sumed: then^ by taking the fluxion diereof, you will 

have — itix X a — x^.*"* x «^ + maf^^ x a^x^ 



c 



^ _ X m + n X y***** V ; and therefore ^ 



-- X w + n xy*** 



— m X .a 



— X I*"* X x* + »a^* X a — a?l 



ftt+ nxa-xl^XJf ^(becanaeix 

— nw^ X a-xl"^' + ^w^' X a-xl" a 

,-. 1- 

.^, _^ m+nxa — XXX 

«•*• = a — x| X «^) = ^ t ss 

— wx+nxa— X 

^4. » X ax -x« , which is the fiub-tangent required. 
«a— n+wixx 



EXAMPLE V. 

54/ To Jratc; a Tang-fTf^ <o any given point R, in a 

given Hyperbola BRA* 

If a and c be put to denote the two principal dia- 
meters of the hyperbola, the equation of the curve 

will bei:«xax+x^=a-y: from whence wehavec'x 



K 



«8 



not mat or monoin 



I i 



«e4-«ri =s2«Pjy, '--r^ 



a^y 






and oonsequent- 




c« X la + « 



«« X or -f «* 



^ , = ST: 

whence BT <ST->- 
. B S)= L ^ — is also 

^ "P "S known ; and there- 

fore the point T being give% <lie tangent R T may be 
drawn. 

The manner of drawing tangents ^*^ all soits ^f 
hyperboks, universalljf^ w3l be the same as in the 
•dEpMB, Ae eq[uati0B8dr the twetinds f^' curvoR AU Smmg 
in nothing but their signs. 



EXAMPLE VI. 

« 

55. Let the proposed Curve be that whose Equation is 

Then we shall hvLve^axx+y^x-^Zxyy+Sx^X'-'Siy^y 
=0; th&doteSaxx+y^x+Sx^-scssSg^-^^xyyf^^ = 

Art 48. z^^'^ — ^ • and consequently^ s= t>y — aqr^ # 

A49. iaX+y + Sx^' iuiu wi«c4U«UMjr ^ - g^^^^^^^ 



ar okAmKe tahsxhvs. 



5» 



EXAMPLE Tn. 



S&. Ld thtgioaiCwntie ike CuamiofDio^ ipAok 

Expiation is ]^:si 



it^x 



a— j:^* a— j:1* 

-whence -r=: ^Lg^o^ > a^^d consequently the sub- 

tangent ^4;*)=^ii^=j£Lx-iEil!- « 
8a-*r 



EXAMPLE Vni. 

JH, fLAihe €tmchaidi)f'Sicome&esie proposed; whcM- 
of the nstnre is #Qcb, that, if from a point B^ called 




the Poleiy any number of right-lines, BA, BR, 
B B, <Src. be drawn, the parts of those .lines C A, 
o R, U R, 4*c. intercepted by the curve and its asus 
C T, shaU be, all, equal to each other. 



€0 ,^m VMM OF vxirxiom 

In this case (mj^ofii^ A B and R S perpendiculary 
andRHparalld toCT; and puttiag B Csa, Re 
(AC)=ft, CSssjr, and RS=:^^ ve nave, per nm* 

Triang. a+y (BH) : * (RH): :y (RS) : J^h^^z 

*JF 

but So (v/Rc'-R8«) is dsDissi/ft?^*; therefore 

^=:>/j*-j^, or a:y=a+pP x i«-j^« is the 

geiMeral equation (tf the curve; which, in fluxions, 
gives2a:*j/y+8y«a:x=2yxa+^x*«— ^«— %yxa+y* 

- ^a 

=2y xc+^x6* — qy — 8^*; and therefiire -^ a= 

xy* 2 y 

^ -^ y xy X y^ — gy — gyg^ J?y _ 

^xxy 

a4-.y x.y X ft'-qy-gy^^^^ y b^ ^^ ^^^^ ^y 

j^xa+j^xv^i«— j^ 
%-ayg-gy>wift«+<iy'-A^+y 

tan^^it wiU therefore fiili on the contrary side of the 
ordmate, from the vertex ; and so, by changing the 

signs we shall have ^ toi the sub-taniient 

S T in thb case. 

After the manner of these examples the sub-tangent, 
in curves whose abscissas are right-lines, may be de- 
termined : but if the abscissa, or line terminating the 
ordinate, on the lower part, be another curve, then 
the tangent may be drawn as in the following : 



in DBA.WmO\TA1IGXKTS. 



ei 



EXAMPLE IX. 

68. Let the curve BR F be a cycloid; whose 
abscissa is here supposed to be the semicurde B P A, to 
which let the tangent PT be drawn (as above). More- 
over let r R H be a tangent to the cycloid, at the cor- 




responding point R, and let G Re be parallel to TPt) ; 
putting the arch (or abscissa) B P = 2, its ordinate 
I*R=sy, AF=i, and BPAssc : then by the property 
of the curve, we shall have c (B PA) : & ( A F) : : js 

(BP) :y (PR) : therefore jr=^, and i «^ = rtz 
ha%f by simikr triangles, rt(y)\Vit (ssP vzsz) : : 

^ - ^'^ There. 



PB(»:PH=s^=« (because 5r=: -)-: 

fore, if in the ri|^t-line PT, there be taken'PH eqpial 
to the arch PB, you will have a point H, through 
which the tangent of the cycloid must pass. 



EXAMPLE X. 

£9. Let B P A l^ a. curve of any kind, to which the 
method of drawing the langent cVg is known; let 



6ft 
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B R A be another curve of such a nature, that the or- 
dinate P R fyj ^aB siwxys be a inefHi firoportional be- 




tween BS Cx) and AS fa— a?) supposing RPS perpendi- 
* Art48Ciikp to AB: fvkt V o^d^ SPasi^, ocxnoP, sirsiet 
&4«. =:?y: then (as alfave}^ er (y )\ Re (= Pc = 

i/iHT0::Rpri^;:PH;=Ii^^5i^ i»^t, b,^ 

J' 

the e%uatiati cif the curve j(*»:<m:—«^ ; : whence %y=5= 
-ari, and :?.=^^Z^, and therefore y H :^ 



or 



2ar— 2j;2 ^ |/je«4.^2 



: which will be expressed inde- 



pendent of fluxions, when the property of the curve 
BP A, or the relation of x and v is given : thus, let 
B P A be the common parabola, and. A B its hins rec- 



I» B&AWIKG TAH<KBMT9. 



0S 



turn; then v being=V^ax] v will be = — y= 



olf^+v'^^ol^. -f 



4x "~ 



and therefore PH 



4x 

Thus far relates to curves whose ordinates are pa- 
ralld to each othei: we come now to curves of the 
spiral kind^ whose ordinates all issue from a po^il; : 
such as the spiral B A 6, whose ordinates C B, C A, 
C G, axe all referred to the point C, called the center 
of the spiral. 

Illustration. 

60. Let S A N be 
a tangent to the 

3»iral at any point A, 
so let C T be per- 
pendicular thereto, 
and let the arch CB A 
(considered as variable 
by the motion of A 
towards G) be de- 
noted by Zj, and the 
ordinate C A by^. 
Then i:i::A'C 

ryj : AT *^. 

Hence, if upon C A, as a diameter, a semi-circle be 
described, s^ in it, from A, a right-line A T equal 

to :^ be inscribed, that right-line will be a tangent 
to the spiral at the point A. 

EXAMPLE I. 

61; Let the nature of the curve CBA^be such 
that the arch C B A may be, always, to its oor- 




• Art. 5 
4^35. 



1 
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/ 

ftspmdiiig ordinate C A in a constant ratio ; namely 
as a to 6: then, beeause z : y: \a \ b, we bave zsc 

^f i=s-^» and oonsequently AT (^\zsi ^ zsz — x. 

A C : therefore, AC and AT being in a constant ratio, 
the ai^le CAT must also* be invariable. Which is 
a known property of the logarithmic spiral. 

EXAMPLE II. 

6i2. Let B A A be the spiral of Archimedes ; ^ whose 
lOiture is such that' the part E A of the generating or- 
dinate, intercepted by the spiral and a circle BED de- 
scribed about tne same center C, is always in a constant 
latio to the correspondbg arch B E of tnat cirde. 




Suppose A n perpendicular to A C, ^c, ^ 
Put BC=c, CA=^, and let the pvea ratio of AK 
to B £, be that of 6 to c: then h : d :y— c (AE) : 

^7^ =!BE : whose fluxion therefore is=x' ^^ 



I)f CDRVlSS OI* COirfBARV ttSXURE. 66 

/ 

if the right -line C E A a be sup^sod to revolve about 
the center C, the angular celerity of the generating 

Sint A, in the perpendicular direction A n, will: be to 
Eit of £ as AC to EC ; therefore as the latter of these - 

celerities is expressed by-^-, the former will be ex- 
pressed by ^ X ^9 or ^: which is to (y) thecelerity 

of A) in the direction A a, as ^ to unity^ or as ^ to 

i« Therefore C T and A T are in the same ratio (by 
Arti 85), and conseq uently AC : CT::\/j^«+6«: 
yi and AC : ATll/ys+gT : ft; whence C T and 

A T are civen equal to —7==, and —7-^ re- 

spectively. From either of which the tangent A T 
may be drawn by Art 60. And« in the same manner 
may the position of the tangent of any other spiral be 
detenniped. 



SECTION IV. 

Of the Use of Fluxions in determining the 
Points of Retrogression^ or contrary Flexure 
in Curves. 

68. When a curve A R S is, in one pairt A R 
concave^t And in the other part R S convex, towards its 
axis A C, the point R limiting the two parts is called 
a point of retrogression, or contrary flexure. The 
manner of determining which will appear firom the 
following 



I 



66 
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[llusteation. 

Suppoew a right-Bue 9 D to be carried along ^ni- 
fom^j parallel to its^Il^^firom A towards C ; and. let 

the point r sp 

D 



S 













i 






. 




y 






R^ 


r 
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• 




f. 


^^ " > 
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n 



A. B B B C 



move m that 
line, at the same 
time, as to tiaoe 
out, or describe, 
the givoif curve- 
line A R S. 

Thenffry^re. 
48) while the 
eeferity, of (;he 
point r, in the 
Mne fi B, de- 
creases, the curve 
will be concave 
to its axis A C; 
but when it in- 
creases^ convex to 
the same : therefore, as any quantity is a vninmum at 
the end of; its decrease and the beginning of its in- 
• Art 22. crease,* it follows that the said celerity, at the point 
of inflexion R, must be a minimum : whence, if the 
t Art. 5. fluxion of the ordinate B r, expressing that celerity ,f 
be (as usual) denoted by y ; then will y (the fluxion 
X Art. 22.of y^ be equal to nothing m that circumstance;]: 

So far relates to curves which are, in the former 

\Kti concave, and in the latter convex, to their axes : 

»ut if (on the contrary) the celerity of r first increases, 

and then decreases, that celerity at the required point,^ 

between the increase and decrease, will be a maxzrdum.; 

and therefore its fluxion (or y). is likewise equal to 

§ Art 22.iU)tWg in^ this case.8 

Furthermore, if C S (perpendicular to'A C) be now 

cpn^id^red as an axis^ and the abscissa S n (or its, 

complement Br=y) be supposed to flow uniformly, 

(as AB was supposed before) ; then, by the same argu- 

. ment, the second fluxion {—x) of the ordinate nr 



K 
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for its eotnpknmit A Bosx} will He eqfxai to noAioff. 
Hence it is evident that, ftt the point q( contimry fleixure^ 
the lieoond flimon of the orjdinate will beoome equal to 
nothing, if the abscissa be made to flow uniformly ; 
and vice versa. ' 



EXAMPLE I. 

64. Let the nature of the. curve ARS f^e the pre-* 
ceding ^figure), be defined by the equation ay sal xi+ 
3fi (the abscissa A B and the ordinate B r being, as 
usual represented by x and y respectively). Thenj^ 
expiesnt]^ the celerity of the point r, in uie linie B 1j, 

will he equal- to ^^. ^ ^. ^ ^i whose fluxioa^ or 

that of \a\ X i-fSr (because a and x are constant) 

must be equal to nothing;* that is, — }a?jr""ii+2x • Aii.es. 

ssO: whence ajx""i'=f 8, «J = Sen, 64«^ = a^ wid 

x=Ja=sAB; therefore B R (= ''^^"^ '^' ') = ^^a: 

from which the position of the point R is given. 



EXAMPLE 11. 

65. Let the nature of the proposed curve be define 
by the equation ay«— a^jr— x'=0. 

Then, by taking the first and second fluxions thereof 
(supposing X constant) we shall also have iayy-^a^x^ 
8a:«i=0, and 2ay8 + 2ajw— 6xi« = 0; whereof the 
latter, when y is = 0, becomes 2ay*— 6xi-=0, and 

therefore y* = : but by the former y= — ; 

•^ ^a ^ ^ 2ay ' 

3jx2 a^jc+Sx'x]- 
whence - — = — =^[3 — , and consequently IXoxy* 
« %ayv ^ 

f2 



68 rHc U9E or fluxiokb 



ssoM-S^^; but, by the given ecpiaiion, Mgjy ^=^ 

12fl«j^ + l«JPS therefiMfe l&s^^ + 12ar4 = a« + Sx^V 
or SjT^+Ca^a'*— a*=0: whence x will be f<mnd» 

OtJierunse. 

Since ay^=a^j?4-^S we have y= r— > and 

V^g 

therefinre y =s t 2^ 5^ : whose 

fliudbn, or that of a^ + 8j^ x a^j: + x^V ^ (beca use 
dt is constan t) being put = 0, we get 6x x o^J+x'l""* 
+a2+ap* X — |fl«~4a:« xa«iH^""i = 0, or fir X 

a2ar+jr' + a*+3x2 x -2lilf^: whence Sx* + 6a?J?« 
— ir*=r 0, and J7=s y— ■ (1/ 8— 1), the same as befinre: 



EXAMPLE HI. 



f 66. Let the proposed curve be the co nchoid of 
Nicomedes^ whereof the equation is xy=a+j^]«x 

• Aft 57. pZ^^ ♦ or x^ =^±ZiiE^. 



IN CUEV£S OF COlSTTRAftT FLEXITBE. ^ 



y* 

y ~ y ^ " 

— j—'~—j'—a—yxp: whence, making ^ inv». 
TiaUe, we also have ac«+J:x=-- — + —?-— 1 xy«: 

whidi, because «M==0»,wffl be jc«=5^-f?^-l •ArU63. 

xy«:s — s2^ — s2Lxy«. But since, by the 

former equation, xx=: * S^^~ — IliL x y, we like- 

wise get i*ss — si _ — s2 — xy% and consequently 

.Sa^¥ + 2aft«jf-y X xy =a+yl« x oi^ +y l« : but, by 

the equation of the curve j?y is=a+yl* x i*— y* ; 

[ therefore 3a«6« + 2ai«y — y ^ x a +yl^ xft«— y^rsT^^ 

xa6« +y l",«n43a^i^ + Mfy^y^ x i«— y«=iai*H-yi«; 
whence y+ + 4ay + 3a2y«—2a%— 2a«62s=:0; which 
divided by y+a, gives y'+8c^* — ^^sO; firom 
whence V may be determined. But if &=a, the equa- 
tion will become more simple by dividing again by 
y+a; in which case we get y* + 2qy— Sa'^saO, and 
consequently y =ss a v/3 — a. 



EXAMPLE IV. 

■ 

67. Leta^yzzlSOa^x^-^-llOa^x^ + SOox^-^Sx^. 
Then will d^y = SGOa^xx-^SSOa^x'^x + 120ar'i- 
IBx^x ; 



TO 



7H£ 17IS or FX.IIXIOKS. 



And «^==S60fl»3c«-T660a«srde«+860fl««i2--i6Dx*i«. 
* Art «3L ThereCwe, 6a' — lla«j?+6ajp«— rr' gcO ;♦ 

Which being ^visible by any one of the three quan- 
tities O'^Xf 2a— ar, or 3a-* a-, the root x must were- 
fbre have three values, 0, 2a, and 3a, and consequently 
the curve, defined by the givoi e<]«iatimi, as nmny points 
of isontranr flflxare. 

But, if you iroulji know whether the {mrt of the 
curve lying between any two adjaoent poiots, thus 
fimnd, be |9onvex fit concave towards the axis; see 
wiietb^ thf) value or the expression for the second 
fluxion of ihe orditiale,'b«tveen the two laoarremNkd- 
ing roots, be positive or negative : for, in the former 
f Art. 5 0Q3e| the cprve is conv^^, and in the latter concave,.'f 
(provided the whole curve lies on the same side the 
axis). Thus, in the exampk before us ; because the 
seeond fluxion of the ordinate i s alway s as 6d^— lla^^ 

+ 6ax*— ap' (=a— a:x2a— jrx8a-^a?) and it appears 
that tbb value of this expression, while x is less than the 
first ):oot a, will be positive; the curve^ there- 
Ibre, at the beginning, . wiH be convex to its axis : 
but when x becomes greater thair at the said expression 
being nc^tive, the e^rve will then be e^eave, and so 
ocmtmue till x is equal to the second root 2a ; after 
which the fluxion again becoming affirmative, the 
eorve will accordingly be convex tm x^8a; beyond 
which limit the curvature continually tends the same 
way. 

&ut it will be proper to obs^hre, that there are cases 
wheve the second fluxion of the ordinate may beeome 
equal to nothing, without either changing it^ value 
firom positive to negative, or the contrary (similar to 
those already taken notice of in Sect. II. p. 45 and 46)^ 
which cases always happen when the equation admits of 
an even number of equal roots : and' then the point 
found as above is not a point of inflexion, because the 
curvature on either side of it tends the same way. 



( w ) 



SECTION V. 

The Vse of Fiuxiom in determining the Radii 
of Cutoature^ and the Evoluies of Curves, 

6S. A CtJRVE pOH is said to be the evolute <^ 
another eurve A R B, when it is of such a nature, tbat 
a thread RDfi, coinciding therewith (or wrapped upon 
thie same) bdng unwound or disengaged fiiom it, hf 
a power acting at the end R, shall, by that end (the 
thread continuing tight) describe the given curve ARB. 

Illxtstbation. 

From the point O, where the right-line R O (called 
tht radius of curvature) toudies the evoiute pOH^ 




fet Ae semi-circle S R D be described ; which semi- 
cirdie, having the same radius with the given curve, 
at R, wHI eaasHpim^ have the same degree of cat- 

vature. But the curvature in two curves is the 

same, when, the fluxion of their abscissas being the 
same, both the first, and second fluxions of their 
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ooRespondiiig ordinates R n and R m are respecArdj 

equal to each other: for,r the first flexions being 

equal, the two carves will have, at the common point 

* Art46.R, one and the same tangent tRk:* and, if the 

second fluxions be- likewise equal, the curvature, or 

deflection from that tangent, will also be the same in 

both ; because these last express the increase or decrease 

t Art 19. of motion in the. direction of the ordinate,-)* upon which 

t Art 4B. the curvature entirely depends.^ 

This being premised, let the abscissa Sm of the semi- 
cirde (considered as variable) be put=:tt^, its ordinate 
Rm=t?, Rr ^ Wy rh=i^, and RA=i:. then, RA be- 
ll ^^ ^ing a tangent to the circle at R,|| the triangles R A r 
and R O m will be equiangular, and therefore w (R r) : 

z (R A) : :« (km) : R 0= ~; which, because the 

radius of every circle is a constant quantity, must be 

• • « *» 

invariable, and consequently its fluxion r~*- = : 



vz z* 



whence v is found = — :.= — r (because, w being 

constant, arid 'w«+«?2— ^2, we have, in fluxions, 

iiz z^ \ 
9,i>v = 9,zz. and so * — r.= — - \ Therefore since © is = 

— r, we also get SO=KO( — ) = r^ = rr— : 

which last is a general expression for the radius of any 
circle, whatever, in terms of the fluxions of its ab- 
scissa (w) and ordinate (v). But, by what is premised 
above, these fluxions are respectively equal to those of 
the abscissa A n (x) and ordinate R n (y) of the pro- 
posed curve ARB. Therefore, by writing ac, y, and y, 

mstead of w, t?, and t?, we have^ — 7:7-. (= — rr. I 

—ay —ay/ 

fer. the general value of the radius of curvature R O. 
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Tht same othertnse. 

If the radius of the circle be put=R) and every 
thing else be supposed as abdve ; then (by the properly 
of the drde) we shall have v^ (R m*) =s 2 K to— n^ 
(S m X D m^ : whence in fluxions \making w constant) 
we get 2vv = iaSLtb^2unby and ^v* + 2«^=— Stt»«: 

from )tlle last of which equations v is fottnd=< 
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sc-r^ ; and consequently R 0^-t)=:— -; 
the tame as before, 

• Otherwise without the Circk. 

Let R O and r O be two rays perpendicular to the 
curve, indefinitely near to each other ; and fiom their 
intersection O, let OF be dirawn parallel to An, cutting 
R n and A F (parallel to R ft; in £ and F. 

Therefore, supposing R E=v, An=iXf 13inssy,^c. 
(as before) we shall have, by similar triangles, as R P 



bLtcTjI 




(i) : Pq (j): :REft>; : EO=*i; and emuequeatly 
FO(A»+EO) = «+^: which value (as well as 



that of AF) continuing the same whether we regard the 
radius R O, or the radius r 6, Its fl uxion m ust there- 

ibWi be squill touching; that i^^+^tiiiifZSX! 
=6; Wh^oe » = — — ^/ and coijisequently It O 



yx-^xy yx-^xy yx-^ocy 



a 



w supposed cxnsUnt, or ScssO, i^IH become-^, a» 
above. 



z^ 



But if y bd supposed constant, it will I 

iflbfe§dfaslaiit, ilwillthenbe?: fiir, since i«+^ 
«^, by takiilg thie fluxic^ theTtof, we have itx«+ 
^yy^Oi whence 5^^-^; and therefore RO (= 

y*-«iy>' ^ij+f^ y^+x^xx » -^ 

y 

Now from the several values of the radius (^ cur- 
vature R O, found above, the corre^nding values o( 
A e and e O will like^rise be given. 

Thus, if iv be made odnstant ; then, ^O being = 

7r.» we shall have Ac (An+Om=An+-^xRO)s= 



i' 



a:+ifl., and cO (R»<-Rn=ixRO~Rn)=s-^ 

-y- 



i^ 



"®"*S' yjp 



i2 , ^ . i«i2 



wef^lhaveAe=3 a? +-> andeO ss -^ - 

* . y^ 
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Xasdy, if i be supposed constant ; then R O b 
•^ we shaJl have Ac=:j?+^, and cO=^— v. 



a; 



W 




Which several exjHressions will serve as so many ge- 
neral theorems (or determining the quantity of cur- 
vature, and the evolutes of given curves : but, before 
we proceed to examples, it will be proper to observe, 
that the right-line Ap, denoting the radius of curvar 
ture at the vertex A (to be found by making x, or y, 
=0) must always be subtracted from R O and A e, to 
have the true length of the arch p O, and it6 cor- 
responding abscisBa p e. 



EXAMPLE 1. 



69. Let the giv^i curve ARB be the common pantbdi^ 
whose equation is ^saM: Then wiU ysz^iacsT^ 

=s — , and (making x constant) y=— Ixlafc^j:"^ 






: whence z (/Sm^) = |y !f^, 
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and the radius of curvature R O {-^^ =^"*" ; 
wnicn at the vertex A, where j:=0, will be=rfa=: 
Ap. Moreover A eYa:+—:\ = ia+ar, and there- 
forejie (Ac— A;>^=3*, the abscissa of the evolute: 
likewise Oc ("-L: — v)=_I the ordinate of the 

evolute. Therefore, Ocl* x a being in a oonstant ratio 
to ^', namely as 16 to 27, the curve is, in this 
case, the semi-cubical parabola: whose arch pO 

— in* 

(R O— A|>J is also givens^^ — -rzz — |o. 



EXAMPLE 11. 



70. Let the curve A R B denote a parabola of any 
other kind : then^^ because ^==ar* is an equation to 
idl k inds o f parabolas, we have ^=ifiaa?"~* x and y= 
n X n — 1 X flJ?^* ^2 : therefore i (•«*+^2) - 

- ^• l + n«a«:r^ ,RO(A) =— I^ff5L, 

\— ay/ -n X n— 1 x cwT-' 

1 + 2»— 1 X wa«a:2*-* , ^ ««fl«o«^* 

s- , and A j> = '-^ * ■ , : 

— « — 1 X nar""^v »*-" ^ 

. which, if ft = I, will become = ^ ; but, if » be 
greater than |, it will b^sO ; and, if n be less than |, 
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it will be infinite: whence it appears, that the radius 
of curvature at the vertex will oe a finite quantity in 
curves whose first (or least) ordinates are m the sub-, 
duplicate nttio of their abscissas, and in all other cases, 
either nothing or infinite. 



EXAMPLE III. 

71. Suppose the given curve to be an ellipsis ; whose 
equation (putting a and c f or the two principal dia- 

meters) is dy =c' x op— «*. 

Here, by taking the first and second fluxions of the 

given equation, we have ^^yy=c^xxa^%Cf and 
2a2^*4-2a«jiy = c«i x — 2i=;— gc^x*; whencfe j = 

^^^^/"^, and^y = "^^^^^"^ which, by sub- 
stituting the values of y and i, will become } = 

f and— y= : . 

ftavaX'^x* 4ta!^ X ax ^ XX X acVax — x^ 



aVaX'-x* o 4xaap— ar^V^oM* 4 x ar-<r*li 

J A /c««« X a — 2x** 

therefore i (/FhP) = V + i« 

— — -V/ ■ ^--- , and the radius of 

/ i' \ a«c« + a*—c« x4aa:—4sj«'' t . , 
(^)=- 9^c '• ^«* 



curvature 



when the diameters a and c are equal, or the ellipsis 
degenerates to a circle, will be every where equal to 

^T--) or |a ; agreeable to the definition of a circle. 



TO 
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EXAMPLE IV. 

75L To find the Sadius qf Curvature^ and, the Ev^JiuJbf 

of the Comnum Cydoid- 

Let ARB be the civen curve, and AOH its evolute ; 
dso let RA and 0$ bepuiaUel to AC, and eO and 'Am 




perpendiculai: to.AC, and put AB>B)(;s=2B\C)a£<:t, 
A R=2r, A «=T, and R n=y : then B R=a— «i B A 
=|a— ^,- an^, by the property of the curve, tf* 

(i^B0:^3p2 (BR*)::ia(BC):ia.^y. CB^i 

TOeneeys5 — -^ — ; thereiqre jf =» ^^-^^ 2:*— j'/ 



2a 



a 



(x^) = --; , and X = — ^ . W henctf 



Ck- 



a 



(making i constant) x = 



z-xa—z 



ay/^Z'-z'^ 



; from which 



ii*v , . • Art 6a 

wegetRO, or A0(=sfV>=v«a»--^5 and e O, 

or AS (aaf^.-r-y; =»——-;' idiwh, when «st«, 



or BPH ocHUci^es with JSH^ h&iomQ AQH^ (]BH)3;(«9 
and C H (AG)sia» Henoe, bfsoawfe it appwss tba^. 

aB)« r«0 : ao (900 --«*) : : ag (|aj : a s 

^ — ^ — ) it follows that the evoh^te A O H is also, a 

cydoid equal, and amiiiur, to the involute A R B. 

If the evolute had beeh given,, or supposed, a cydoid, 
and the involute required, the process would have been, 
more simple, as follows : ' 

Let AH (2AG)=a, AO(=IlO)=:5r, AS=t, 
SO=jf, BR=t>, BA^w, Rraa^ Btz=Wy ^c. Then 
it will be,f f ^jt. 48. 

i : i 0:0 m : OR): :R« (wj : ^ir = -^, 

J*- 

*:>::»(RO):Om=^, 
i:*::»(RO):Rm=^; . 

* . > • 

Whence we have ^=-4-j Rn(Rm— AS) = x, 

• 

zv 
and An (O S— O mj=:^— — ; which expressions an- 

z 

swer to any curve whatever. 

But, in the case above proposed, A H^ (a") : A 0^ 

r^^):: AG (la) : as rx;,- therefore x=s-, i = ^, 

and i (vi*— x^)= ; and consequently R» 

(^-«;='!l^i^ = J. = ia-w (or CB-BA;; 
Vi^a2a2a* ^ ^ 
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whence also 



w = 






ati^ 



• Art.& 



^ , and «? i^^)ss I. Y ' 

^ , therefixre it will be 6 : to (: \a : VsSc) 

V2aw 

■'/l? : t/S; t^t «, as Rr : fte::t/BC : t/lA: 

which is a known property of the cyeloid. 

Hitherto r^ra has been had to curves where the. 
ordinates are parallel to each other; but when the or- 
dinates are all referred to a given point, as in spirals^ 
Sec. other theorems wiH become necessary; and may be, 
thus derived. 

73. Let A R B be the proposed curve, P the point, . 
or center, to which its ordinates are referred, N O L^ 

the ievolute, 
and R O the 
ray of cur- 
vature at R : 
moreover, let 
PH be pernen- 
dicular to RO ; 
and, supposing 
the ordinate 
PR (y) to be- 
come variable 
by the motiim 
of the point 
R along the 
curve, let the 
fluxions of AR 
and PH (ph 
expressing the 
celerities c£ 
the points R 
and H in dir 
rections per- 

Esidicular - to 
0*, be de- 
noted by z and p respectively. 




Therefore, the celerities of Miy two points, in a 
rjght-Kne revoking about -a center, Wag as the 4i6- 
tances irom that center, it follows that p \ z \\ OH : 
OR; whehfise fcy ^'igioii ^uttipgftHffst?) we hay? 
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z-p\z\:v(jm):.no^:: 



*n y II I ■< 



.Wt iP ;^ 



=J(y (h ^r^ 60) and therefore RO- ^^ 



which, because y«— j)« is=©^ (and therefore yy-r-pf^ 
t)^j)waiabol)e=;S?!i«^. 



4;t? 



I? 



TAe samt otherwise. 

l^etSUDhe a circle described about the point O, 
as a ^tttec, .and ,9ttigpoA^ th^ 4htmeePJti tp benwriai^ 
by the motion 
of the fom R 
along the arch 
0f ttie 4ixd^ 
(insKiead ol ^ 
eva^) t <thftQ, 
Awing O ¥^ 
awdputti^ OR 
c»r,|PRxB3r,*c. 
as 4iefiBee^ we 
bMI g^ OP^ 

(as well as r) being a constant quantity, its fluicifHi 
^yy^S>rv must be equal to nothing ; and Uierefore r= 

^, the very same as above. Nor is it of any con- 

sequence whether y and v be here looked upop as respect- 
ing <he cirde, or the curve ; since, ^ R, they must be 
the SMae io both c^ses ; otherwise the cuni!atme,pQ\4|} 
not be the same* Now issm S^ value of RO thus -Art. 68. 
found, which (cprrpct^, when ^^cessary) will iJso ex^ 
press the length of the arch N O of the evolutef , f Art. aa 
the ordinate P O and the tangent O H of the evolute 
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may be easily deduced. Fw OH (RO-RH)=^ 
-r=:P?, andPO (=^0ft*+PH*)=^^5!±i!; 

V V 

whence the nature of the evohite is known. 



EXAMPLE I. 

74. Let the given cunre AR be the logarithmic 
qiiraly whose nature is such, that the angle P R Q (or 
RPH) which the (nrdinate makes with the curve is 
every where the same. 

Then (denoting the sine of that angle by b, and 

the radius of the tables by a) we have R H (v)^^ 

and therefore R O (^\=:^^=z^ ; which being 

\ t? / fly 6 

to P R (y) in the constant ratio of a to 6, or of P R to 
RH, the triangles R O P and RPH must therefore be 
similar, and so the angle P O H, which the ordinate 
P O makes with the evolute, being ev CTv where equal 
to P R Q, will likewise be invariame; W hence it ap- 
pears that the evolute is also a logarithmic spiral^ 
similar to the involute ; and that a ri^rht-line drawn 
from the center, perpendicular to theoraiuate, of any 
logarithmic sf»ral,. will pass through the center of cur- 
vature. 



EXAMPLE 11. 

, 76. Let the curve proposfed be the spiral of Archimtd€Si ; 
where we have p= — 7==-, and t? = —7=^== 

(see Art. 62). Therefore «5 = 2jy x3^« + i«l""*+J^^ x 
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8S 



- I X ayy X j^ + ft«i"^ = 



2jcy 



0_j=, 



j^a+Fll y« + 6H 



*curva*ure ^ is here = ^ — -J' ; which being = -5' • Art 73. 
when^=0, th6 arch of the evolutc^-f reckoned from f Art 68w 
the vertex, is therefore = ^ — -—i — zz • 

After the very same manner you may proceed in other 
eases : but if the value of v (or *^J changes in any 

case, from positive to negative, the radius of curva- 
ture (RO) after becommg infinite, will &I1 on the 
other side of the tangent, and the corresponding point 
of the curve, when t;=0, will be a point of Contrary^ 
Flexure. Whence it may be observ^ that the point 
of inflexion, in It curve whose ordinates are referred 
to a center, may be found by making the fluxion of 
the perpendicular, drawn from the center, to the tangent, 
equal to nothing, which case is not taken notice ot in 
the preceding Section. 



G 2 
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SECTION VI. 

Of the Inverse Method y or the Manner of de- 
termining the Fluents of given F/uxiofis. 

76. IN the Inverse Method^ which teach^ the man- 
ner of finding the respective flowing quantities of given 
fluxions, there will be no great difficulty in conceiving 
the reasons, if what is already delivered in Sect. 1 on 
, the Direct Method, has been duly considered : though 
the difficulties that occur in this part, upon another 
account, are indeed vastly superior. 

It is an eas^ matter, or not impossible at most, to 
find the fluxion of any flowing quantify whatever; 
but in the Inverse Method the case is quite different : 
for, as these is no method vfor deducing the flucsit 
firom the fluxion, a priori^, by a diroct investigation, so 
it is impossible to lay 4own xules for any xntner ferms 
of fluxions than those par|;icular obab which we know, 
firom.the direct method, 'belong to sia^h and such kinds of 
flowing quantities. Thus, &r ^esample, the fluent of 
^xx is known to be j:% because it is found in Art« 6 and 
14, that ^x is the fluxion of x^\ but the fluent of ^i 
is unknown, since no expression has been discovered that 
produces yx for its fluxion. 

77. Now, as the principal rule in the Direct Method 
is that for the fluxions of powers derived in Art. 8 
(where it is proved that the fluxion of x" is univer- 
sally expressed by njf^^x) ; so the most general rule 
that can be given in the Inverse Method^ must be that 
arising from the converse thereof ; which shows how to 
assign the Jluent of any power of a variable quantity 
drawn into the fluxion of the root; afid which, expressed 
in words, will be as follows. 

Divide by the fluxion of the root, add unity to the 
exponent of the power^ and divide by the exponent so 
increased. 
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For, dividing the fluxion »u*"*'x by x (die fluxion 
of the root a?) it becomes wjt"""* ; and, adding 1 to the 
exponent (n—1) we have nx*; which, divided by* a,: 
gives afy the true fluent of wx"~*x, by Art. 8. 

Hence (by the same rule) the 
Fluent of Sx'x will be = «' ; 

That of Sx'^x = 4- ; 

3 

Thatof^j?^i = ^; 

o 

That of y^y = *yi ; 
That of oyfy = -^ ; 



,v + ' -. « 



M ^ 

That of -— , or axx^^y = 



«-' ' 1-n' 



Thatof^T^'xi = ^Hl 



And that of a*+srr x ^'-^i ^ ?5lt^ 



|8-)- 1 



m x»4-l 

for here the root, or the quantity under the general 
index n, being a" + j?"*, and its fluxion = w«*~' i 
(Art. 14) we shall, by dividing by the last of these 



M " 



quantities, have • — ; whence, increasing the 
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index by unity, and dWiding by (n+1) the index so 

increased, there comes out — - — . , 

mxn+1 

After the very same manner the fluents of other 
expressions may be deduced, when the quantity, 
or multiplicator, without the vinculum, is either 
equal, or in a constant ratio, to the fluxion of the 
quantity under the vinculum : as in the expression 

a+cjei* X dsf^^z ; where the number of dimensions 
of z under the vtncultim (or general index) being equal 
to those of 2 without the vinculum + 1, the fluent 
may therefore be had, as in the preceding examples ; 



a+c2"I xd 

and will come out 7 : and, that this (or 

ncxm+1 

any other expression derived in like manner) is the true 
fluent will evidently appear^ by supposing x equal to 
a + cz* the quantity under the vinculum ; for then 
(equal quantities having equal fluxions) i will be 



* Art. 8. == ncsf^^ z ; * and consequently a '\- cs^ x ds^^ z 

(ssx^x — ) = — — ; whose fluent is therefore 
wc/ ne 



dx"^' d x g+cjg"| 
t Art. 77. — --: t= . , 9 ^ before. 



78. I;a -assigning the fluents of given fluxions, there 
is another particular that ought to be attended to, not 
yet taiken notice of; and that is, whether the flowing 
quantity, found by the common rule above delivered, 
-does not require the addition or subtraction of some 
constant quantity to render it complete. This indeed 



/ 
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can enly be known from the natuie of the problem 
under consideration ; bat . that such an addition 
or subtraction may, in soipe cases, become necessary, 
is evident from the subject itself; since a flowing 
quantity increased or decreased by a constant quantity, 
has stiU the same fluxion ; and therefore the fluent 
of that fluxion is as properly expressed by the whole 
compound expression, as by the variable part of it 
alone : thus, for instance, the fluent of v^^x may 
be either represented by x" or by jf ±' a, because (a 
being constant) the fluxion of «" ± a, as well as of i^, 
is nx^'x. 

79. Hence it appears that it is the variable patt of 
a -fluent only which is assi^able by the common me- 
thod ; the constant part (when such becomes necessary) 
being to be ascertained from the particular nature oi 
the problem. Now, to do this, the best way is to con- 
sider how much the variable part of the fluent, first 
feund, differs from the truth in that particular circum- 
stance, when the required quantity which the whole 
fluent ought to express, is equal to nodiing ; then 
that difierence added to, or suDtracted from, the said 
variable part, as occasion requires, will give the fluent 
truly corrected: for, since the difference of two quan- 
tities flowing with the same celerity (or having equal 
fluxions) is either nothing at all m co/wtaidhf the samt^ 
ihe difference in that circumstance wiU likewise be tl^e 
difference in all other circumstances: and therefore 
being added to the lesser quantity, or subtracted from 
the greater, both become equal. 

80. To render what is above delivered as familiar as 
may be, I shall put down a few examples ; in which 
the variable quantities represented by x wAy are sup- 
posed to begin their existence together, or to be gene- 
rated at the same time. 



8S 



1 Let ^ =1 a«a« / di6tt tb^ flu«m, fcuiid a& usual, 

'^ o^J' = -^ ; whore takmg j/ « Oy -^ aIso va^ 

nlshes (beca^se then «=t:0 by hypothesis): therefore 
the fluent requires np* correction in this case, 

^. Let y = a^JpT x i ; herfe we first have y = 



— T— ; but when j^ 2= 0, then -^1- becomes = ^ 
* 4 4 

(since x, by hypothesis, is then = 0) : therefore 
— ^T" ^"^^* exceeds J^ by — ; and so the fluent pf 0- , 



perfy cmected will Uy^t±i,lr^ ^ a^x + 1 



3a"^^ 



4 ' 2 

4 

But the very same fluent may be otherwise founds 
without needing any correction : for the given equa- 
tion (y = ^+3'xx), by expanding a + oc\^ is trans- 
forttied to y = a^±+&a^xx+9ax^X'\'X^x ; whence y = 

CFfl^iT^ X^ 

Hence it appears that the fluent of an expression, 
foufid according to otie form, may require a Very dif- 
ferent correction from the fluent of the same fluxion 
found according to another form. 



8, Let y = a^— Jt«t*4 x xx ; then, first, j^ = — 



— - — ; where taking j^ = 0, — — : becomes 
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^^■ 

a} ,, - a*— J?M . ... -^ ft^ 

= — ^ ; therefore ^ — is too little by ~ ; 

and so the fluent corrected will be y = -^ — 
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4. Let y=a**+a7"'l" x x'*~'x : her§ we £[rst have^= 



mxn+l 



; and making ^=0, the latter part of the 



equatioa becomes ^^-^ 



.flWI+W 



fillip 



; wheSHse the 
inx«+I mx»-hl 

equation, or fluent, truly corrected, is y = 
mxn-fl 



5. Lastly, let jif = a + bos^ -{■ c3f\ x 
mbx'^^x + nco^^x ; then, in the first place, we have j^= 



-Z Z — ! — ; which, corrected as above, becomes 



i>+l 



IH-I 



J^== 



p + 1 



81. Hitherto x and ^ are both supposed equal to no- 
thing at the same time ; but that will not always be the 
case m the solution of problems. Thus, for mstance, 
though the sine and tangent of an arch are both equal 
to nothing when the arch itself is equal to nothing, yet 
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the secant is then equal to the radius : it will be proper 
therefore to add an example or two wherein the value 
oty is equal to nothing, when that of x is equal to any 
given quantity a. 



Let, then, the equation y=zxH be first proposed ; 
whereof the fluent (first taken) is ^ = ^ ; but when 



x' a' 



y=0, then-^ = -jT", by hypothesis; therefore the 
fluent, oorreoted, is^= — 3 — . 

o 
Again^ let the proposed equation be y = — o^x ; 
then willy = ; which, corrected, becomes j^= 

« + l 
Lastly, let y = c^ + hx-\\ x xx; then, first y == 



and when y=0 and x=a, — -^ — be- 



8* , — jr- ^ , g^ 



c'-\-ha^\\^ 



comes = SI • therefore the fluent corrected is 

00 

^ = 36- • 

8^. All the examples hitherto given relate to such 
fluxions as involve one variable quantity only in each 
term, whose fluents are assignable from the converse of 
the first general rule, in Section 1. But, besides these, 
various other forms of fluxions may be proposed, in- 
volving two or more variable quantities, whose fluents 
may also be foimd by help of the other two general 
rules delivered in the same section. 
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I 

/ 

Thus the fluent o{yx+xy is expressed by xy ;* that • Art. la 
of^^^^^by— ;t that of ax +xy+yx by ax+ixy;l t^rt. la 
and tbat of nrjiy*"* + y^x-^ruuT'^ x x y*— a*"!* by 

— ' : for, dividing (in the last case) by 

the fluxion of the root y'x — or",* which (by Art. ♦ Art 77 

14 and 15) Is lucy^' y + yx — ncuxf^^ «, we first have 

t 

yap— ar"l"; whence, adding unity to the exponent 

^, and dividing by the exponent sb increased, we get 
fn 

^=;^'-'^mx^^~ g^ the true fluent of 

the quantity proposed. But it seldom happens that 
these kinds of fluxions, which involve two different 
variable quantities in one term, and yet admit of known 
or perfect .fluents, are to be met with in practice ; I 
shall therefore td^e no further notice of them in this 
place, but refer the reader to the second part of the 
work, my design here being to insist only upon what is 
most general and useful in the subject ; which brings 
me to fiirther consider those forms of fluxions, involv- 
ing one variable quantity only, that firequently occur In 
the solution of problems, whose fluents may (af);er 
proper transformation) be found by the rule already ' 
delivered in Art. 77. 
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88. J4 hflB been abendy hinted, thai if a ^Wfin of 

m 

the binomial kind,, as a+c^ xds^^i, has the index . 
(^«— 1) of the variable quantity ("zj without the vtn^ 
culum-\-lj equal to (n) the index (^ the same quan- 
tity under the tMfncu&im, the fluent thereof may be then 
truly found by the forementioned rule. But the same 
observation may be farther extended to Awe ea»€M 
where the iniex withtmt^ the vinculum increased % %mity 
t$ equal to any multiple of that under the vinculum ; as 

in the expressions, a + c£"|*" x d}^^ z, a + c^r"]"* x 

^b^^zy a + cz'T X dz^^% &c. Whose fluents are 
thtts determined.. 

Put a ^r csf'zs Xy then* wiJl a*=ac , and nsT'^ i 



ot X ^^ a X 

♦Art.8, = — ;* and ther£fore ^'""'i ;= x 

c c nc 



n^ 



; whence by substitution we get a-f cz^\'' x 



J o- I . a?" X i X jr» — ax , a*+V — ax^x 

dz^*'^ z = = d X — ; : 

nc* nc* 



whose fltt^t (by Art. 77) is therefore = 



nc^ 



-P- ; whidi, by restormg the value of 



d a + c^r""* ax7T^?r'''_ 
ar, becomes — - x —rr 7-= — 
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lll+l' ■ ' ■»■■ ■' — , _ «l+l 



lic2 ^ ^ m+2 "^ m+1 "" nc^ ^ '^ 
-— — ^ ===== — . ; ; the true fluent of a-\^ci^ x 



ib**^''* 






Again, for the fluent of a-f-c5*l x djar*"^'i, iw- 

cause sT"^ z = — *, and «" = -^I^ , we have 2^"""* z 

ne c 



whence, + cs^T >being «c «?% we get a -f »c«"l " X 



clar'^'jsr = = — r- X 

V 

x"+* » -r.,2aar+* jc + (i^arx',- i^oae flvemt is thwe- 



fore = -^ X 77 — — y. + =■ 

wc' w+3 »^8 mifl 



■\«" + 1 



-w' m+r «+£ m4-i. iw' 



a + c^-p. Za^+^acz" . a^ dxa-HJ^"! 



■r + r 



+ rTT » 13^ >« 



m+2 fli+2 n»+l •«« 

Vw + S W+8XTO+2 »H-8xw+2xiw+l^ 
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Univerwtty^ let r denote any whole positive number 

whatever, and let the fluent of a+c2")"xi«'*"'i be 
required; then, by putting a+c;s"=jr, and proceed- 
ing as above,, our proposed fluxion is transformed ta 

— — X X — al*^' ; which, expanding x — a] 
(by the Binomial Theorem ) becomes ^ — • x 



xT^i i-r^l xajr+'-* i^-r-l x-^^ X a^sT+^i 



&C. whose fluent is therefore =? — x 



r— 1 X ar""*^"* . r — Ixr — ^x a«j?"+*^ ^ 

" = 1- =r , «C. 5S 

»»+r— 1 «xm+r— 8 



cfcr+* ar-' r— IxiuT-" r— 1 X r — 2 x a«af-* 

X — : : =— + 



fuf m-^-r wi+r— 1 2xm+r— 2 

&c. 

Where, r being a whole positive number, the mul- 

tiplicatorsl, r— 1, r— 1 x f— 2,r— 1 x r— 2 x r— 8»&c. 
will therefore 1)ecome equal to nothing, after the t* first 
terms ; and so, the senes terminating, the fluent itself 
will be truly exhibited in that number of terms : ex- 
cept when m+r is likewise a whole positive number, 
less than r; in which circumstanoe, the divisors^ +^> 
i»-f r— 1, m+r— 2, &c. becoming equal to nothing 
before the multiplicators, the corresponding terms oi 
the series will be infinite. And in that case the ^?^ 
is said to fail, since nothing can then be determinea 
from it. 
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84* Besides the finegoing, there is another way of 

deriving the fluent of a+ca;*]* x da:'^- i, in terms 

of the original flowing quantity z ; which will afford a 
theorem more commodious for practice than that above 
given : the method of investigation is thus : 

Let d X a+c«-f"^* x (A»' + Bx^ -f Cz^'*' + Bz^^ 
&c.) (where p, v^ A, B, C^ &c« denote unknown, but 
determinate quantities) be assum^ for the fluent 
sought : then by taking the fluxion of the quantity so 
assumed, we shall have 



den X m+1 x sT-^ x a+cjs" f x Az^+Bz^ + Czf^-i- 



Bz^^ &c. + d X a -f car'p"*"* x pAz^^ » + p — t? x 
Bj8f-^'i+p— 2t? X Cz^^'z, &C.* which being put -Art 8. 10. 
equal to the given fluxion, a -^ csTT X dsT^^ z, and 

the whole equation divided by a+ai" x dar' i, there 
comes out 



+ cn xm + 1 xarxAa^+B£'^+Car'^+Da^^ Ac 




■^ a+ csT X pAs^+P'-v X Bar^— +1>— 2o x Car^-*' &e. 

whence^ by collecting the coefficients' of the like powers 
of 2, we have 

«^^!-xcA^+''^'^^UcB£^+--+*^'^lxcC^ 

— «"• + i^aAa:^ -k-p-^vxaBst^ &C.J 

where, comparing ji+fi and m, the two greatest expo- 
nents of z^ we find p=m—n=r— 1 x n ,• and by com- 
paring the two next inferior exponents |h-[-n— v, and jp. 



turn HANKSB m FitfsAKa leiafm^n. 

we like^fiae fet 9^4- wJndi idhtes h^sag mkfiUHf^ 
above, our equation is vedaced to 



m+rx«cA^4-«»-fr-4K«jB«'^*^4-«+r--«iic?i#CjB'^ 




— 2^"+ r^l xiioAf*^ 'f.r--8;x«dfo^'^'*e 



where, putting 771+ rst, «iii compaiittg ^Iie ic»eiB- 
cients m Ate h&Eoelfigoun tenns,'* we ham A ^ 



1 ^ r-^lxaA r— l:xxz ^ 

— , B = --=- = =?=5 :^ C ^ - 

snc 8 — Ixc «x*— ixnc^ 






r— Ixr— «xr-r.3xa' ^ ^ 
* X «— 1 X «— 2 X «— B X >«;* 
-vi^ich values, -with diose 43£ f and «, lieiBgisutetittttoi 
ia the assiuioed fliient, it luppomes rfxa+c^s;") ""*'* x 



«**-« r— 1 xa«'*"*' r— 1 xr — 2x 

+ 



sm 19K*— lX«C* SXtf'-lx*— .SXttC* 



tic. = : XT *- ■■'*M— + 



-= — == , &c. the true nuent ot 

5—1X5— 2xc« 

a + cjg*!*"^' X dz'^' i, wfcich v:?^ to he -detenpined : 
which fluent therefore, when r is a whole positive 
numW, win always terminate in as many terms as 
are expressed by that number, except in that particukr 
«a9e speeiiied in the Isurt arjdolie. Tbv^ if r:^^^ or 

* Vide p. 1«1 iff my Treatise ef J^lgthra. 
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the given fluxion be a-fc?l "* x dz^^^ z ; then, s 
(m+r) being = m+ ^9 the fluent itself will become 

dxo+c?!""*"* '^ a cj x'o+c?! ""^^ 

ncxm+2 1 m + lxc ^^^ 



; which is exactly the same 



m + 2 »i+2xw + l 

with the first of those found in Art. 8S by a different 
method. 

The like agrtement will likewise be found, when r 
is =3: but when r either denotes a broken or a 
negative number, the series for the fluent will then 
run ou to infinity ; because no one of the multiplicators 
r— 1, r— 2, r— 8, r--4, &c, can in that case be equal 
to nothing. 

85. The foregoing fluent, it may be observed, was 

found by assuming d x a + c?]""^* x Az^+Bz^^+Cz^^" 

&c. and comparing the two greatest exponents of 
the equation thence resulting : but if, instead of 

As' + Bsf'^ + C^^^^'&c. an ascending series, as A-2r^ + 
Bz^'^'+Car^+^&c (where the exponents of z con- 
tinually increase) be taken, and the two least indices 
cS z in the equation (in like manner resulting) be com- 
pared together, the same fluent will be had according 
to a different form, which will be of good use in many 
cases when the foregoing fails, or runs out into an infi- 
nite series. 

Thus, it p + Vy p+5i?, &c. be wrote in the room of 
;>— «?,!>— 2v, &c. respectively, in the first equation of 
the- last article, it will appear that 



H 



98 TrtE MANNER OF FINDING FLUENTS. 



+ cw X m+ 1 X ;e- X AzfP-f- Bjs^ + C3^+*' &c. 



■^a-hcz"" X|)A2^-f p + u X BzP-^'+p + ^v x Czf^^ &c. 
which equation may be i:educed to 



t=a'* 



paAjsf" + p + » X aBzf^'' + p + ««^ x aC;?^+**' Sea. 

+p ) +P + © ) «cj 



= 



where, by comparing the two least exponents, &c. p 

will be found = r«, i? = n, A = — = ; B= 

pa rwa 



p+nxm+lx cA r^mtH-lyncA 

p + vxa "" r + lxna 



r + w+lxc ^ p + » + nxm+lxcB _^ _ 



; C SB - 



-^, - a »» ■ ^^ , I , ..-■_- I. . M l 'm i I . 



rxr+lxna« p + 2i?xa 



r+«i+8xncB r+w + 1 xr+jn-f-axc^ 

r+Zxna r xr + 1 xr+3xna' 

Therefore, deaoting r +W by « (as above) the fluent of 
a+cz*r X dz^^^ z will Calso) be truly represented by 



' \ma rxr+lxna^ 

— === &c.) or Its equal ^ — ^ 

rxf+lxr + ^xwa^ »'^ 



5 + 1 xcz" s + lxs + 2xc«2:2« 

X 1 — -== + -== — ==^ &c. 

r+lxa r+lxr + 2xa^ 

Which series will terminate when s (or r+»0 ^^ * 
whole negative number ; and therefore in all such cases 



the fluent is exactly determined; provided r be not 
also a negative integer less than s ; for in this particular 
circumstance the flueni fkiU^ ihk iiviiox first becoming 
equal to nothing. Vide Art. 83. 

The use of the two foregoing general expressions^ 

for the fCxieni o( ITtFT ^ i^^ ^, Wfli Hp^ from 
the followibg examples. 



^ 



EXAMPLfe I. 

86. Let U he req^irtd td jinii the Plt&vX of ,i , or 



tf-f i]""* xbxJt. 



M^*' 



By comparing^ the fluxion ti^k pf^^6sed With 



a+cz"|'"xrfz'*~'i, we have a=a, crrl^i^ jz:=a(?, n=l, 

m=— I, d=ij m— 1 (or r— 1) =1; whence r=2» 
and « fr+m^ =^; whereof the former being a whole po- 
sitive number, let these values be therefore substitutea in 

dxa + cz*l 



M+l 



'2:"*~" 



«itc 



(z r — X : 



r— 1 xaz' 
xc 



■ »■ c 



r — Ixr-i.lxa^jz:'*"^" 



» &^) the first of the two ge- 
*-lx5-2xc^' 

neral expressions for llie fluent, and it will beeome 
tity sought in this case. 



Hg. • 
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EXAMPLE 11. 



87. Let the Fluxion proposed be > ^ or 

Here, by proceeding as above, we have ar:^af c==^ 
2;r=«, n=n, m=— f, d=rJ, r=S, and* (r'\-m) =^: 
whence, by substituting these several values in 

the same general expression, we get -—^ — x 



X2« - 




2a2 


e^2^2«_8a^a?" 


+ 16a2 




15 





«/' 



EXAMPLE III. 



ft - <^ 



88. Wherein the Quantity proposed is — h_Ij2L, 

Here we have a=g'% c=l, Z=y9 n=%" wi=|, 

fi-f-lv 
dx=l, r»— l(or 3r— 1) =--6; whence r (= — - — j 

— — ^, sni s (r'\-m) = — 2 ; whereof the latter 

being a whole negative niimber, let the several 
values here exhibited be therefore substituted in 
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— — — — — — — X f J^ _ —-——-— _l_ --~^^:^-- — -_—___—._-« 

ma ^ r+lxa r+lxr+2xa^ 

&C.) the latter of the two general expressions above 

derived, and it will become -z—; x 

il^zl^yS^i±£]h^MEM; the true fluent 
required. 



EXAMPLE IV. 



89. Lastb/y let the given Fluxion be a— j^|i x 






Then, a being =a, c zs: •— f^ w=|, rf = l, r= —J, 

and the rest as in the general fluxion a-^-cs^X" x 
i3r"~^z ; we shall, by substituting in the second 
form (because s is here equal to (—3) a whole nega- 

tiv€ number) have — - — ■ x tl — — 37- 



■— ^wa — ^a 



-2x-lxy^x = I^Lxl+^+ ^^ 
-4X-44I* / -i«y,A' So 15a* 



-Z» 



_ a "f^] ^ X BOa- + 24g/g" + 1 6/ ^jg 



90. Having insisted largely on the manner of finding 
such fluents as can be truly exhibited in algebraic 
terms ; it remains now to say something with regard to 



^m 



those o||ier fcHxn/s of expr^^kms, involving Qmie varia- 
ble quaxitity cad j, vhicli, i/ietf ar^ 8<i oiO^ted tqr coni- 
ponnd divisors and radical quantities, that th^ fluents 
4?W09t b^ <^r(rfc^, detennin^ by fpy w^ho^ what- 
soever ; of which ihere are innumerable kinds : but 
there ii| op^e g^pecal method whereby the fluents of such 
«xpressioi^ are approximated^ to any assigned deg^ of 
exactness ; namely, the method of Infinite SeHes ; 
i]dt(if3^ ^( iqrill, the^re, be ne^ei^^ary to explain, so %? 
as relates to the manner c^ expounding the value of any 
compound fraction, or surd quantity, by help of such a 
series. 



EXAMPLE I. 



aX' 



91. Let^ then^ the Fraction be first given -^ to be 

converted in$o an Infinite Series. 

IKvide the numerator ax by the denominator a— jt, 
«s. i^ taught i^ compound divis^oi^^ of eo^ppa^op ^jg^l^ra ; 
thep theoperati<m will stand as fellows .. ' 



J?2 



% , X* JT' a?* 

«-.x)ar (x + ^ ^ 1- + * + &c. 



ax^x^ 



+«« 




+!«- 





a 

x^ X* 
+ r 



a 



a- 






&c. 



TQfi MANNER OF FIN1>IKG FLdENTS. 103 

where the quotient, or series x + — + -5 + -3' + 



a a^ o' 



— t- -- &c. infinitely continued, is taken to expound 



the value of the proposed fraction 



ax 



a— jr 



9^. Bttt,^ though the series thus arising ought to be 
carried on to an infinity of terms, to have tke true value 
of the quantity first proposed ; or, though the quotient, 
continuibd to ever so great a number of. terms, will be 
still sothething defective of the truth ; yet, if the value 
of the Quantity (x) iti the numerator be but small in 
comparison of the quantity (a J in the denominator, the 
remainder, after a few terms in the quotient, will be- 
come so exceeding small, as to be neglected without 
any considerate error ; and then the value of the wholes 
or of the quantity first proposed will be very nearly ex- 
hibited, l^ taking a small number of the leading terms 
iHiIy. 

Thus, fer instance, let the value of a be expoimded 
by 10, and that of x by unity ; then the remainder 

— - J after the two first terms of the quotient, being 

1 
(a-a?r=:) 9, will therefore give ^ = 0,01111111, &c 

for the defect, by taking the two first terms only: 
but, if the tluree first terms be taken, the defect will 
be still less considerable ; amounting to no more than 

-L, or 0,00111111, &c. 
yuu 

This may likewise be made to appear, without any 

regard to the remainder, by collecting into one sum, 

the values of all the terms to te tak^n: for, if only 

x"\ 
the first two (x-^ — ) be proposed, their sum will be 
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csl, 1 ; which, deducted from the true value of ttie 
^ven fraction -^ — (=; -~ ^ = 1,1111111,, &c. the 

difference will come out 0,01 , the very same as 
before. 

Thus, also, by collecting the sum of the three, four, 
and five, &c. first terms of the scries, you will have 
1,11 ; 1,111 ; and 1,1111, &c. which being suc- 
cessively deducted from 1,111111111, &c. (as above) 
there will remain 0,001111, &c. 0,0001111, &c. 
0,00001111, &c. for the errors or defects in those cases 
respectively, 

93. From what h^s been said in the preceding arti- 
cle ijt appears, that infinite series, in al^bra (accord- 
ing to a common observation) are similar to, or cor- 
respond with, decimal fractions m common arithmetic : 
for, as a decimal fraction may be carried on to 
^ny proposed number of places, however great^ and yet 
never amount to a quantity, which but a very littk 
exceeds the value of the three or four first places ; so a 
series may be infinite with regard to the number of its 
terms, and yet a few of the leading terms only, may 
be sufficient to express the value of the whole, very 
nearly : provided always, that the series has a sufficient 
rate of convergency, or that its terms decrease in a 
pretty large proportion : for otherwise, even, a great 

^ number of terms may be used to little purpose : thus, 

in the foregoing series, x -\ 1- — , &c, if op be taken 

=ja, no number of terms will be sufficient to exhibit 

the value of the corresponding fraction ^, it being 

a— J? 

infinite in that circumstance. 

94. Having endeavoured to show that the true 
value of an infinite series may be nearly obtained by 
adding together a few of the first terms only, I sha)l 
now proceed to give other examples of the manner of 
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coaverting fractional, and surd, quantities into such, 
kinds of series, in order to the approximation of the 
fluents of expressions affected by them. 



EXAMPLE 11. 



c« 



Let the quantity proposed he the fraction ^ • ; 

then, by proceeding as in the first example, you will 
have 

^* + %+J^0 c« ..... . (1-^+ -^ - ^ *c- 



c 

Where, from a few of the first terms of the quo- 
tient, the law of continuation is manifest , the nu- 
merators being in arithmetical progression ; and the 
signs, + and—, alternately. 



EXAMPLE in. 



95. Lei the Quantity given he 



1— a?— J7« 



Then the quotient will be 1 + j: + Sj:^ ^. 4^.? ^ g^^ ^ 
9x* + 14x^ &c. where .the law of continuation is ma- 
nifest ; being such that the co-eiBcient of each suc- 
ceeding term is equal to the sum of those of the two 
|t/^rms immediately preceding it. 



E^LAMPLE IV. 

96. Let the Radical Qiiantity v/a^-f j?^ he proposed* 

Here, according to tbe common method of ex- 
tracting the square root, the process will stand as 
fallows : 

*»+- -^) «*+«" («+^-#-. &9- 



» ■» « 






X^ 



4a2 

JT* ac* 0* 
+ 



4a« 8a* 64a^ 

97. The law of continuation is series, thus* arisiagy 
from radical quantities, is not easily discovered : but, 
if you would cany on the series to any proposed num- 
ber of terms, the wosk wiB be a good deal shortened, 
by dividing the remainder by the divisor, when half 
tnat number of terms is found (as in common di- 
vision) and observing, at the same time, to neglect all 
such terms whose indices would exceed the greatest, or 
the ^eatQ^ plu^ thic comxion difference, in th^ said 
XWiflmA^f accpnUpg sa the wh(4e Qumb^r of terms 
proposed to be^ fi>ujni is odd^ or ev^n. 

Thus, if it itjese. proposed to conti 



contudue tbe foregoong 
series a -f ^ — tt-t to 6 terms, then the divisor 



ac^ x^ 



I . 



(or double quotient) being 2a H j-j, and the 

lemainder — — ^TT' (^ appears firopa the last article) 
the rest of the operation will stand thus : 



2a + 






j?^ 



8a* 16<s^ 64^» 



4:f^^ 7^^ 



161,^ Ipia' 256a^ 



tOT 






,10 



64a^ 64h:i» 
04a<^ 128a% 



7* 



10 



128a8 



Wfiich three terms thus fi)und being added to those 

X^ jji4 jj6 

found above, we have a -f -^ si + ^ttt-: — 



7» 



-, fo th% tt fir,M tes^ui rf an wA^^e 



5x» 

series exhibiting the value of \^ar+x'^. 

98. Another wav of resolving any radical quantity, ^ 
is to assi^me a ser^% (with unknown co-efficienti|) for 
the valuQ. tl&eEeof'; and theatke seri^ so assuna^ bf i<>g 
raised to the second^ third, or fourth power, 8tc. bio- 
cording as the root ^0 be. extracted is a squ^^, cubic, 
or biquadratic one, Ssq^ 9p^ equation wiQ; be obtaiiied 
(firee from surds) from whence, by comparing the hoi- 
mologpusw terms, ik^ assumed coreffici9n4)s, aod ooa- 
£equently the series sought, will be determined; as in 
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EXAMPLE V. 

Where it is proposed to extract the Square Root of 
a2'»_l_2'2" in an Infinite Scries, 

In which case, assuming A + B«^"-f Cjc^" + D»^" 
-1-Ej:*" &c. for the required series, and takbg the 
square thereof, we have 

A^ + ^ABx^-H- 2AC^4«4.2ADx6"+2AEa^" &c. "^ I 
, + B^x*" + 2B Ca?^" + 2B Dx«" &c. 

+ C2«'" &c. 

<*» 

and consequently 

A« + 2ABx2« + g ACa:^ + 2ADj76« + SAEo:*" &c. "1 
-a*"- a:2«+ B^a?*"4-2BCx*" +2BDx»" &c. > | 

4- C2^&cJ 

ThereiFore A»-a'"=0, 2AB-1=0, 2AC + B2=0, 
2AD + 2BC=0, 2AE-f2BD + C2=0, * &c. From 

which we get A = a"; B ( = — ) = 2^,; C (= 
2A/ "^ 8a^« ' ^ ~ A / "" 16a5" 

, SBD + CS 6 n u UavP 

( = j™l — ) = — TT^^rr &c. whence we nave 

^ 2A / 128a7" 

A + Ba?2* + C«^ + Da;^" &c. ( = l/o^M^) == ^ 
* Vide p. 181 df my Treatise of Algebra. 
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4- h :r77— — TT^TTT &c. Which se- 

ries, if n be expounded by unity, will become a + 

--r &c. the very same with that in the pre- 

ceding article found by the common method. 



EXAMPLE VI. 

99. Let it be required to resolve a + bJTi^ into an 

Infinite Series, 

Here, by assuming A + Bjr"+C«2«+Djr'" &c. and 
cubing the same, &c. we have 

A'+SA*Bj:^ + SA^Cx^" + SA^Da?'" 4- &c. ) 
- a- i^" + 3AB«^2* + 6ABC«'"+ &c. [-=0 

+ B*:r'"4- &c. J 

Therefore A = ai; B (=3^2) = ^ ; C (= - 

B«v 6^ T^ / 6ABC + B\ 56' 

A/ 9flr ^ 3A2 / 81al 

and consequently, a+hxT^ (=A + Bx''+Cj:-"+&c.) 

I hsT 6^»«" . 56'jr5» ' 

= a^-j . 1- -- + &C. 

3af 9a| 81at 

And, in the same manner, may the root of an^ 
other quantity be extracted : but as the celebrated bi« 
nomial theorem, discovered by the illustrious Sir Isaac 
Newton^ is vastly more easy and expeditious, in raising 
powers and extracting roots than that, or any other, 
method, I shall now explain the uses thereof; but,, 
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first of all, it may not bd amiss to show hb^ the theo- 
reetk its'elf, from tne prneiples of fluxibns^ may be de- 
rived. 

Let, then, 1 +y be a binomial whose first term i^ 
unity, and its second term an;^ proposed qua&ttity y t 
and let the quantity to be'esqpanded or thrown into a 

^ series be 1 +^ * ; where the exponent v is supposed to 
, denote any number whatever, whole or bro&en, po- 
sitive or negative. 

Now it is evident that the first term of the required 
series must be unity.; because when ^ is=zQ, the ether 

terms all vanish ; and) in that ^fewd, l-|-vl' i& equal to 
unity. Let, therefore, 1 + Ay + %"+Cy+Dj^ 
&c. be assumed to express the true value at the said 
^ri^s, or, which is the same, lei 

l+jf^" = 1 + A^- + By + Cy + ly &c. where 
A, % (j, C, &c. m^ HfPf q^ ^ denote unknown, faut 
detertniiuite ^uantitaes : 

Then, by taking the fluxion of the whole equation, 
(supposing y varftiljle) we shall have t?y x 1 +^1*^ = 

Whence, multi{>lying- the sides of tkfe two equstk)B8f 
. cross-wise, and dividing by y xT+yl*"*, th«re comes 

out 1 + y X mAy^' + nBy-' + pCy^' + yCjsr" ^ 

= t) + 1? Ay" + t?By + ^Cy + ©Dy kc. whidi, by reduc- 
tion, is 

- ♦ +mAy +ndy +J»Gy && > = 
-'V —vAy^ — t?By --^v(^ &e.J 
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Nov, f mete we mt9it UbeHy t^ take the ex|loneiif» 
of y what we will, so as to answer the conditions of 
the equation, or so that all the tetms hei^e pict down 
josay miituaUy iestt^ each other; let thtin, Amr^ 
fore, be so taken that the tetms themselves may be 
faomolc^us^ that is, let m-— 1=0^ Ji-^l==»iHp— Istn^ 
o— rl=p, &c. Then, m being=l, n=S,p=8, 9=s4, 
&o« if these tev^ral vdlues ht substituted above, the / 
equatiim itself will beoomee 

Where, taking A- «=0, 2B + A-t?A=0, 8C 4-2ft— 
oBfcsO, 4D+dC*^t7C=iQ, te. so thA eTerv tM^MiriiQ 
of homologous terms (and, consequently, tne whole 
expression) may vanish, We also get A=f7; B (= 

t?A— A __ Axp-^1 >^ _ V X t?— 1 , ^ ^_ t?B— 2B 

n tTi^x »-i v-a ,., »c-8C ^ 

Bx-^)^t>x-^x-g^; D(=^^^j— =Cx 

t>— 8\ t? — IC— 2© — 8ft.^* 

Whence, by writing these values, with those of nt, n, 
py qj &c. m the series l + Ay+By+Cy^ &c. first 

t? 

assumed, we, at Iex^h» ind l+yY^sil + t^y 4- yX 

-^xy + j-x-^x-^xy + -j-x-^ X 

"" X "7 X y + *^c. which was to be investi- 

gated. 

From the series here brought out, any power or 
root, of any other compound quantity, whether bi'- 
nomial, trinomial, &c. is easily deduced : for, if p 
be put to represent the first term of any sttdi quan^ 
tity, and Q the quotient of the rest of the terms di- 
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vided by the first ; then the quantity itsdf will be ex- 
pressed by P -I- PQ, or P X 1 + Q, and the v power 
thereof by P* x 1+QI% which therefore is equal to 

. Q.+ j x*-^x"-=^x^xQ^+ &c.), by what 

is just now determined. 

But when » is a fraetion, as in the notation of 
roots, the theorem here given will be rendered some- 
what more commodious for practice, if, instead of «, 

a fraction as ~ be substituted ; by which means it will 



ft 



m ^ . ni 



become P-xf+Ql" = P" X (1-h-Q +-x 

n n 

\ 

\ 

^Z^ X ^"^ Q* + &c.) whose use, in converting 

radical quantities into infinite series will appear firom 
the Mowing Examples. 



EXAMPLE VII. 

100. Wherdn it is proposed to extract the Square Ri>ot 
ofa^ + a?*, in an Infinite Series. 

Here the quantity to be expanded being aM-^'> o' 

^i X 1 +— J l*y comparing it with the general form, 



a2 



M m 



P'xl + Ql", wc have P = 0% Q = ^, w f= ^' 



md n=2 : whence, by substituting these values in the 
last general equation, we get 



«' 



X -ix^-ffx-jx-ix-ix -j + &c.)=a4- 



8a 






5a» 



- &c Which series agfeea ex- 



8a' 16a5 l^Sa 

actlv with those found in Art. 97 and 98, by difoeot 
meuods. 



IIS 



EXAMPLE Vin. 

101. Let it be required to extract the Cube-Soot of 
b^ — ^', in an Infinite Series, 



Here by comparing b^^ x 1 — "^ 



'.( = 6ic;p)*) 



with P" X iTQl", it will be P=i», Q =: — ^ , 
111=1, and n=3: thetefine, by substitution, we get 

jni^l (=6 X iT-^ ) = ftx a + ix --^ +ix 

-|x^+lxix-i X -^+fx-|x-4x- 

6y l()jr'» 






6" • —V gj« gjj Q2J» 



2436 



II 



♦11* fit! If^HKim <» «WWHf f iO^sifc 



EXAMPLE IX. 

4 

102. Let tie QuataHy to be mnverted into an Infinite 

a 



▼ OP a* a 



afterwaacds com- 



pared with 1 + Ql", we have Q=— — , m=— 1, 



!L Q+™ X ILZ^ Q^ + &c.) 1 + -I X :if +-I X 

n n 9» <^ 

■^-j-^ + f^ + &c. WWch therefore, mul- 

-— I. 4. &c. = — ^ y the quantity proposed. 

103. It mjwf not l»e impn^per to q/bp^xse. her^ that, 
wkeo..both th0 termn of tte proposed q[uantety are 
affirmative, and its exponent also affirmative and 1^ 
than unity, the two first terms of the equal series 
will be positive, and the rest negative and positive, al- 
ternately ; but if only the first term of the binomial 
be affirmative, all the terms of the series, after the 
first, will be negative: moreover, if the exponent of 



iSie (jt^i^ qmMAt^ be native, «li J bodt ^ Mhte 
affinnatiye, the signs will change alternately; bttt if 
onlj the first be affirmative^ all the terms of the equal 
senes will be positive. 



EXAMPLE X/ 
104l Let the Quantity proposed be the Trinomial 

Here^ by diividing die rest of the terms by the first, 

&c. < our given quantity is reduced to 1^^ h 

Jt + &+3Jc«t*. Therefore, in this cose P= j?', Q a: 
Sx + Sjt^, m = 1, and n=x3: whence (by sidistitu- 

tion) P+^M^8F)* = JT X (1 + ' X &?+8x«i + iX 
-f X ar+8ar*l^ + i x -* X — f x «x+8J«l' 4c.)= 



«xl.+ -^.g __ + _ &c. 

Which, reduced to simide terms, is s a; -h -^ 4* 
6r* 68x4 



9 81 



&c. 



105. When the proposed expression consists of a ra- 
tional, multiplied by an irrational quantity, the series 
AiiBweiing to the itratibnal one mviit be 6!tst Mnd, asld 
afterwards multiplied by the rational quantity : but, if 
two, or more, compound irlrational quantities are to be 
drawn into each other, then ts&e the series ani^enAg 
to each quantity, separately, and multiply them toge- 
ther; observing, afways, to neglect JU such terms 
vhose ipdioes would exceed that of the last, or highest, 

I 2 
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term, which the iSeries sought is proposed to I 
tizuied to. 



EXAMPLE XI. 



zr7\k 



106. Let the Qtianttty proposed bel + xxl—x 
First we have l—xl =1— -=7; — 



10 10 X SO 

9x19 ^^ ^ 9x19x29 ^^^^^ Which, muU 
10x20x30 10x20x80x40 

•tiplied by 1 + x, produces 1 + a: x 1 — J^n = 1 + 
ftr «9j?« 9.49*^ 9.19.6gjr* 



10 10.20 10.20.W la. 20. 30. 40 
9x 29x« 147x^ 3983x4 



— &e. =1 + 



JO 200 2000 80000 



-&c. 



EXAMPLE XXL 



107. Where the Quantity to be expressed in an Infinite 
• . Series is ^^.yOxlF^^^x'?^^-^. 



j^^^^^i 



x^ 



Here we have, a^ — j:«,4 faxl =a (x 



i 



X' 



' (X^ 



ar^ 



l + ix-^+ I x -i X 3-4»+TX-ix-ix-^ 

X* x^ . x^ 



^&c.)=:a< 



— TTT-. &C. 



2a 8a' 16«* 
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-4 



And ^^^^-i ( = c"' X 1 - - 

cc 



= e^' ( X 



1 + -i X -~ + -I X -i X ^ 4- &cO = i + 

c* c** c 

5-:5+-g--j + Y^ *^* Whence, multiplying thess two 
values^ one by the other, we get 






first terms of the series sought 



EXAM|»LE Xni. 

108. Let the QmiUity to be expounded be the MuUinomialy 

(yr If^nite Series, j^ + ar^+-+ij^+*' + cjf+**4-&e.r i 
whose Exponent v denotes any Number whatever y whole 
• or broken, positiDe or negative. 

Here, dividing by the first term, the given quantity is 

transformed to a:^xl4-ar"+i«*'+cjc'" + <ic^"-f ftcl"; 
which, if ar"4-iJ^ + CvC*' &c. be put=y^ will beccmie 

x^ X 1+^)'; which .last expression (by Art. 99) is=s 

x^ + &c.) Whence (for brevity sake) putting A ssv, 
t)c— 1^ V c — It? — 2^ V 



comes out a* + ar*+" + bx**^ + px**" + &c.l' ?= 



«»• + Aot*^ + Ai + Ba« X «^+»' + 
Ac+SBai + C<^x a^+*' + Ad + 2Bac+B6«-»«Ca»4 +Da* 
X a^* + ( A* + 2Ba<{ + SBfic + SCa«c + 8Coi« + 4Da'i 
+Eaix«^*"+*c.) 

EXAMPLE XIV. 

109# To extract the Square Root of a^— jr% and from 
thence to determine the Fluent of x V^a^— x^, in an 
Infinite Series. 

T^j proQe§4ing as in the foregoing examples^ the value 

of i/(i«^a?« in m ipfiivte jpi^ i¥^ Ij^&^d tft Iw? a— 
— -— --i — ?S^" fej'f Which w^UiplW 

by 4 gi?^ * V «« Tt» #^ w 0* *r _ ^ _ ^ 

1^'^f^S'*^ Whole tutai th^iefei# (\py Art 
77) IS = OX — -5- — — — i — — — — «c. 

Which was ta be datermioed. 



TBC XAiraiEB or FIKJUNO rtTTSMTS. 



1(9 



EXAMFLE XV. 



110. IH it ht rt^mrei to apfntximaU ike flwe^ of 

a»-.jf» |ix«raf ^ ^ . , ., „ . 
' tn an IimnUe Sena. 

It sypears, from example 12, that the value of 

,T!r^' '"P"^ ^*"^' " •^"'(a^-S?) 



Sb 



">(!- 



&i 



8c< 4ae' 8aV 



) X *• + (^ - 



3 



16ac' 



IS?? 



1 

Y^^^ X j^ 4- ftc. Which valii^ beii^ 
theiefore iiitilt^Iied by Ix/^ x, atid the fltient takeh (by 

the oQmmoU laetbbd) we get asm — + ( a:s^«-t— I 

n+Ixc ^^ »ac*^ 

3a 1 1 \ af^ 






n+8 V8c* Aoc' Sa^c/ it+ 






/ gg a 1 1 \ *•+'' _ . 

\16«'''l6ac«'"T^? i^j?/ wTT**' 



ISO 
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EXAMPLE XVI. 



111. Wherein it is proposed to approximaie the Flueniqf 
tn a Series, 
Herc^ if A be put=rt?, Bc=vx— — 'jCssux 



2 



a 



a:? 



X-— , D = i> X-— x-j-x-^, the quantoty 

x^ + oaf+- + ia^H**.-^. cj;*+** &cJ' expanded, • vill 
be =. a:^ + Aaa?^+* + AFT" Ba« x x^^ + 
Ac +2Ba* -f Cflr* x «^+* + (Ad + 2Bac -f B4«-f 3Ca*6 

+Da*) xap^'"*" +&C, as appears from Art. 108, There- 
fore this expression being multiplied by oT^^Xf and the 

fluent taken (as usual) we shall have 

Aaxf^+^ Aft+Ba«xa?^ +'^^ 
pvi-m+n pt?+m+2» 

Ac -h 2Bgt -f Ca^ x x^ ^+^ 
pv + m + Sn 

Ad + 2B<ic + B6^ + aCflgfc 4- Da* x » ^+«h-<" 
9[uantity proposed to be found. 



pv+m 



+ &c. for the 



( 121 ) 



SECTION VIl 



Of the Use of Fluxions in ^tiding the Area9 

of Curves. 



CASE I. -^ 

112. JuET A R C &e a Curve of any Kind tiohoae 
Ordinaies are perpendicular to an/Axis A B, 

Imagine a right-line b'Rg (perpendicular to A B) to 
move parallel to itself from A towards B ; and let thA 
eelerity thereof, or the fluxion of the abscissa A by in 
any proposed position of that line, be denoted b^ 6d; 

then it will ap- 
pear from Art. 4. 
that the rectangle 
(bnj under bd and 
the ordinate bA, 
will express the' 
corresponding flux- 
ion of ihe generated 
areaaSR; whidi^ 
fluxion, if A ft=tar, 
and iRss^, !i^ 

therefore be =^i.- 
from whence, by substituting fatyotx (according tor 
the equation of the curve) and taking the fluent, the 
area Itself will become known. 

CASE n. 

118. Ltt A R M ie any Curve whose OrdmUes C R, 
C R are all referred to a Point or Center. 

Conceive a right-line C R H to revolve about the 
given center C, and let f point R move along die 




» ' • 'S 



in 



TB£ irsX 09 WhVXlOlM 

said line, so as to trace out, or describe the proposed 

curve line ARM. 

- Now it is evident, that, if the "poiiU A was to move 

fh>m any position Q, without changing its direction and 

velooitT» It i^uld 
proceed along the 
tangent Q S (in- 
stead of the curve) 
and describe areas 
Q«C, QSC about 
tile ftehtdV C, jIM^ 
partkmal tn. the 
times of their de- 
sd^oDi beoUise 
those actes^ tv tAi 
aBgl(i% living the 

MBifia]tttade(CP)f 
are as t}ie bases Qs 
and Q Sv and these 
are as the times^ 
because the mo- 
tion ip the tangent 
(upon ibai mppdskion) would be unjfikrm* 

MfmOf if Br 6 be taken to denote the vsiftie of (ij 
db9 fluxion of the curve line A R, the oonresponding 
^lOiw pf tbeaMft A R 0, will be trulv represent^ hj 
tl» mafbimily derated triangle Q C S ^ r which, 
putting the fctrpndicufar (CP) drawn fi-diii the mdkx 

OSk CP\ 

ta the tangra\l;> g ^> willr therefine be (ss ^— g* — \^ 

. But> since in many isaaes. the value of i cannot be 
computed (from the property of the curve) without some 
troublei the two followmg eKpressionsL for the Buxim 
of Ae area^ wiB eotsmotifym bwod taor^ eomnidm- 

ous, viz.—^ and v- j where t =R P and a: »: the 

ac 2a 

ax^ IBi^ ofa circle diascri^ about the covter C, ^ 




n 



X)9 f^KPINa AABAS. 

^ diittaiit^ a ( OT CB)f These fxmessuimi oret ^ 
rived from that above, in the foUowing manner ; viz. 

^'.y::j^ (CB): « (HP)*; therefore i=:'?2; and •Art. 35. 

ocmsequenily -^ = ~ ; which is the first expression. 

Again, bemuse the celerity of R in the direction of - 
the tangent i$ denoted bv z, that in a direction per- 
pendicuur to C Q (whereby the point R revolves about 

C P 
the center C) will therefore be (?= r^ x i)t = f Art. 85. 

— 'i which being to (x} the celerity of the point N 

(about the Mme center) as the distance (or radius) 
ClBi(j/) to the radius C N(^aJ weshall, by multiplying 

extremes and means, have — ^yx; and consequently 

sit f/^JB 

^ zs^ ; which is the other eiqpression. 

The method of applying this, together mih the j>re- 
oeding fomia, will appear at large fiom the following 
examples } wherdn x, y^ 2, and u, are aU along put to 
denote th^ ^b^isM, ()r^ate, curve^line, mid the saea, 
respectively, unless where tha contrfury is ex]^res8ly 
specified. 



EXAMPLE I. 

114. Let d begxiffOHi t^ df(ir9ttuM tie j^Mfl of a r^ht- 

angled Triangk A H M. 

Put tho kam AHv^^ t)ie pmn^iiute HM^ti 
a^ilot AB (^«^ be «:iy pcvrtim or tbe ba«i^ coiMidfirdi 
as a fiowihg ouaintity, apd let fi R (y) be the ordinfte, 

o» perpcodifliilir, conpispondu^ 



IM 
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dieiiy because of the similar triangles AHM and 

hx 
ABB, it will be a : i : : x : v = — : whence vx 

^ a 




* Art. lid. (the fluxion of the area A B R *) is, in this case, = 

— ; and consequently thie fluent thereof, or the area 
a 

t Art 77. itself ss^ s- :+ which therefore,, when xssa, and B R 

coincides with H M, will become -zr- = ■ ■ ^ = 

the area of the whole triangle AHM; which we also 
know from other principles. 



EXAMPLE Ih 

116. Let the Curve ARMH, whose Area you umld 
. find, be the common Parabolcu 

In which case the relation of A B (x) and B R ("y) 
being e3cpressed by y«=ar (where a is, the parameter) 

$Artlld.we thence get y^a^x^; and therefore u (^J^*{) 
=:aVi : whence tt= ?. x a^x^ ^iu x x a? = i^^ 



* IN FINDING AEEAS. 



im 



(because aM=j^) =jxABxBE: hence a parabola 
is ^ of' a rectangle of the same hose and altitude. 




The area is here found in terms of x ; but it inUl^ 
many times, be more easily brought out in terms of ^ 

(without radical quantities) as in the very case last 

proposed : where «'bemg = -s^ , we therefore have x:= 

a 

-^; and consequently u (yx) = -^-^: whence «s 

^ = -^ X -^ = ^xx=ixABxBR; the same 
oa _ D a a 

-as before^ 



EXAMPLE III. 

116. Let ARM (see the preceding Jigure) he a Para^ 
hola of any kind ; whereof the general Equation is 

Therefore, by extracting the root, or dividing each 

HI H 

exponent by m+«, we have y = a "+" x **"+" ; .whence 



BK TtfB imc ov ntntieirs 

* fj^f ^ sft (3^'^ X *«""*" ; and amseqnentljr u (tfee true 

fi" 



+1 



fluent, w tfea) s= a"^* x 







^ . __ m + n 

m+2n *" m + 2n '''^ "" m + 2n 

ABxBR. 

No notide has been yet taken of any constant quan- 
tity to be added to, or subtracted from, the variable 
one» first fl)und, in order to render it complete^ agreeable 
to the observation in Art^ 78. 

But tkaf no such corrooimi is^ required in liny of the 

Eiding examples, is ^dent from the n^ttre of the 
ei beoause, whea« imd -^ ase nothing,, thm area 
ought also to be nothing, which It actually i^ 9e>^ 
cording to the equations Ab0ve exhibited. , 

^e fluent found in t&e succeeding example^ will, 
haww9^ stand i* Jieed df a-wi^Miim. 



E.XAMPI^E IV. 

11 X Where it is proposed to find the Area of «ti? C«Tt>e 
A R H, whose Eqtmtum is ir*— a*x«4-a'^*=0. 

Here, the given equation is reduced to y ^ 
: ; whence ai C= J^*>^ =» ^l^LxJ^i: 



a?:>fa«-'*« 



a (t 

* Art T7. whereof the fluent (by the . common rule^) w — 



XB JIKWKA JLKS&f. 



W 



f. ' 




^ J^ ' : which, when x^sA vxArU^^. becomet — 
^ this therefore subtracted from ^— ^ , leaves 



ibr ^ Axent c or re ct ed, or the true 



a2 



fl« — j^S 



v^Iue of the a^ea A B R."*^ 



4^yanrp' 



•Artm 



the orduiate B*R (^^^T^)- becomes 
equat to nothing, and F coincid'es with H, HtMea x wffl 



become: 



aotmng, i 
:a=AH; 



and therefore the area of the: whole 



^s 



curve A R H will be barely = ^ = ^ A H». 



EXAMPLE V. 



118. Ltt it H required to determine the Area of the 
hyperbolicd Curve whose Equation is x^v* = 



m+u 

fi 



In this case we have y ^ . = 



an X a** " ; 



or 



1S8 
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iii"f« 



and therefore a» ( = yx) s a " x x " i : whose fluent 



; whidi, when x is 




( 



=0, will also be =0, if n be greater than m: there- 
fore the fluent requires no correction in this case; 
the area AMRB, included between the asymptote 
A M and the ordinate B R^ being truly denned by 

na * X J * ^ ^jie quantity above determined. But 

if n be less than m, then the fluent, wlien x;=0, will be 

Aft ^^^^ Aks 

infinite (because the index being negative, be- 
comes a divisor to na*"*""). Whence the area A M R B 
will also be infinite. 

But here the area BRH comprehended between the or- 
dinate, the curve, and the part BH of the other asymp- 



XX 



tote, is finite, and will be truly expounded by- 

the same quantity with its signs changed. For the 



wi— n 



IN FIXDINa ABSAS. 1S9, 

fluxion of the part AM R B bebg a * x x *3b that 
of its supplement B R H must consequently be ^ 



a • X «" i: whereof the fluent is — 



n 






= the area BRH: which wants no 

correction ; because, when x is infinite, and the area 
BRH=;0, the said fluent will also entirely vanish, 

seeing the value c£ x * (which is a divisor to a *' Jr 
is then infinite. 



EXAMPLE VI. 

119. Where let ii be required to determine the Area of 

the circular Sector A OR. 

Then, putting the radius A O (or O K) = a, the 




ardi AR (considered as variable by the motion of R) 
s«, and Rr si, the fluxion of the area will here 

X 
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az 



■Art ns.be expressed by-— (sthe tringle ORr:*) whence 



az 



the area itself is = ■--- = A O x I A R : from which it 

appears that the area of any circle is expressed by, a 
rectangle under half the circumference and half the 
diameter: 



EXAMPLE VII. 

120. Wherein it is proposed to determine the Area CB AC 

ofO^ logarithmic Spiral* 

4 

Let the right-line A T touch the curve at A; upon 
which, from the center C, let fall the perpendicular 
C T : then, since by the . nature of the curve tjic 




angle T A C is every where the same, the ratio of A T 
(t) to C T (s) will here be constant : and therefore the 

tAit. 113. fluent of 4 x^t=s4 X "^r = the area which 

t % (4 

was to be found. 
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EXAMPLE VIII. 

121. Let the Curve A R M 6e the Involute of a given 

Circle A OQ. 

In which case the intercepted part of the tangent 
S- P (t) bong every where equal to the radius C O (a) 




of the generating drde, we therefore have CP (s) 
V^CasZEFj^Vy-o^. whence « ( =r -^ ) 

— 3^:2— I^JljSSf ; and consequently u = T^ = 

ep» 



6CA 



=: the required area A CR : 



Which will also ^ress the area A R generated by 
the radius of evolution R O ; because R O being = 

k2 
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•Ari.ll9.lhe arch AO, the sector ACO (iAO x O C*) igr 
equal to the triangle CRO (|R0 x'OC) which 
equal quantities being successively subtracted from 
C A B O, there remains A O R= A C R. 



EXAMPLE IX. 

122. Let the Curve C R R,, whose Area C Rg'C, yav 
would find^ he the Spiral o/^ Archimedes. 

Let A C be a tangent tp the curve at the center 




C, about which center, with tmj radius AC (=^^0 
^p(^ a cirde Agg to be descnbed ; then the arch 
(or abscissa) Ag corresponding to any proposed ordinate 
C R, beihg to thdt ordinate in a given Or constant 



^y . 



ratio (suppose as m to n) we have ^ ( A g) = -~" » 
* Art. 113. therefore u =^ ^^ = -^^ > and consequently ^ — 



p^ = the area CRRg-C 
6an '^ 



tN riNDING AEEAS. 

EXAMPLE X. 

I 

123. Let the Equation of the Spiral C R R (see the last 
Figure) ftex=^+cy« + (^'+ ^^-^-fy^ + 4'c. 

Then, x being = «y + 9xyy + 3%2^-f 4ey^y+&c. 

+ ^y + &c. and therefore « = ^ + -^ + 
2a oa oa 

--^ + Z^ &c. = the true value of the area in this 
10a 12a 
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case. 



EXAMPLE XL 



124. Let it be proposed to find the Area of a Send- 

circk A R E H. 

Here, patting the diameter AH=a, AB=x, and 
B R=y, Ac. (as usual) we havey^ (B R*) = ax^x^ 




{A B X B Bf), and consequently « (yi) =i Vax^x'^^ 

^i 



\ 



«*a^ixl : which expression not being of the 

iind described in Art. 83 and 85, that admit of fluents 
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in finite terms, let it therefore be resolved into an in- 

• Art 90 finite series, * and you will have u =r aixhot x 
&99. I l_2 

-Q— -r Q^ — .j-^ &c.) From whence the fluent of 
erery term being taken, according to the common 

3 * 

method, there will come out « = a* x ( -a" — 5^ 



7 



* 



« x^ 5x^ _ ,— 

3 - 65 ~ 28^ - TO^ - 70i^ - ^^' = *^' ^ 

A B R. Now, wh«i jT s= I a, the ordinate B R vill 
coincide with the radius O E ; in which case the area 

becomes ^ \aV \a^ x (4 — A*- rrr — -sr^ "" 
.,,,4^ &c.) = ^5!^ X (0,6666 - 0,1 - 0,0089 - 

0,0017 - 0,0004 &c.) = 0,1964a^ ; which, multiplied 
by 2, gives O^SOSSa* for the area of the semi-circk 
A E H, nearly. 

As the foregoing series, in finding the area of the 
whole quadrant A O E, converges but slowly^ a con- 
siderable number of terms ought therefore to be taken 
to have the conclusion but tolerably exact, the five 
first terms above collected being sufficient .to "'^^S 
out no more than three places of figures that ean be 
depended on. For which reason it may be oi use to 
consider, whether^ by computin£[ the area of somtf^' 
ticular portion (A BR) of the said quadrant, that ot the 
whofc may w>t be dedttoed ; ^h«re x being «■»* ^ 
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tpmparisoQ of a, the series may have such a rate of 
vonveig^Qy, ^hat a smaller number of terms will be 
sufficient.* * ^^' ^^* 

Now, in order to this, it is well known that if the 
arch A R be taken =? 7 A E (or 80 degrees) the sine 
BR will be = i AO ; and consequently AB (x) = AO 

- O B = A O - l/0R«-BR2 ; which, if the radius AO 
be expounded by unity (to facilitate the operation) 
will be =0,1389746 very nearly : this, therefore, with 
the value of a, being substituted in the forementioneA 

series, \/^^ x r -tt^t- — &c. we have 

0,0693505 X (0,6666666-0,0133975-0,0001603 - 
0,0000042 - &c.) = 0,0693505 x 0,6531046 = 
0,0452931 = the area A B R : which, added to the 

area O BR (=rOBx|BR=/i x f = 0,2165063) 

S'ves 0,2617994, fcr the aretf of the sector A O R ; 
e treble whereof, or 0,7853982 (because A R= JAE) 
will therefore be the content of the whole quadrant 
AOE : which number, found by taking four tei^ms of 
the series only, is true to the last decimal pkee. 

This conclusion may be otherwise brought out, 
br finding a series for the ether part of the area, in- 
cluded between the radius O £ and the ordinate BR: 
wherein the co-sine OB (instead of the versed sine AB) 
will be the converging (or variaUe) quantity. 

For, putting O B = x, and O R (O A) = 6, we 
have j^ (BR = l/OR^-O B^ = &2 -^2j* ; and 
consequently (yi) the fluxion of the area O B R Ef =x f Art. 112. 

7«'°x . . x^ 

■ ^^ • &c. Whence the area itself is = Jx — ,t=- — 
256*9 04 

x^ x^ &r9 7«'' 



466*""^ 112ft* 1152ft7 , 28164*^ 



'&C. 



x" (=j:»xx«=J) = ,0004888- 
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Now, if « (O B) be assumed = { A O (so that the 
arch £R mav be = j^ A £) and the value of 5 (A O) 
be expounded by unity, we shall have 

x" (=« X *•= ,6 X J ='-|.) = ,185 
x» (=x'x««=-^^) = ,03126 
X' (=»* x««= '^^) = ,0078126 
ifl (=x' xx«= 1^) = ,0019681+ 

4 
&c. 

Which values of the powers of x being respectively di- 
vided by 6, 40, 112, 1152, 2816, &c. there will result 
0,6000000 - 0,0208083 - 0,0007812 - 0,0000698 
- 0,0000085 - 0,0000012 - 0,0000002, &c, = 
0,4783057, for the area O B R £ in the forementioned 
circumstance, when OB=:|OA: from which, de- 

ductmg the triangle OBR (=/|x J =0,2166068) 
the remainder ,2617994 will consequently be the ares 
of the sector E O R ; the treble whereof (because £ R 
is here = tAE) will give the area of the whole qua- 
drant, 0,7853982, as btfore. 

EXAMPLE XII. 

125. Let the Curve^ whose Area vou would Jlndy be the 
CUsoid of Diodes ; whereof the Equation is^^s:. . 



i. 4. 

XX XX 



* Art 111^ Here we have i^ Cv^p*) = = ■ i 

Vfl— a? ' ri 



a' xl — ^ 

a 
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ss--. X 1 1 : which being none of the kind 

OS a 

that admit of fluents i^ finite terms,* let it therefore * Art. 83 
be resolYed into an infinite series, and you will have tt= ^ ^^* 



— X 1 + 5-+o-?+-rs-T+TOQ-; -I- «c. = -^ X 
Ok 9<i Sa^ \W 128a* a* 



la"*" 8a«" 16? Whence u (the 

area itself) will come out = --r- x ( -g— +"iy^ + 
a^ ' Bx^ ox «A /^ /2 . « «^ 



12o« 
88ff 



r+&c) 



EXAMPLE XIII. 



126. Let the proposed Curve CSDR be of such a Nature, 
that (supposing A B Unity) the Sum of the Areas 
CSTBC and CDGrBC answeriiig to any twoproposed 
Abscissas A T and A G, , shall be equal to the Area 
CBNBC whose carresptrnding Abscisssa AN is equal 
to, A T X A G, the Product of the Measures of the 
two former Abscissas, 

First, in order to determine the equation of the 
curve (which must be known before tne area can be 
feund) let the ordinates G D and N B move parallel to 
themselves towards HF ; and, then, having put GD=:jr> 



/ 
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NR=ar, AT=a, AG = *, and AN = m, the fluxion 
of the area CDGB will be represented by ^9 and that 




A B T G 



N 



♦Art. 112. of the area C R N B by arii :* which two expressions 
must, by the nature of the problem, be equal to each 
other ; because the latter area C R N B, exceeds the 
former CDGB by the area CSTB, which is here con- 
sidered as a constant quantity ; and it is evident that 
two expressions, that differ only by a constant quantity, 
must always liave equal fluxions. 

Since, therefore j/« is^^^ii, and u=zasy by hifpotkesis, 

it follows that iis=:<u, and that the first equation (by 

substituting (ofi n) will become ya-^^azs^ or y^az^ or 
lastly v«=^<M, that is, GD x AG=NR x AN : there- 
lore GD : NR : : AN : AG ; whence it appears that 
•very ordkiate of the eurre is reciprocally as its cor- 
responding abscissa. 

Now, to find the area of the curve so determined, 
putBCssi, and BG=rjr; then, since hGtil-^^) 

: AB a)::BC (b) : GD (yj wehavej/c=^-i^»and 

hi' 

consequently u {^yx) =s = 6 x (i— x»4- J^'^"" 

1 -^x 

x^x^-x^x-^-^q!) Whence, BGDC, the area itself 
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OD^ X X^ X^ 

willbe=&x(af'— -=-+-7; 7^ + -r-&c.) Wliichwas 

^ 2 3 4 5^ 

to be found. 

It may be here observed that the areas of the spaces 
above mentumed, are aiudogous to, and have the very 
same properties as logarithms ; and that those spaces, or 
logarithms, viaj be of different forms or values, ac- 
cording as yDu take the value of the first ordinate BC, 
which may be assumed at pleasute : thus, if B C be 
taken =AB= unity, the curve will become an equi- 
lateral hyperbola whose center is A (because then A G 
X GD= AB^) and in that case they are called hyper- 
bolical logarithms : but, if BC be taken =0,434^448 
(so that the logarithm, or the area of the space 
CDGB, answering to the abscissa AG, when expressed 
by the number 10, may be expounded by unity, or 
AB^) we shall then have the common, or Briggcan fixm 
of logarithms. 

From these logarithms (given by the tables) the 
business of finding fluents, is in many cas6s, very 
mudi &cilitated : lor, if the fluxion given appears to 
agree with the fluxion of any known logarithmic ex- 
pression, its fluent may, it is evident, be had by the 
tables, ready calculated, without the trouble of an 
infinite series. 

But, now to know what kinds of fluents are ex- 
plicable by means of logarithms, it will be necessary 
to observe that, the Jiuxion of any hyperbolic logarithm 
is always expressed by the jiuxion cf the corresponding 
number, divided by that number: this' appears ^om 
above, where (yx) the fluxion of the area (or lo- 
garithm) BGDC, when BC=AB=:1, is truly repre- 

aented by — - ; where 1 ^-x (= AG) may stand for 
any number whatever; and i lor its fluxion. 



% 
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X 



Henee the fluent of ■ . ^ will be expressed by 

the hyperbolical logarithm of x-^\/x^±a-: for. the 
fluxion of {x+\^x^±M^) the number itself being x 



+. 



Va?«±a« V^x2±a2 Vx^±.a^ 



xl/««±a«+», this last quantity, divided by that 
number, gives y , the very fluxion first pro- 

posed. 

It also' appears that the fluent of ■■ > will be 

truly expounded by the hyperbolical logarithm of a + 
x+t/Jto+««: because the fluxion of the number 

(a+«+ l/2ar+«0 is here = i + 



V^MX-k-X^ 



X . 

y^ ^ X V 2arJ+ »- + a + x; which divided by 

X 

that number produces — ; — . 

V^ax+x^ 

Likewise the fluent of -^-: — - will be represented by 

the hyperbolical logarithm of : because, the 

a — X 



9 



fluxion of ^±f, being ^xa-»+ixa+x^ 

a— a: tf— x> a--3 

if the same be therefore divided by ^^i^, we shall have 

a-^x 

9ax a-^x Zax 2ax 

X 



a— xl* a+x a— a:xa+x a^-^x-' 
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Lastly, the fluent of — 7 will be denoted 

xVa* ± x^ 

by the hyperbolical logarithm of jr~= ; for 



iiere the fluxion of the number is 



•\-xx 



t/a^ + x* 



a+t/(j2Tx«l* V^g^±ar^ g+v/g^Ti^l"^ "^ 

+2gj7« 
^ — .— ^ f;:; which divided by 

Vg^ + a:^ xgH- Vg» + ^^r 

g+V^g«±ir« ^^^ y^a^ ± «« x g + t^g«^^* 

a4-V^fl^±J^ _ Hh^a'i 

a—l/g2+j« t/g«± j?« x g+ l/g« + j:^ xa - 'V/g«Tlr* 

+2gx» \2gi . 

= / :> I — rr'^== ,• ^ , > the fluxion proposed. , 
Vg« + a?«x+«« xVa^±x^ ^ *^^ 

These four are the principal forms of fluxions; 
whose fluents may be nmnd from a table of loga- 
rithms of the hyperbplie kind : which table, upon 
occasion, may be easily supplied by a table.of the com* 
inon form : lor, since the hyperbolical logarithm of , 
any number is to the common logarithm of the same 
number, in the constant ratio of unity to 0,4f8429448 
(as appears from above) it follows that if any common 
loganthm be, either, divided by 0,43429448, or mul-^ 
tiplied by its reciprocal 2,80S58509, you will thence 
obtain the hyperbolical logarithm corresponding. 
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EXAMPLE XIV. 

127. Let it be required to determine the Area of the 
Curve ; whose Equation is a^y — o^y — a' = 0. 



♦ Art. 112. 



In which case y belogsr -^ — ~, we have « {^yx)* 



a}x 






a 



a^ 



a' 




B 



M 



a:^ 



x^ 



x^ 



^9 



Whence «=ar+:r+r-: + — +— + &c/ 

=the area sought. 

But the same area (or fluent) may be found with- 
out an infinite series, fay means of a table of lo- 
garithms, agreeable to the observations in the last 
article : for, since it there appears that the fluent of 

' I truly expressed by the hyperbolic logarithm 



of . it follows that that of 



aH 



(= 



2ai 



. Xf«9 



will be expressed by the same logarithm multiplied by 
fa^. Thus, for example sake, let a ( = A C ) be 
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a+x 



talen=10, and x (=AB) = 5; then will =3; 



a— .r 



whose logarithm taken from the common tables 
is 0,4771213; which multiplied hj the itioduius 
%Q025S509 (see the last article) gives 1,09861228 



a + jr 



for the hyperbolical logarithm of ; and this again 



a—'X 



multiplied by 50 (i<lO ptoduces 54^930614 for the 
true value of the area A B R C, in the aforesaid circum- 
stfOMse^ when A Cs^lO, and A Bss5. 

EXAMPLE XV. 
128. Where the proposed Curve is that whose Equation 

Here, by reducing the given equation, we get y = 



a^ 



t/a* + a?2 ' 



therefore yx = 



a^x 



Va^ + x^ 



= «.* 



• Art 11^. 



X 

Whence the fluent of -y - being = hyperbolical 




a^x 



log. of X + yoMTx^ (by Art. 126) that of . ^ 

ir W "y" X 

will consequently be =± jhe same logarithm multijJied 
by a*. * 

But to find whether the fluent thus determined does 
not need a correction^'f let x be taken =0; then thefArtTSi 
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fluent will becomes hyp. log. ax a^: which, there 
fore, must be subtracted, to have the true value of the 
• Art. 7&area A C R B ;* and then there results a^ x hyp. log. 

(x + Va^ + «*) — a« X hyp, log. a =s a^ x hyp. log. 



x+l/a* + »« 



=tc. 



EXAMPLE XVI. 

129* Let it be proposed tojind the Area of the Hyperbola 
A B D, and aho the Area of the hyperbolical Sector 
CAD ; euppoeing C to be the Center, and A theprin- 
cipal Vertex of the Curve, 

Here, putting the semi-transverse axis C A=:a, the 
semi-oonjugatesc, and C B ss x ;- we have, by the 




property of the curve, ^ (= B D) = "y ^ "" ^ 

ex / 

and therefore « =:^i=— \/ «^ ^ a^ s the fluxion 

t Art. lid. of the area A B D.f 

But to find the fluxion of the sector CAD, it.i8 
to be observed, that as the said sector is = C B D — 

A B D = ^ — tt, its fluxion will therefore be^ = 
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^ + M- _ « = -^-^ (because A = yx)* which/ Art. lia 

by substituting for y and y, their equals — \/ «^ -^ a^ 
and — 7===, is at length reduced to — x 

y : whereof the fluent (by Art. 126) is tt 

X hyp. log. J7 + V^^'^ — «^ ; which corrected (by 
making «=a) will become — x hyp. log. (x + 

4V 



OC ^ , OjC 



^x^ - a^) — ^ x hyp. log, <* =5= ^ x hyp. log, 

— H — " = the sector ADC: which, subtracted 

a 

^ cjcl/a?«— ct« . BCxBD , . i * ii nx 
fiom (= — 5 = the triangle A B D) 



— S5 a^'^'yp. log- —7 



■»■ " J 1" 



JFor the required area of the hyperbola A B D. 



EXAMPLE XVII. 

130. Let tht Qurvt proposed be the Ellipsis A E B. ' 

TheA, put^jig rtie t]C«a«veitse ipds A B ^.a» and the 
conjugate (2 C E) = c ; we shall, by the property of 

the cimre, ha"^e ^ (D' R)^^ ^Vate^x^^ and there- 

C y- 

fore it Cyx) ^ -^ x x V a«— a?* = the fluxion of the 
area A R D. 
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But i^ ax—x* is known to express the fluxion of 
the corresponding segment A D n of the circumscribing 




A 



C D B 



semi-cirde ; whose fluent is, therefore, given, by Art. 

C J -I - 

1J84 ; which being denoted by A, that of — x xVax-x^ 

c 
win, consequently, be s= — x A. Hence, the area 

of the segment of an ellipsis, is to* the area of the 
oorrespon£nff segment of its circumscribing circle, as 
the lesser axis of the ellipsis is to the greater ; whence, 
it follows that the whole ellipsis must be to the whole 
circle in the same ratio. 



EXAMPLE XVIII. 



ISl. Let the Curve AR &c. whose Area C AR Sjrotf 
uxnUdJindy be the Conchoid o/^Nioomedes. 

Whereof the equation (putting BC=a, and R^ 
(== AC = 5J is xY = a+^* X J«^ (Vide Art. 57). 

Which, by reduction, becomes x = ^ + 
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D F 



l/ft^ — y* : but, to bring it down to a, sttllf more 
simple form, make \/6«— ^* (=SV)=tr; then^=: 

V^i* — 1^ ; whence^ by substitution^ x = 



+ isr ; and consequently x = 

> ■ 

zz 



^/¥^ 



az 



ll/W^^ + 



Vb* - 2* 



X a;2 



fe«-z« 



+ i= 



A*— «« X t/6«— 2:« 6« - 2:« X X^b^ — z2 ^ ' 



\&2_ 



xr«x 



\/ft«- 



2r 



2 



and therefore « (]yi^= V^*" "" ^* ^ \S 

But now, to exhibit the fluent hereof; upon C, as a 
center, with the radius A C fbj let a quadrant of a 
circle AED be described, and let R H, produced, meet 
the periphery thereof in £, also let £ F be parallel to 
A C, and let C £ be drawn : it is evident (because C £ 
(C A)=VB and £ F = R S) that C F is also =;= V S 

= g; Mid therefore, £ F being (== •C Eg-CjFg) = 
\/j» .— jj5^ it appears that z Vb^ — z^ . (the second 

l2 
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tenn oi our mvea quantity) expresses the fluxion of 

the area A E F C : whence, if to this area (found ly^ 

the table of Segments) the fluent of the first term 

ab^z b+z 

• Art 196. r^^ , or the hyp. log. of r^^ X | ai,* he added, 

the sum will he the whole area A II C S, that was to be 
determined. 

EXAMPLE XIX. 

132. Let ft be required to determine the Area A S R A 
included by the common Cycloid ASM and its gene- 
rating Semi<irele A R H. 

Put the radius A O (or H 0)=a, the sme B R=V, 
the oo-sine O B=3ar, and the ardi A R (s=RS, by tne 
property of the cydoid) == z : then AB bcang =s a 




ABO 



— ;?. its fluxion wiD be-*"i ; whenice ("iij that of the 
t Art.119.sroa ARS is=: '^zdo.f Now to find the fluent thereof, 
make t9 &d — ^rdt ( ss the fluent, if z wa» eon 



IK JPIMDIKG A HE Aft. 149 

Btant) then w being = *- 2;i — . «i,* we «hall Imye* Art 10. 
^ ( = r- jsri) = w + #. But (by Art. 35) i 
{A R fluxipi^ : y (B R fluxion) : : radius : co-sine of 
the angle ARB, or its equal ROB : : OR (a) : OB (x): 
therefore, by multiplying extremes and means, we get 
xi=ay : whence, by substitution u {=:w + xz):=iw 
+ay; and. consequently, by taking the fluent, t«= 
w + <g^ = — «« + ay= AO x B R — B O x ARic 
the area A R S. 

Hence it fidlows that the area (A E F A) when R B 
coincides with the radius F O, is bardy= A O x F O 
= A O^ : and that the whole area A M H F A is truly 
defined I7- ARH x -OH, or by ARH x OH ; that 
is by four times the area of the generating semi-curcle. 

EXAMPLE XX. 

133. Let the Curve proposed be the Catenaria DAB. 

^hen^ drawing B S and bs parallel to the axis A C, 
and AS and ebn perpendicular to the same ; and majcing 
(as usual) Ac=!i', co=:y and A5=2r, we shall have, by 




ihe property of the curve, 2ax-\-x^=2^ : whence ar= 

zz . 



l/(i« -f s^*— a, and x = 



^/a^ + ir« 



: from which the 
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* Art. 135. value of y (which in all curves is = V^i«— ac«)* 

/ 1^ / a*z* 
will here be found = \/ z"^- — ;, ,^\/ t-, — ^^ 

^ c(^ + z^ ^ a* + z^ 

m 

; and this multiplied by va* +.«' — a 



V^a« + 2 






(^=z bsj gives ai — ' y — i '(=s:the rectangle Sb) 

Va^ + z^ 

f Art. lis. =1 the fluxion of the axea A s 6.-|- From whence^ by 
taking the fluent, the area itself is found =02 — a^ 

JArtWftx hyp. log. — \X which therefore de- 

ducted from the rectangle sc {^zyx^y^a^-^s^-^at/) 
leaves y V^d\ -i- z^ ^ ay ^ az^ -jr a^ 'x hyp. log. 

for the required area AJbc, But, since y= 

a 

az . , 1. 1 «+ l/oM^ 
"7 — we have y = a x hyp. log ; 

V fl* + ar' a 

whence, by substitution, the area, at last comes out 

= y V^ar -^ 2^ — az^ or =r a V^a* + «* X hyp. log. 

. -^az, 

a 

Scholium. 

134. At the beginning of this, and in the preceding 
sections, we have seen how the fluxions of quantities are 
determined, by conceiving the generating motion ta be-- 
come uniform at the proposed position ; according to the 
5 Art. 9. true definition of a fluxion : § but hitherto no parti- 
cular notice has been taken of the method of incre- 
ments^ or indefinitely little parts^ used (and mistaken) 
by many for that of fluxions : in which the operations 
are, for the general part, exactly the same ; and which 
(though less accurate) may be applied to good purpose in 
finding the fluxions themselves, in many cases. For 
which reasons it may not be improper to add here 
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a few lines on that head, to show the beginner how 
the two mettods differ from each other ; especially as 
we shall be enabled, from thence, to draw ont some 
conclusions that will be of use in the ensuing part of the 

Work. p • 

It hath been frequently inculcated in the foregomg 
pages, that the ftuxwns of quantities are always mea-^ 
sured by haw much the quantities themselves would be 
umfarnUy augmmted in a given time. Therefore, if two 



A B / 



\ 



+— » I- 



M 






u N 

quantities or lines, A B and C D be generated together, 
by the unifinrm (or equable) motion of two pomts B 
and D, it follows, that any two spaces. B 6 and Dd 
uctuaUy gone over (whereby A B and C D are aug- 
mented) in the same time, will truly express the fluxions 
of the generated lines A B and C D : whence it appears 
that the increments (or spaces actually gone over) and 
the fluxions are the same in this case, where the gene^- 
rating velocities are equable. 

But if, on the contrary, the velocities of the two 
points, in generating the mcrements Mb and Net, be 
supposed either to increase, or to decrease, the lines or 
increments so generated will, it is plain, no longer ex- 

1)ress the fluxions of A B and C D ; being greater, or 
ess than the spaces that might be icns/brm^ described, in 
the same time, with the velocities at M and N. 

If, indeed, those increments, and the time of their 
description, be taken so exceeding small that the mo- 
tion of the points during that time may be considered 
as equable, the ratio of the said increments will then 
express that of the fluxions, or be as the velocity at 
M to that at N, indefinitely near ;• but ^annot be con- 
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oeived to be atridly sq ; junle^^, perhaps, in oertain ^« 
tieular oases. 

Hence we see that the iiWtrential method^ which 
proceeds upon these indefinitdy little increments (actually 
generated) as we do upon fluxions (or the spaces that 
might he umformljf generated) difers little, or nothing, 
from the method of fluxions, except in the mamief 
of conception, «ad in pmnt of aoeura^^, wfaereiiL 
it appears defective: and yet it is very certain the 
conclusions this way derived are nuithematicaUy true ; 
which has afforded matter of wonder to some : but the 
reason why they are so is very easily explained. Fpr, 
although the whole complete increment is actually un- 
derstood by the notation and first definition (of this 
method) ^et in the solution of problems' the exact 
measure thereof is not taken, biit only that past of. it 
which would arise from an uniform mcrease, agreei^le 
^ to the notion of a fluxion ; which admits of a strict 
demonstration: but, after all, the differential method 
has one advantage above that of fluxiops, which is, 
we are not there obliged to introduce the properties d^ 
motion. Since we reason upon the increments them^ 
selves, and not upon the manner in which they may be 
generated. 

It has been hinted above, that, though the increments 
of quantities are not, strictly^ as the fluxions, yet 
from them the ratio of the fluxions may be deduced ; 
and it appears that the smaller' those increments axe 
talcen, the nearer their ratio will approach to that al 
the fluxions. Therefore, if we can by any means,' 
find the ratio to which the said increments, by con- 
ceiving them less and less, do perpetually converge, and 
which they may approadb, before they vanish, nearer 
than by any assignable difference, that ratio (called herer 
after, for distinction sake, the ratio limiting that of the 
increments) will be, strictly^ that of the fluxions. 

This will more particularly appear from the follow*- 
ing instances ; wherein the manner of deriving the 
/atio of the fluxions, from that of the increments, 
is shown. 
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IS» 



I*'. Let it be proposed to, determine the Ratio jof the 

Fluxions of X and x^. 

Now, if X be supposed to be augmented by an/ 

(small)^ quantity X, so as to become x+i, its square 

(x^) will be augmented to (p-hx) « = j?^ + 2ici + i^ ; 

whence the increment of x^ will be 9^x-\-x'^; which 

therefore is to (JcJ the increment of ac, as 2d?+i^ to 1. 

Hence, because the lesser x is taken, the nearer this 
ratio approaches, to that of 2x to 1, which is its limits 
the ratio of the fluxions will therefore be expressed by 
that of ^vT to 1,- or, which is the same, by that of ^x 
to Jc (as in Art, Q,) 



2^. Let the Ratio of ike Fluxiom of x and k" he 

required. 



Then, if x be augmented to a: + f, 3c" will be ayg 
mented to x + x\* = a;^ -f rw:""* a? + ^ x — ^ — x 



««•*' i2 ^- 



~- X — =r— X -Sr- a?*^a?^ &c. (Vide Art. 
IB 3 



99*) Whence the increments of x and 3^ will be to 

n n '"** !L n 

each other as 1 to wj?""' + -=- X — g— a?"^* ^ -f -^^ 

X -7i— X — ^r— :^^ x"y &c. Where the smaller i 
taken, the nearer the ratio will approach to that of 
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I to na^^ ; which appears to be its limit : therefine 
this last ratio, or that of x to mT"^ «, is the ratio of the 
fluxions reqtiired»> (Vtdt Art &) 



S^ Let it be proposed to determine the Proportion of the 
Fbixions of the Sides A C and BCy of a right- 
angledy plane Triangle ABC; supposing the Per' 
pendicular A B eo remain tnvariaiUe. 



B 






c 


^ 


y 


/^\/ 

/D 


A 


^ 




»• 



i 



If Ci{ be assumed to represent any increment of BC \ 
and Dd, the corresponding increment of A C (== A D) 
the ratio of those increments will be uniTersallj ex- 
pressed by that of the sine of the angle C D i{ to the 
sine of the angle D C d (hy phne trigonometry) and 
the less the increments are supposed to be, the nearer 
will the angle C Dd approach to a right one, or to an 
equality with B, which is its limit : and the nearer will 

D C d approach, at the same time, to an equality with 
B A C. Therefore the ratio here limiting that of the 
increments is that of the sine of B (or radius) to the 

^ sine of B A C : which also expresses that of the requHcd 

'fluxions. {"Vide Art. 36.) 

In the same way the proportion of the fluxion^ of 
other kinds of algebraical and geometrical quantities 
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may be investigated ; but it will be unneeessafjr to dwell 
jonger upon this head : I shall therefore only add one 
other observation from hence (which wiU be of use 
hereafter) relating to the value of an algebraic fraction, 
in th^t particular ci^cumstancs when both its numerator 
and denominator become equal to nothing, or , vanish, 
at the same time. Which value (it follows from above) 
will be found by dividing the fluxion of the numerator by 
thc$ of the dtnofttdnator. 

For, since the value of any fraction, in that cir- 
cumstance, is to be looked on as the limiting ratio to- 
wards which its two terms converge, before they 
vanish, and seeing the fluxions are always expressed by 
that ratio, the truth of the rule, or position, is 
manifest. 

An example, however, may not be improper : 

Let, therefore, the fraction be propounded, ia 

X — a 

find the value thereof when Xz^a. In which case, 
the true value sought, or the fluxion of the nume- 

rator divided by that of the denominator, is = — :- 

X 

=£^=^. And that this is the true value, may be 
confirmed by common division, whereby the fraction 
' proposed is reduced to a?+a ; whose value, when »=a, 
IS therefore =:2a, the very same ds before. 
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THE C^ OF F1UX10K§ 



SECTION VIII. 

The Use of Fluxions in the Rectification^ or 
finding the Lengths^ of Curjves. 

CASE I. 

186. J-aET a C G he^ a Curve of any kind whose 
Ordinate are parallel to themselves^ and perpendU 
cular to the Axis A Q. 

If the fluxion t>f the abscissa A M be denoted b 
M 9n, or by C n (equal and parallel to M m) and n § * 




equal and parallel to C r, be taken to represent the oor-^ 

responding. fluxion of the ordinate M C ; then will the 

• Art. 48 dia^nal C S (touching the curve in C*) be the line 

&49. which the generating point (p) would describe, was its 

motion to become uniform at C (Vide Art. 48 and 49)9 

which line, therefore, truly expresses the fluxion of the 

•k t Art 2. space A C gone over, according to the definition.'f 

■" Hence, putting A M= j:, C M=j^, and A C=5r, we 

have i (= C S = V'Cn^ + SnO = Vx^ + y* ; from 
which, and the equation of the curve, the value of z 
may be determin^. 



IN FINDiVO THE LSKGTHS OF CUBVES. 
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CASE IL 

136. Let dl the Ordinatcs of the proposed Curte 
ARM fte referred to a Center C. 

Then, putting the Ui^t RF (ysmfS^g^ bt tb« 
perpendniular C F)=s^ we arch B N, of a circle de- 
scribed about the center C=x; the radius CN (or 
CB)=a,&c. rFufeArt. 113)wehavei:y::yCCR) 




:e(RP*); and consequently i == ^ : from whence* Art 8& 

the value of z will be found, if the relation of y and t is 
giTeni. 

But in other cases it will be better to work from the 

following equation, vi2. i =a Vf ^^ + JlfL. WhicfaT ^ 

is thus derived. 

Let, the right-line CR be conceived to revolve 
about the center C ; then since the Verity of the geoo- 
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neradnff point R in a direction perpendicular to C R is 
to (i) tne celerity of the p<mit N, as C R (y) to C N 

(a) it will therefore be truly represented by ^ : which 

^ being to (y) the celerity in the direction of C R, pro- 

• Art. 35. duced, as C P («) : RP (0* it follows that ^:^: I 



3^ I t^: whence, by composition, ^ — + y^ I y* ', I s- 



2 V>3 4i?4V^ 



+ t^ Cy«) : ^ ; therefore ^L^ + y* = "^j and 

consequently \/ 4L^ + y* ( =^) = i; as was to 

be shown. 

But the same conclusion may be more easily deduced 
from the increments of the flowing quantities, according 
to the preceding scholium. 

For, if IRm, rm, and Nn be assumed to represent (i, 

y and i) any very small corresponfing increments of 
AR,CR,andBN,itwillbea8CN(a) : CR(y):: 

i (the arch N n) : the similar arch Rr = ^^. And, 

if the tiriangle Rrm (which, while the point m is re- 
turning , back to R, approaches continually nearer and 
nearer to a similitude with CRP) be considered as 

rectUinecUy we shall also obtain ^r^ (=: R m^= R r* + rtn*) 
ss*^-— +y^: whence, by writiilg i, «, and y for 

^, jr, and y (according to the scholium) there comes 
out i* s= ^^- + y% <w Jc/bre. 
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EXAMPLE I. 

187. Let the Curve ARM, whose Length is sought, be 

the Semi-^mbiccd Parabola. 



Whereof the equation beuig ax^ =^S or;r = ^ 

a* 



we thence have x = ^ ^ : whence z (= V^ + »* * )• Art. 13& 

%a 







%?) 



Whose fluent 



i 



4fl+9tfl 
{fimnd by the common rule) is — ~T~~> ^Uch> 



collected (by making y ^ 0) becoines 



8a 



4a+^] 
27a* 
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EXAMPLE II. 

188. Let the Curve proposed be a Parabola of any 

(other) kind. 

Then x = -^ being a general equation to all 

kinds of Jiarabolas, we here have i = \^ i and 

thcrefiire i ( = t/y« + ««) = V y*+^^^^— j^ = 



y X 1 + -i^ 






: whose fluent, universally ex- 
pressed in an infinite series, is y + i — ZTZri 



4n-8x8a4»-4 ' 6n-.6 x 16a^-* 

But, when Sn— S, the index of y, in the given 
fluxion, is either equal to unity, or to any aliquot part 
of it, the fluent mny be accurately had in finite temis, 
by Art. 84. \ % 

1 n* 

For, by putting ^ = v, and — jjij- = c, oiu: 



i 



flmttop ^1 + -^l^zr X ^) is, in the first place, 



i 



nduoed to 1+cy* x^: which, being <mipioc^ 
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with a + an x dsf^"^ iy the general expiettsion in 
the aforesaid article^ we have aslyjessy, ns= — 

m = 4, dssl, i=y, m — 1 = 0, or l=sO; 

whence r =r », s (r+mj = v + | ; and consequently 



d X a +c?]^ ;?"•— r - 1 X 02*^^ . ^ -. 

' ' X — — -=== r + «C.* • Art 24. 

snc 1 * — Ixc 



1+^* / ^' t>*- 1 x v" 



'^^2v 



^ »— JXC 



V— 3 



©-ix»-2xv • ^ , ^ 

•■■■■ ■ — ^ — — «c.) = the fluent of 

— ^* 

1+c/l X y; which was to be determined, and 
which will (it is plain) always terminate in v terms, 

when o, or its equal ^, is a whole positive 

number. 

If — (derived from v = ;: ) be sub- 
go ^ 2n — 2/ 

stituted for its equal n, the eouation of the curve, will 
be changed to ax*'=^''^^ ; wnich, if t; be expounded 
by 1, 2, S, 4, &c. successively, will become ax'^=y^y 
ax^=zy^y {ufi=zy''j ar*=y>, &c. respectively : in all 
which cases the length of the curve may therefore be 
accurately had from the fluent above exhioited. 



« 

M 
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Moreover, if n be assumed =2 (or t7=^) the ge- 
neral equation, x = ^^ , will then become x = 

*^; answering to the common (or conical) parabola. 



And therefore in that case i. ( = 1 4- 



n^*^* 



a 



9W— 8 



X yj 



is = y\/l + ^' = yv'ifl^+j^^ ^ y^&^- + / 

(by putting 6 = fa-; = ^^^^ = ^x 

-I- ^ =: := -y mto — 7===- 4 -* ^ : 

where, the fluent of the first term (of the fluxion 

so transformed) being =i\/j*y'-f^4 (or lyVb*+y) 
by the common rule ; and that of the second term 

» Art. 126. = 1 J« X hyp. log. ^ + ^^' + y\ ♦ it foUows d«t 

the length of the curve will, in this case, be s 

j^.+ \/&^ 4-y^ 






X hyp. log. 



4 IN FINDING THE LENGTHS OF CURVES. 
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EXAMPLE III. 

189. Let the Curve prcposedbe the Involute of a Circle; 
whose nature is such, that the part F R of the tangent 
intercepted by the point o£ contact and the perpendicular 
C P, is every where equal to the radius C O of the ge- 




nerating circle : therefore i (=^ * ^ being heress • Art 13<( 

. \ 

-Sl, we first get ar = ^ , which corrected, by making 

y — a2 /C P« 



(sca) *^ 



v=a (=Ae) becomes ^ »^^ . 

2a \2CA 

measure of the required arch A R. 



true 



M S 



164 



THE ilSS or TLtTXIONS 



EXAMPLE IV- 

140. In which the Spiral o/^ Archimedes iepropaaed. 

Where the value of t (AT) bemg deaoted by 
-^M=z (Vide Art. 62) we get i ( = J^) 



which fluxion being exactly the 




same as that expressing the arch of the oommmi parft- 
bola, finmd in Article 188, its flueiit will therefore be 
truly repre&iaated by the measure of the said ardb> or by 

^12^^ + i 6 X hyp. log. ^t±^^, the 
Talue there exhibited. 
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EXAMPLE V. 

14L IM the Curve, be a spired whose Equation is 
dr-'xz^f^ (Vide Art. 136.) 

In which case x being = ^^^i > it is evident 






« * Art 136. 



1 -I ^L- ; and therefore z =^ -f 



2-iS^+l 



W^^ 



4m+l 



+ = 



^6y6m+l 



2m + lx2a«* 

, &c. Which value 

4iii-hlx8a^'" 6m + lxl6a6" 

' may be otherwise faad^ without an infinite series, when 

1 

is a whole positive number, Vide A.rt. 188. 



EXAMPLE VL 

142. Where, the Right-sine, Versed^ne, Tangent, or 
Secant of an Arch of a Circk, being given, it is re^ 
quired to find the length of the Arch itself in terms 
thereof 

Put the versed-sine Ab^ax, the right-sine R ft = j/, 
the tangent AT 
ss^ tiM . secant OT 
ssi, the arch AR 
=zz, and the radius 
AO,orRO,=a; 
also let Rnzsx, nr 
= y andRr s i: 
nnoe the ai^le 
r»R ( =5= right- 

*Y=%^ — ^~^ 

angle— »RO)=ORA, the triangles r R n andORft 
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are therefore equi-angular ; and it will be, R6 (y) \ OR 
> (a)::Rn(.).^r ri> = |=-,^, (be- 

^ cause, by the property of the circle ^94ix — x^=^y). . 
Also, O h Wa^ -y) : OB faj : : nr (y) R r (^i")= 

fly - . . 

y .f-TTT- . These two values exhibit the flu:^ion of 

the arch in terms of the versed-sine . an^ right- 
sine respectively ; but, to get the same, in terms of 
the tangent and secant, we have (by sim. triangles) 

OT (=*=i/iHT«) : OA (a) :: or (ay: Oi= 

hence A^=a— ■— asa — 



whose fluxion is therefore = — = whence 

(again by similar triangles) AT (=V^s«— a^rstj I 



OT (=*= \/«^+«-) :: Rw : Rr = 



a«« 






=:2:. 



Now, from any one of the four forms of fluxions 
^ ax .ay d-i aH \ 

here found, the value of the arch itself (by taking the 
fluent, in an- infinite series) will likewise become 
known. 

But the third form, expressed in terms of the 
tangent, being entirely free from radical quantities,. Vill 
be the rapst ready in practice, especially where the re- 
quired arch is but small ; though the series arisin^^frotn 
the first form, always converges the fastest. 



M 



i. 
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If, therefore. — ^ be now converted to an in- 

finite series, we shall have z = i 1 ^ 

a* a^ a^ 

&c and consequently z = « _ ^^ + ^^._ ^^ + 

—J See. = A R. Where, if (for example's sake} A R 

be supposed an aiteh of 30 degrees, and A O l^to ren- 
der the operation more easy) be put = unity, we 

shall have t = VT= . 6773603 (because O 6 (V'l) ; 

AR (I) : : O A (1) •: AT (t)=Vi) 

Whence 
t' (=txt«=«xi) = .1924600 

ts (=<» X f« ^^ ) = . 0641600 
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f (=fsxt«=|) = .0213838 



3 

f 



t> (=t'xt«=|) = .0071277 



t" (=<9x««=^) = .0023769 
t" (=«" x<«=^') = .0007919 
«'5 (=«•» x««='^) = . 0002639 

And therefore A R = . 6773602 



.1924600 
3 



.0641600 _ .0213888 . 0071277 _ .0023769 
6 7 9 11 
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. 0007919 . 00026S9 ^ . 0000879 . 0000298 



13 15 
. 0000097 . 0000032 



17 



19 



= .5236987: which mul- 



»1 23 

tiplied by 6 gives 3. 141592 + for the length of the 
semi-periphery of the circle whose radius is unity. 

At Article 126, certain forms of fluxions were pointed 
oat, whose fluents are explicable by means of hyper- 
bolical spaces, or a tahk of logarithms : which forms, 
it is observable, agree in every thing, but the signs (and 
constant quantities) with those exhibited above, for the 
arch of a circle. And these last, like them, may 
s6rve AS so many (other) theorems for finding fluents 
by means of a table of stnes^ tangents and secants. 
But, as such a table is usually calctilated to a radius 
of 1,000000, &c. (or unity) the following equations, 
derived from those above, being adapted to that radius^ 
will be rather more commodius. 



r 



w 



\ 



s 

H 



\/2a 



W— ttJ 



w 



V^a«- 



w 



o 

1 



Versed-sine 



aw 



a- -f w^ 



aw 






LwV'w*— aV 



eo 

r 



Right-sine 



Tangent 






- j Secant 



w J 

IS — , and 
a 

radius unity. 



The way of deducing these expressions, from the 
foregoing ones, is extremely easy : for, if Jl be put to 
denote the arch whose radius is unity, and whose 

versed-sine, right-sine, tangent, or secant is — (ac- 
, . a 

eording to the different cases here specifiad). Then, 
because similar ^rcs, of unequal cirdes, are as their 



IN FINBINO THE LENGTHS OF Ct&VES. 169 

radii, it will be 1 I a]', A \ (a A) the length of the 
arch A R (see the jpgure). Therefore, the fluent of 
.ox ' aw 

w 
=a-4 (A R), that of y . = must necessarily be 

^A : and in the very same manner the other fonns are 
made out. 

EXAMPLE VII. 
143. Let the proposed Curve be the common Cycloid. 

Then, if the radius A O of the generating semi-circled * See ^, 

be denoted by a, we shall have B B=r i/Sox*— cr^ ; and 

ox 
the fluxion therectf = -y -7: =.: whidi being 

(ax \ 
a/9 ■ — ^) ^^^ fluxion of AR or its 

equal RS (given by the preceding article) we 

^ax^xx X X ^— J? X 

thence get ^ ^^ . ■ = 1 = T ^ 

^4 

fia— a? 1 , for the true fluxion of the ordinate B S 
of the cycloid. 

Hence i (^F+^*) - V*« + '^ ^ ^~^ = 'Art 

X 'Y/ — asSo) XX i ; and i^nsequently, by taking 

Ae fluent, 2s:§a1 x ^ = 2 i/2aj? = the arch A S 

1 
of tiie eydoid. 



135. 
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EXAMPLE VIII. 



144. Wherein it is required to determine the Length of 
the Arch of the common Hyperbola, 

In this case (the semi-transverse axis being repre- 
sented by bf and the semi-conjugate by cj we nave 

b^v^ b V^c*-hv* 
-i2L = 2bx + x^; and therefore x = s^L- 

Q^ c 

— b : hence x = ^ , and i (= V^y« + »») 

Vy» + — ^L= = yv 1 + -rr^' ^"^^^^ 

by converting — — —r; into an ir^nite series^ becomes 

we have the square root to extract.; in order thereto, 
let it be assumed = 1+Ay« + By ^-Cy^ + Dy* &c. 
Then, by squaring and transposing {Vide Art. 98) 
there arises 

1 + 2Ay« + 2By -f 2Cy^ + «Dy &c. 

-f A2y4 ^. 2ABy + 2ACy &c. 

+ By &€. /" =i 

&2 ft2 &^ . &« 

Hence A =^; B = - ^^ - x A« = - ^ 

64 hi hi &4 - ' 6* 



8c»' ^2<^ — 8c» ic" ^ 16c"' 
&c. &c Therefore i ( = y \/ 1 +^ &c. =y x 

1+Ay + By &c.^p + ^^ xy«y-(^+ ^) x 
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V 



%' 



b^' h^ 



quently ^ = j, + ^ ^ (- + _) x -^j- + 
\c» . 2c* ^ 8c*/ 14. 



14c* 



&c. 



By, the very same way of prooeedinff, the arch of 
an ellipsis may be found, the equation of the two 
curves dmering m nothing but their signs, x 



171 



SECTION IX. 

The Application of Fluxions in investigating 

the Contents of Solids. 

145. XjET ABC represent any solid ; conceived to 

be generated (or described) by a plane FQ passing 

over it, with a parallel motion : jet H A (perpendicular 

to P Q) be taken to express the fluxion of AH (xj 

or the velocity with which the generating plane is 

carried; also let 

the are^ of the part a 

EmFn of the 

plane intercepted 

W, or contained in, 

tlqe ^olid, be de-. 

noted by A: then 

it follows, from Art . 

9» and 5, that the 

fluxion of the solid 

A E F, will be ex- 

. pressed by A x. 

From whence, by 

expounding A in terms of x (according to the nature 

of the figure) and then taking the fluent, the content 
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of ^e folid (which we shaU always hereaft^ represent 
ty »^ wiB be given. 

But, when the proposed solid is that arising from the 
revolution of any ctven curve A E B about A H D, as 
an axis, the fhixion (s J of the solidity may be ex- 
hibited in a manner more convenient £)r practice : ibr, 
Art 194 putting the area (3,14159S &c.*) of the cii'cle, whose 
radius is unity, sp, and the ordinate EH =^, it 
will be 1* : j(2 : :p : (pj/^) the area of the circle EmFn, 
which beioff wrote above instead of ^, we bave^^ ^py*^' 
The use of whidi wi)l be sufiSdently shown in the fol* 
lowing Examples. 



EXAMPLE I. 

146. Lei a be proposed to find the ContetU of a 

Cone ABC. 

Put the given altitude (A D) of the Cone = a, and 

the semi-diameter (B D) of its base =? b : then, the 

distance (A F) of the circle E G, firom the vertex A, 

being denoted by Xj &c. we have, by similar triangles, 

bx 
9Ba:h :: X :EF (y) = ^. Whenoe, in thisease, * 

(=py'ci) =^;' and 

consequently ^, =; ^u.^ - » 

whidi, when x=^a (s=AP) 
gives^(==pxBD«xiAD) 

for the content of the whole 
cone ABC. Which appears 
from hence to be just §• of * 
cylinder of the same base and altitude. 
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EXAMPLE II. 

147* Where, let the Sfoltd proposed be a parabolic Comnd, 
or that aruing from the Revolution of any Kind of 
Parabola abtmt its Axis. 

Then, from the equation a"'^ a?" = y , of the gene- 
rating curve, we get j^=a * x a:"*, and « (=/?y'*) 






•• X iap"" 

+1 



im—U 



■ « 



and therefore 5 = pa ** 

gull 8i» 



^ + I 



d9i( 



m 



+ 1 



mo: 



= J^a 



= py X 



mx 



2»4- 



m 



= pa 



X j: 



2l 



mx 



= the Content of the solid ; 



which therefore is to {py^x) the content of the circum- 
scribing cylinder, as th to Sn-fm. Whence the solid 
gener^^ed hj the conical parabola (where m:=2, and 
n=l) s^^pears to be just f of its circumscribing * ' 
cylinder. 

EXAMPLE m. 

148. Let the proposed Solid A F B H be a Spheroid. 

In which case, putting the axis A B, about whidh 
the solid is goneratod, aia, and the othitr ^kxis F H, 
flf the generating eUipsis, = b, it follows, from the 

pyoper^ of th« ellipsia^ that a* :&*:;* x a^ x 
(ADx BD):y(DE») = ^ K «-««.• wiieooe 

l*fe have i (=£ jg^(«*) -r^ x orap - ;rt5; aBd*Art.I46. 



1>6« 



* «s ^ X }««*-i«»;tt Ae fiegmekH A I E. Whidi 
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pV 



whenAD(r) = AB (a) 
becomes t ^ 



\ "* 



t 



a' ^ ^ ^ : 
pab^ = the content 
of the whole spheroid. 
Where, if 6 (FH) be taken 
= a (AB) we shall also 
get If pa^ for the true con- 
tent of the sphere, whose 
diameter is a. Hence a 
sphere, or a spheroid, is | 
of its' circumscribing cy- 
linder ; for the area of the 
circle F H being expressed 



by~, the content of the cylinder whose diameter 



is F H, and altitude A B, will therefore be 
of which ipab^9 is evidently two third parts. 



pb^a 



EXAMPLE IV. 

149. Let the Solidj whose Content you woM Jind^ be 

the hyperboltccd Conoid. 

b^ 



Then, from the equation, ^* = -5 x ax + x«, of 
the generating hyperbola, we have- s (py^ob) = ^ 



pb' 



a' 



xaxx'\'0i^dt, and consequently 5=^ x faj?*+y«^ 

== the content of the conoid ; which, therefore^ is to 

(pb^ «_«_— -^ 
— X ax + a:* X a?) that of a cylinder of the same 

base and altitude, as | a + J « to a + x. This ratio, 
if « be extremely small, will become as 1 to 2 very 
nearly : whence it may be ioferred, that the content 
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of a very small part of any solid, generated by a curve, 
whose ray of curvature at the vertex is a finite quantity, 
is half that of a cylinder of the same base and altitude, 
very nearly : because any such curve, for a small dis- 
tance, wiU difier insensibly from an hyperbola, whose 
radius of curvature, at the vertex, is the same. 

This mi^ht have been inferred, either from the com- 
mon parabolic conoid, or the spheroid, in the preceding 
Examples ; but other observations would not allow room 
for it there. 

EXAMPLE V. 

150. In which the proposed Solid is that arisingfrom the 
Rotation of the Cissoid of Diocles, about its Aocis. 

Here, j^ being = ,* we have s (pg/^x) =*Art5d. 

^ . But, in cases like this (where the denominator 

a— JT 

is rational and the variable quantity in the numerator 

of several dimensions, it will oe necessary to divide the 

latter by the former, in order to obtain the flu^it, by 

lessening the number of dimensions : thus, dividing 

px^x by — x+a, according to- the manner of compound 

quantities, the work will stand thus : 

— «,+ a ) px^ » — ( -^pa^x^paxx -^pa^x 

px^x-^pax^x 

' +par^i— 

+pax*x^pa^xx 



+|ia'jri— 
-\-pa*xx-'pa^x V 

- ' ' . *. ' 

+pa^x 

Where the quotient heing^px^x-^paaxc^pofxy and the 
remainder |Ki^x, the value of the given fraction £fJi^ 



176 THE USE OF FLUXIONS 

will therefore be truly expressed by — px!^x — paxx — 
paH+ ^ : wnose fluent, properly corrected, is 

— \px^ — \pax^ — pa^x + pa^ x Ajp. log. 

Ftdc Art. 126. 



EXAMPLE VI. 

\S\. Let the Solid be that arising from the Rotation of 
the Conchoid ojTNioomedes ab<mt its Axis, 

The sub-tangent ^ of this curve being =r — , ^ 

(Vide Art. 48 and 67) we have *=s /■ .f , ahd 

-^pab^y^-py^y pab^y 

•Art. l«. therefore « {pfx*) = -^^j^==— = _ pp=^ 

— y — J . But, in order for the more easy find- 

, ing the fluent thereof, put v^i«'— ^» = i« ; and then, 
y being = vh^ — i«®, and 5^ ss . ■■■ . , we shdl, 

by substitution, get « = -7= -f- jp xi^u— «^tt* 



Whence, the fluent of . ' being expressed by 

the arch {A) of the circle whose radius is unity and 
t Art 14@. sine -^,-f- the fluent of the whole expression will be 

pab^xJ+p X &*«—§«'. Which, wheny=0, or «=ft, 
giv«s (jw4« X 4 » -f |i K f 6*) lift* X (Ijw + 4 ^) fc» Ae 
ooiitent of the whole solid, whm its axis becomes in- 
finite. 



IN FINDING. THE CONTENTS OF SOLIDS. 
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EXAMPLE VII. 

152. Where it is required to Jlnd the Content of a pa- 
rabolic Spindle ; generated by the rotation of a given 
Parabola A C B about its Ordinate A B. 

Put C M (the abscissa of the given parabola) = a, 
and the semi-ordinate AM (or B M) = b ; and, sup- 

ring E N F tobe any section of the solid parallel to DC, 
its distance M N (or E P) from D C, be denoted 
by w : then, by the property of the curve, we shall 




have A M* f &«) : E P* (w^) \\ CM (a) \ C P = 



aw 



s 



atff" 



, : therefore EN(=CM-CP) = a-, _ 

a X 6^ — tc* P^^ 
'-z , and consequently |i x E N^ = -^ x 



54 — 9,b^w^ + tr* = the area of the section EF: 
which multiplied by (w) the fluxion of M N, gives 



-jr X b^w — %b'^w^w-{'W^w for the fluxion of the 

solidity,* whose fluent, ^ y. b^w -^ ib^w^ '^' ^ tcS* Art 145. 

l^hen w becomes =^j i^ (-r^) half the content 
of the solid. 

N 
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EXAMPLE VIII. 

158. La ikt Solid A CB D f«ee thtla^t fgurt) be a 
SpindlCf generated by the RuMionjof tAe Segment tfa 
* CirdCf AC By abovt iu Chordy or Ordinate^ A B. 

Then, if the radius O £ be put = r, O M ^ <{, and 
E F = tr &c. (as befo];e) we shall haye OP ( = 

V/0E2-EP«) = t/r^-wS and E N (0 P -- OM) 

— y^y2 — |o« — d ; thqre&A:e f, in this case, is =;? 

= jw $< r* — * — y — |wo X 2 d •rs — ws — gd* : 
whence, the flUent of the partf pw x 2iV^r«— w*— ^ 

( = ^dp X » X t/r«-«r« -(?= ^dp X tc X EN) 
•♦Art. 119 being expressed hj2dp x area MNE C * the fluent 
of the wholcy or the true ^alue of 8y will be ex- 
pressed by pw X r^-'d^— yw^—^px area MNE Cy 

or by its equal ;> x M N x AM*— J^MN^— 2;i X O M 
Xarea MNE C: whidi, when MN= M-^, gives 
p,x4AM' — 2;i X O M X area A CMy for the con- 
tent of half the solid : where the area A CM maj be 
found by Art. \9Ay or more easily by the common table 
of the areas of the segments of a circle ; to be met 
with in most books ot gauging. 

EXAMPLE IX. 

15fii. Let it be proposed to find the Content of the SoUd 
A E G B ; whose four sides AH, AF, CH, CF, are 
plane Surfaces, and its Ends A DC B, EFG Hgiven 
Bectangles, parallel to each other- 

Let the sides A B |uid A D, of the base, be denoted 
by a and b ; and those of the top (E H and £ P) by c 
an4 d respectively ; -moreover, let A express the |^|qrpei| 
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diculMr height of the solid ; and let x (considered ^ 
variable) be the distance of (I L) any- section thereof 
(parallel to the base) from the plane E 6. 
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It is evident, from the nature of the figore, that 
the section I L is a rectai^le ; and that 

A>::AB-EH:IM-EH::BC-HG:ML-HG. 



From these proportions we have I M-- E H: 



a^cxx 



aridML— jBG=: = — : hence I M = -: — v-^ 



+ c> and M L== — j — + d ; and consequently the 

urea of the rectangle (I L ) = ^ ,^ "^ x x^ + 

ad—^cd+cb 
h~ 



¥ 



% X. + cd: which being multiplied fay 



xj and the fluent taken, there results 



a— ex5— dxo?' 



m 



■■ «■ »■ 



+ "^"^f^^^V cda; for the content of 1 P iSL . 

n2 
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which, when j; = A, becomes y 



a^cxb—dxh' 
3 



+ 



ad—^d+cbxh 



+ cdh = ^ab + ad + bc+2cd x ^4=) 



ABxAD+EHxEF + AB + EHxAD+EFx ih=z 
the quantity proposed to be found. 

If £ F f dj be supposed to vanish, and the lines E H 
and FG to coincide, the planes A E H B and D F G 
will form an angle or ridge, at the top of the solid 
(resembling the roofs of some buildings, whose ends 
as well as sides run up sloping) and, in this case, the 
content, found above, will become more simple, being 

thea expressed by 2ab + &c x ^A, or its equal ^AB + EH 
X AD X ih. 

But,if £F be supposed = EH, and AI)= AB, thesoUd 
will then be the frustrum of a square pyramid ; and its 

content = a«-fac+c« x J A, =AB« + AB xEH + EH^ 
X 7 A ; from whence, by taking E H=0, the content 
of the whole pyramid whose base is A B^, and its al- 
titude A, will also be given, being= AB* x y A. 

EXAMPLE X. 

155. Let the proposed Solid be thaty commonly known by 
the Name of a Groin ; whose sections parallel to the 
base are, all squares, and whereof the two sections 
perpendicular to the Balse, through the Middle of the 
opposite Sides, are Semi-cirdes. 

Let bcdefhe 
any section paral- 
lel to the base ; 
and let its distance 
A b from the ver- 
tex of the solid, 
^ be denoted by x ; 
alsolet a represent 
the radius AB 
(or B N) of the 




1 
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circular section A B N A, perpendicular to the base. 
Then, bn being (by the property of the circle) = 

V^ax — x^, the side of the square df^ will be = 
9,V9,ax — x'^j and therefore the area=4x2ajc— a:^ ^ 

whence « = 4i x 9kix — x^^ and consequently *=4ar- 
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4r^ 



2^^ 



— 5- : which, when j? = a, becomes --— = the 



content of the whole solid. 

If the solid be a groin of any other kind, or such, 
that its two sections perpendicular to the base, through 
the middle of the opposite sides, are any other curves 
than semi-cirdes, the content may, still, be found in - \ 
the same manner ; and will be always in proportion to 
the solid generated by the revolution of the said curve 
about its axis, as a square is to its inscribed circle. 
But, if the foresaid perpendicular sections be curves of 
different kinds, the sections parallel to the base will 
no longer be squares, but rectangles ; whose sides are 
the corresponding (double) ordinates ^of the respective 
curves. Thus, for instance, let one section be a cir- 
cle and the other a parabola, whose ordinates, to the 

conunon abscissa x^ are expressed by \/dx — x^ and . 

t/oo?, respectively ; then the sides of the rectangular section, 

parallel to the base of the groin, will be ^^dx — x* and 

9,Vax: whence the area of that section is = ^x 

VoA — or, and therefore « = 4j:jic Vad — ax: ' 
where, by taking the fluent, * « = -Art. 83. 

16d2 |/^ - a* X d - x]^ X TedT+^ix , , 

: =-T = the true 

16 

content of such a solid. 
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EXAMPLE XL 

> 

• 

156. Whtr^ the Solid B A C D proposed is a kind of 
ConCf or Pyramid ; fonned by conoeiving Right-lines 
to be drawn fipQin every Point in the Perimeter, of 
any given Plane B D C, to a ^ven Point, or Verfex^ 
A above thi^^lanie. 

A Let E F 6 be any 
seeticNA parallel to B I>C, 
who8$ perpendicular dis^ 
tanoe (AQ) fiom the 

(^ vertex let be denoted' by 
x\ moreover, let the 
whole given altitude 
(AP) of the solid be put 
ss.a,' and the area of. 
the base B D G (which ia 
also supposed given) «= 5. 

In the first place, it is 
easy to conceive that the, 
plaiie^ B D G uid B ¥0r 
must be similar: and' 




therefore, since similar figures are t9 each.otheras th^ 
squares of their like sides, or dimensions, it follows 

that AP« (a^) : AQ« (x^^Jy.BDC fbj : EF G=^. 

a* • 

Whence s = — --, and consequently * = —, » ^-j, 

when'»=;a. Thereffic the solslilj of a^ con^ ^^VfS 
raoud, let the fi^nue of its base be what it wiD) is 
always had by multiplying the area.of the base, by 7 of 
fike altitude. 
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EXAMPLE XII. 



157. Where it is proposed to find the Content of the 

Unguh E F G C, cut off from a givm Cone, ABC,' 

' by a Plane E F G passing through the Base thereof 



Let A D be' the perpendicular height of the cone, 
also let A M be perpendicular to H E, the kxib of the 
section F B G, and let F A G be another section of the 
cone, through F G and the vertex A 

Since the so^ C AFG and E A F G, vhose bases are 
FCG, and F£G, come under the form specified in the 
preceding, example, their contents will therefore be ex 
pressed % FCG x^AD and FEG x f AM respective. 

1 I. j-ii- FCG X AD-FEGxAM 

ly: whose differetioe, ,-g , 

ia the solidity of the uttgaia C E F G : where the bases 
FCG and F£G being conio sections, their areas will be 
^ven by Art. 115, 124, and 1X9, from whence the whole 
will be known. Thus, if H £ be supposed parallel to 
A B, the section F £ G, then being a parabola, its area 
wiUbe=fxFGxEH:* whence the solidity of the' A4, lis. 
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segment EPG A is=|^x FGxE H x A M : which 
being deducted from that of C F G A (found by help of 
the common table of circular segments) the re- 
mainder will be the content of the ungula, But^ if the 
axis E H produced, cuts A B, the section FEG will be 
a segment of an ellipsis E F K G ; whose conjugate 
axis (supposing E N and K L perpendicular to A D) is 

• Art. 41. = 2 V^E N X K L.* Now, in order to compute the 
content, the easiest way, in this case, let the ratio of 
E H to E K (which is given by trigonometry) be ex- 
pressed by that of m to unity, and let the ratio of C H 
to C B, be as n to unity : and from the common 
table of segments (adapted to the circle whose diameter 
is unity) let the areas answering to the versed sines m 
and n, be taken and denoted by M and N respective- 
ly : then the area of F E G being = JIf x E K x 

+ Artl242/ENxKL, and that of FCG=JVrxBCSt the 

& 130. content of the ungtda^ by substituting these values, 

will become=§^ JNTx B C* x A B^iMx E K x A M x 

2l/ENxKL: but, since AM : AE::KQ (perpen- 
dicular to AC) : KE ; and AN : AE I : KQ : KI, it 
follows, by equality, that AMxKE = AN x KI; 
whence the content of the^ ungula is also expressed by 

jArxBC2xAD-JilfxANxKIx2l/ENxKL. 

Which, if H be supposed to coincide with B, and S! I 

with B C, will become /Oi78589*c. ^ g c^ x A D- 
0. 78539 &c. 



S 



X AN X BC X 2/E N X B D)=0. 26179 



&c.xBCxBCxAD-2AN>j:/ENxBD. 

When the section E F; G is an hyperbola, its area 
may be fbund by means of a table of logarithms (in- 
stead of a table of segments) whence the content of the 
ungula will likewise be had in that case. 
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EXAMPLE XIII. 



158. Let AFC, or A GD, he a Curve of any kind: 
whose Areaj and the Content of the Solid drisingfrom 
its Rotation about its Axis or Ordinate AB, are 
both known ; it is proposed tojind^ from thence, the 
Content of the Solui generated by the Revolution of 
that Curve about any other Line P R parallel to the 
said Axis or Ordinate A B. 

Let A P, F Q, and C R 
be all perpendicular t6 A B 
and to the axis of motion * 
PQR; also let AP (or 
£ Q) =a, A £, consiaered 
as variabte, =zWj the area 
AFE, or A£G=Jlf, and 
the solid arising from its 
revolution about AB, = 
N. It is plain that the 
area of the circle gene- 
rated Dy Q F will be=p x 

FQ2* =|) X a +EF1^ 
= pa^-{-9pa X E F + p x 
E F2 ; from which de- 
ducting the area pa^, ge- 
nerated by Q E, the remainder, 2pa x E F + ji x E F^ 
will be the area of the annulus generated by E F : 
whence the fluxion of the solid generated by A E F 
is truly represented by 2paxE Fxa>+2WxEF2:f tArU14& 
and, m the same manner, it will appear that the 
fluxion of the solid generated by AEG is 2pax EG Xtd 
-;wxEG2. ButthefluentofEFxw(orEGx») 
is = the area (M) of A E F (or A E G),| and that oft Art 119. 
pw X E F« (or |>2o X E G^) equal to (N) the given solid 
arising from that area ; § therefore the fluent of the § Art 145. 
whole, or the solidity requised, is ipoM-^-N, in the 
former case, and ^poM'-^N in the latter; where %pa. 




•Art 145. 



in either case, expresses the periphery of the cylinder 
described by A B^ about the axis of rotation P R. 

Hence, if A B C and A jB D are equal and similar to 

each other, , then the value of M^ &c. being the same in 

both cases/ it fellows that th^ conttot of the solid ge- 

^hterated'by AP6 will be expressed hj 2pax2M, or 

%7>carea AP&. 

H&Wf if' (fi>r esampl^^s sak^ A CD be supposed a 
dUIA; whose semi<bimet6r is (f, the area of that 
circle blein^^=»jpdV ^^^ solid generated by its revolu- 
tion (representing the»ring of an anchor) will therefore 
be = 9pa X pd^ ss: 2p«a<P. But if you would know 
thsi content of the part generated by the upper semi- 
circle HA^C, or the lower one B AD, let the content 

♦ Art 146. ^2^\^^ ©f a sphere whose send-diameter is d, be wrote 

fii^^iV^inneadnof^dietwo &regaiagexpressions,« and you 

will then get/)?ad« + ^ and/ifti*- ^. 

ApSasritA^C and A G D be taken as r^ht-lines, 
you wm have if = -^lIjBC ^^ ABxBDv ^ 

t^^nle/JV'spxB C^Xi^AB (or|> xB 0* x J AB) f : hence 
tUl solid^ienectftediiy^a triangle A B € is (=:Spa x 

^°^°^ + |xBC« X AB)==7)xAHxBCx 
RB^^VOi and that^lgeineKrted by A*B D (=2j>ax 
^i2|5^^|. X BD« X A^B) == p X A*Bk BD X 

Lasdy. let rA*B. C (or A^,D) l)e considered as a ps- 

r^k, wfabse ^ordin&te'^is A B, ^nd axis C B (or D B) : 

tArt.ll$.thteM1)AmgheM=^$AB X BC (or 4ABxBD>J 

g Art I49.lttid JV^ ^y A« x«'(?^§;i(oi: % .x. A13' X BD*) 

*9 ' 19' - 



IN rrsDmo r^ sep^AFioijcs ov solids. ' ' 
it fitBomi Aat 4)e solid gsiiwwM b^ <A>BiG Hilt, Imi 

C =? %ja,xf ABxBC -j. ^ x: A B;x3 C;«)=^ x 
ABxBCx ^^^+gBC ^ that generated' Ijy 



l«r 



ABD = 4pxABxBDx 



5BR-2B D 
16 "• 
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ITie Use of Fluxions in^nding the Superficies 

oj[^ Sjdid^Uojdi^^ 

im IiEl^RAHrepe- 
soat" a solid geHemted'hy 
the revolution of aniF/given 
curve A>P about it«i. axisv 
A H ; also let a ' cirde, 
wluT^^diaiji^tcr is the variat 
ble Kne (or ordinate) RBR, 
bfV cfflK^Yed . ta ; moye xxaw 
fo|»jy.. from; A towards 
F,F^ aiid,tQ,dil*t^.i(MiiBlf, 
80^,0^ ^ sid^ at ;th» s^m^^ 
tii»e,, an.^0 gewratej.by itfii 

superfiQi^,,I^4^: th^p, 
the length of that peri-,, 
phery, or the generating 
line, being expressed by 
8,141692^ *e. X R R 




(= %>y) and the celerity 
with wnich it moves by i + 
the fluxion of the superficies R AR, or the space that 



t Art. 135. 
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would be uniformly generated in the time of describing 
Zf will therefore be truly represented by ^pyz, 

Henoe^ if tt> be taken to represent the whole surface 
RAR, generated from the beginning (according to the 
method observed in the tbree last Sections) we shall 

• Art. 135. have w=i9jnfz^2py^x^ + y* ;* whence w itself may 
be found. 



EXAMPLE I. 



1^60. . Let it be proposed to determine the convex Super- 

Jicies of a Cone ABC. 

Then, the semi-diameter of the base (B D or C D) 
being put = b^ the slanting line, or hypothenuse, 
A C=c, and F H (parallel to D C) = y, &c. we shall, 
from the similarity of the triangles ADC and Hmi, 

• 

fArt. 150. have b \ c\ ly (m A) : i (H A) = 2^ : whence^ (2jRyi)t 

b 

= ^ ?^ ; and consequently w = ^^. This, when 

y = 6, becomes = pcb = p 
X D C X A C £= the con- 
vex superficies of the whole 
cone ABC: which there- 
fore is equal to a rectangle 
under half the circumference 
of the base and the slanting 
line. 
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EXAMPLE II: 

161. Let the Solid, whose Surface you would ^nd, 

be a Sphere AB B H. - 

In which case, putting the radius O H=a, AF=ar^ 
Hm=i, &c. we shall (by reason of the similar tri- 
angles OHF and HmA*) have y (FH) I a (OH) : : • Art. 68. 



dt (Hm) :z (HA) = 



ax 



y 



therefore w (%{yi) =: 




^pax ; and consequently 
the superficies (w) itself 
=2p«tr=AF X Periph. 
AEBH. Which, if the 
whole sphere be taken, 
will become A B x Pe- 
riph AEBH = four times 
the area BE AHO. 

Hence the superficies 
of 9 sphere is equal to 
four times the area of 
its greatest circle: and 
the convex superficies of any segment thereof, is to that 
of the whole, as the axis (or thickness) of the seg^ 
ment to the diameter of the sphere. 

KXAMPLE III. 

162. Wherein let the parabolic Conoid be proposed. 

The equation of the generating parabola being 
ar=^, or a?= ~, we have jc =s -^ , and therefore 



a 



V 



henee w (%yi) = -^^^^ x a^ + 4y« | ; whereof the 



t Art 135* 
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fluent is ^ On^ * • ^AiA^orrecsted (by supposbg ' 

=- — >> ■ ^ -*- ^^, for the superfi- • 



• Art T9. yzzO ♦) gives 
oies sti^ght. 



EXAMPLE IV. 



16S. Let it be required to determine the Superficiea ef a 

l^phtroid. 

Let A C F H 6 represent fine half of the ^posed 
spheroid, ^^ctrated by the rotation of the semi-^psis 
FAG, about its axis AH ; put AHsa, FH (or HO) 
sc, B H=±a?, BCss^, F Cs^^ and the (ftuperncies ge- 
nerated by F C (or G D) s t0 : .thiq9a» Mm tbe 




titte of the efiipius, we have Jr *s — •a^ — sfi ; whence 

CX9D 

Art. 186 y* - «y^J^i^> ""^ wmeqtiatly i (« i/¥^^ 
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n/ 



>ir««2 ^^ ti\^a^^t?yj^ 



j-T =: (by puttifig (ihe eooratridty ) 



v/^'- 



V JJ 

t/a^ — c^^ = 6) = ' — ^ therefore, in 

this case, w (2Ryi) = ^^ ^^ - a;« ; whose 
fluent, ip aa iafinite series, is i'pcx x 

l-ff,,-^, .,fl^^„ But thesame 
2.8a* 2.4.5a* 2.4.6.7a'* 

fluent may be, otherwiBty very eas3y exhibited by means 
of the srea of a circle : fer, if from the center H, 

a* 
with a radius equal to t-? a circle 8 E R be described, 

* 

and the ottfinate B C be produced to intenect it in E, 
,* i. evuteH *J«t B E « /-j: ^ or*, «id th.t Ih. 
fluxion of the area ESHB will be expressed by 
«\/^ - jr«; 'irhich being to ^^ x \/|J - ar«, 
ike fluxion bafrpe found, in die oonstant ratio of 1 to 
•^y their flueiits must thereiSbre be in the same r^iio; 
^ so the lauer, ^xprei^ng tlifi supedleies CFGIly 
will censftgp;iently be ?= ^ x B£SFH9s%>k-^^ 

xBESFH. 

This solution, it may be observed, obtains only in 

J Q of an o^to^ sfJiwid* generated by the ixylation 
the ellipsis about its greater axis ; for, in m MoU 
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splieroidi generated about the lesser axis, the value of i 

(va*--c^) will be impossible ; since, in this case, 
H F is greater than H A. But if we here put b = 



a 



V c* — a', and d = -r, the value of w (found above) 
wiU become = M£* */JTi = ^ V'lrqr^ 

2pc . ' 

= -^ X dt V^d* + a?* : whose fluent may be 

brought out by help of a table of logarithms : 

fhr, let the variable part x V^d^ -f a?* be trans- 
/ ixd* + J^ d'i+J*Jg d2apac+a p^3c 

, fd«a?i+a?^« |d*«« 

y , , / + ~7^=====, SO that the numera- 
Vdhc^ + x* Vd«ir« + x* ' 

id^xx+x^x 
tor of the first term — ; ., i (now in a cHiven 

ratio to the fluxion of the quantity under the radical 
•Art 77. sign) may he had by the common rule;* by which 

means we get ^Yd^x^ + x*^ for the true fluent of the 
said term; to which adding the fluent of the other 

id^xx ' fiPi / . , ^ 

term y , " ===3 or >, (inven by Art. 

126), there arises \ x /d* + «« + f d* x hyp. log. 
(x+ V^d2 + 0?*), for the fluent of « i/d* + j?« :. and 

t Art 78, this, corrected f and multiplied by -^ gives ^ x 

i/dM^ + Jjcd X hyp. log. ^+ / j' + ^^ for the 

superficies in this case, where the proposed spheroid is 
an oblate one. 
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' EXAMPLE V. 

164. Let the Solid, whose Superficies is sovgkt, be the 

• hyperbolical Conoid. 

Let the semi-transverse axis of the generating hyper- 
bola = a, the semi-conjugate = c, and the distance 
of any ordinate from the center therepf = j? ; then 
from the nature of the curve you will have y = 

— V 05* — a« ; whence y = 7==: — . i ^ 

« ^ aVx^ — a^ ' 

dt ^a^ + c2 X x2 — a* 



a 1/^2—02 



-5 and w i^pyz) = -^^ x 
1^a2 ^. c^ X ir2— a' ; which last value, if d^ be put = 
^g , ^g ? will be more commodiously expressed by 

—^ Vx'^ — d* : whereof the' fluent, by proceeding 
as in -the latter part of the foregoing example, will 

p^d X hyp, log. 



pcx V^x«— dr 
come out = ^ , — 

d 



(«+ y/x^- — d*) : which corrected (by taking x = a) 

' ncx y 

becomes ^Vx'^—d'^ - pe- - pcd x hyp. log. 

x-{- \/x* d^ 

^ — y the true measure of the required super- 

a 
ficies. 

EXAMPLE VL 

165. Let it be proposed to find the Superficies of the 
Solid called a Groin. {Vide Art. 155). 

Let ic^<?/be any section of the solid parallel to the 
base thereof, and let x denote its distance from the 
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vertex A, also put z equal to the corresponding arch 
A ft of the semi-circular section N n A, &c. whose radius 
A B or B N tet be denoted by a. 




B 



It appears from Art. 161, that z' ■=z - . — ; 

which value, multiplied by (2 \/2(mp — r^) that of 
• Art 169.^ (=2Jn) gives 2ai* for the fluxion of one ef the four 
equal convex superficies by which the solid is bounded. 
Hence the whole superficies (excluding the base) comes 
out = 8a^ : which therefore is exactly equal to twice 
the base. 

If the solid be supposed a groin of any other kind, 
such that its two equal sections, through the middle of 
the opposite sides, are other curves than cirdes, the 
superficies may stUl be had in the same manner ; and 
will be always in proportion to the superficies arising 
from the revolution of either of the said equal curves 
about its axis, as a square is to its inscribed circle. 
Thus, the superficies of a parabolic conoid being = 

superficies of the groin, supposing the generating 
curve AnN to be a parabola, will thererore be = 

4 



4 X q^ + 4yg| ^ 4a« 
Ba 6 ' 



\ 
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EXAMPLE VII. 

166. Wherein let it he required tojlndthe convex Super^ 
Jicka of a conical Ungula E C F D ; formed by a 
Plane D F E passing through the Base of the Cone. 

Let a right-aDgled triangle AOM (whose base OM 
is the radius of the circle B D C E) be* supposed to re- 
volve about the axis A O ; whilst a ri^nt-line N P, 
drawn perpendicular to O M frOm the intersection of 
A M and the arch E F D, traces out, upon the base of 
the cone, the curve line E P 6 D. 

IfMPOANand 
mp O A n be consi- 
dered as two po- 
sitions of the ge- 
nerating triangle 
indefinitely near to 
each other, it . is 
evident that the 
space M Am, ge- 
nerated by AM, 
will be to the 
space MOm, ge- 
nerated by O M, 
as A M to O M, 
or O B. Whence, 
MN and MP be- 
ing prcportional 
parts (n A M and 
O M (because N P is parallel to A O) it is likewise 
plain that the spaces MNnm and MPpm, generated by 
those parts, will be to each other in the same ratio of 
AM to O B. And,, since this every where holds, it 
follows that the whole space (ENM) &c. generated by 
MN, will be to that (EPM) ^crated by PM, as AM 
to OB : and so the whole required s^perficies (generated 

by AM) is truly represented by ^^ x area EPGDCE. 

OB 

o2 
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But D0W9 to find this area E P 6 D C E, it is ob- 
servable that the area of the plane D F E (being the 
s^ment of a oonic-section) is given, by Art. 115, 129 
or 130. And it is very easy to apprehend and de- 
monstrate that the area so given wUl be to that of 
]S G D H,' as the radius to the oo-sine of the angle of 
the inclinatfen of the said plane to the base, o)r as II F 

HG 

to HG. Therefore, seeing EGDH is= g^ x EFD, 

wehaveEPGDCE(=ECDHE - EGDH) = 

HG AM 

ECDHE-.g^ X EFD; and consequently ^ x 

ECDHE - ^^^gg X 



AM 
EPGCDE = ^ X 



OB ^ OBxHF 

EFD = the convex superficies that was to be found. 

If the point H be supposed to coincide with B, 
fJCDHE will become the whole circle CB ; and EDF 
will become a whole ellipsis, whose greater axis is BF, 

•Art. 41. and its lesser axis = Sv^OBxOG. * Therefore, the 
+ Art. 124 area of the former figure will be expressed hy px BO?,-)- 

and that of the latter by p x | BF x V^OB x OG ; 
and so the convex superficies of the part BFC will be 
, AM ^^, AM X BG ,^^ 

^ = M ^^^ ^^ - OBl^ ^ P ""^^^^ ^ 
V'OB X OG) =/)xAMxOB-pxAMx|BG X 

V OB 

OB) the superficies of the whole cone BAG, there 

rests p X AM x iBG x V/ =-- , for the superficies of 

v^ OB 

the oblique cone BAF ; which from hence is also giv^i. 



which being deducted firom {p x AM x 
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Scholium. 

167. In most of the examples, delivered in 
the four last sections, the part of the' proposed, 
fisurt next the vertex, 
whether a curve, solid, 
or superficies, is first 
found ; from whence, by 
taking the altitude (jc) 
of that part equal to (a) 
the altitude given, the 
content of the whAt is 
deduced : but, if the con- 
tent of the lower s^ment 
(BCED) of any figure 
(ABC) arising by taking 
away a part (ADE) next 
the vertex, be required ; then the ^ifi^^^i^^^^ce between 
the whoh and the part taken away (found as before 
explained) will be the quantity sought. 

Thus, for example, let ABC be the common ^para-^ 
bohy and let it be proposed to find the content of the 
part BCED included between any two ordinates 
B C (by and D E (c) at a given distance B D {d) from 
each other : then, the equation of the curve being 

ax:±y^y we have x= - -, and therefore ^i* = - — ,• 

whose fluent -#- is a general expression for the area 

comprehended between the vertex and the ordinate^ r 
whence, expounding ^ by & and c successively, we get 

5— and 5— for the corresponding values of A B C and 

ADE; whose difference — 5 — is the required area 

BCED: but, to express the same independent of a, it 
will be, by the property of the curve, b^ \ c* : : AB : A D ; ' 



Art. 112. 
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whence, by divisicm, i« : i«— c« : : AB : BD (d) and 
oongequently — -^ — = Tn^^ ' ^^^ ^'^^ value being 

wrote instead of a, there results BC£D = ~ 



86^-3c« 



•~3^ b+c ' 



After the same manner, the segments of other figures 
may be found ; but in many cases they will be more 
readily had from a direct investigation, without either 
finding the whole, or the part taken away. 

Thus, in the case above, if the excess of any or- 
dinate R P above D E (c) be denoted by w^ we shall 
have, by the property of the curve, 6«— c- (B C*— 

DE«) : ^+«i^«-c« (RP«-DE2)::DB rd; : dp= 

— ; ; whose fluxion (d x — = ) 

multiplied byc + «^ (=PR) gives d x 

— r:: , for the fluxion ot the area 

J2 — c« 

DP RE: whereof the fluent (which is Sdw x 
^' ^^^^ — ) will, when w^b--c (or RP=BC) 



be truly expounded by 



M xb — c X -J-ft* + 4^6c + 4c« 

^=:? — 



2d 6' -fie + c^ * 

or Its equal -^ x — 7 ; the same as bejbre, 

Aeatnj for another exapoiple, let C E D e c be consi- 
dered as the lower frustrum of an hemisphere, whose 
center is th^ point B : then, B P being Aere denoted 
by w, we shall have j^« (=iBR2— BP*) = 6«— »% 

? Art 141. and consequently py^w ♦ = p x 6^to — nN) i whose 
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fluebt i^p X b^w — yw' = ^pw xSb*^w^ =r jpwx 
g^2 + 52 _ io« — 4.|,«, X 262 +y = ip X BPx 

^BC^+PR^) is the true content of the part CE Dec; 
which will also hold when the figure is a spheroid. 

This last method of finding the content of a por- 
tion of a figure remote from the vertex, will be of 
service, when the general value, for the whole^ can- 
not be expressed without an infinite series; because 
such a scries, in that case, not converging, becomes 
useless,* • Art 9a 

By dividing the whole proposed figure, A H W,-into 
a number of such portions, H V, G T, F S, &c. the 
content thereof may be obtained, when to find it at ^ 
once, by a series, commencing from the vertex, would 
be altogether impracticable. 



T v: 




B CMD E r 



But, to render such an operation as short and easy as 
may be, it will be proper to. find each part (DQ, &c.) of 
the figure, by means of a series proceeding both ways, 
from the middle ordinate (M N) between the two cor- 
responding exitremes (CQ and DR) 

Thus, let the value of MN (fi)und by the property of 
the curve) be denoted by a ; and let the value of D R, 
in a series, be represented by a+6»+ca;^ + <i^^-f ca* 
ft^ + &c. where ar^ M D ; then the area M D R N will 

be represented by the fluent (X xy(a-\-hx-\- ex- + dx^ + 



soo 
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&c. orbyj:xaH-^+-^+-j- + 



&c. And 



by writing — x instead of x, the ordinate CQ will be ex- 
pressed by a— ix+cjc^— da?^ &c. and the area MCQN 

, bx . ex* dx^ €x* a , , 

byjTxa— -77+-^; -: =: &c. whence the 

^ ^ 9 4i 5 



area CDRQ is^^xa + ^-^% 

o 5 



7 



+ "— H- &c. 



Therefore, if D E, E F, F G, and G H be supposed, 
each = B C (2j:) and the areas D S, E T, &c. (found 



c t^ Sx^ 
as above) be denoted by 2x x a + -^ H — ■=- &c. and 



H 



cx' . 'ex* 



2« X a + ^ + ^ &c. respectively, it follows that 
o o 

the area CR + DS + ET will be represented "by 2xx 



+ 4+5 Sic. + S^»^xc + c + c&c- + »x^x 



f + ^ + c &c. 




/V C M » ^ H 



An example will show 
the use of this last expres- 
sion: letCHWQl)ea 
portion of a quadrant 
HAW of a circle, whose 
base H C (conceived to be 
divided into four equal 

Sarts) is equal to half the ra- 
ins AH, represented by 
unity. Then, putting CM 
(=DM = Dm=mH=i) 



=:x, HM (=i) = P, and 
H m (=4) = y, we have, by th(^ property of. the cir- 
cle, a (M N) = VHN^-HM* = l/l - pS and 
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D R (xrV HR« - H D2) = /I - p - j?l« =± 



l/l — 1,2 4- gp jc — «2 = i/a^ + %;> a:* — a?2 ; which. 



m a series, is ( = a + ^s-- ^ ^ + &c.) 

=a + ^ — A- 4- -1^ X J?2 &c. Therefore, in this 
a xa 2a' 

ease, i=^, c=----+ ■^, &c. Which value 
^ a' 2a 2a' 

of c, by writing 1 ~ a* for its equal |>-, will be 

1 
reduced to — -rr-r . From whence it is also evident 

2a' 

thatcss— — 7j (supposing a (mn) = V^l'—q^) 
Consequently 2j? x a -j- a + .a &c. + 4 «3C^ x c + c + c 



&c. + -2^0^5x6+6+ c&c. ( = a + ^x2j: + c + cx 



2«^ 
3 



. > ^ 

^T 1 2 



2x66. /ss 2x63. /ga 64 x 8 x 3 



J /^ " 2x63 /63 



X 



64 V ^4 64 V 64 

\/55 + v'es 1 ' 1 



32 8 X 66v^ 3 x 63/68 

V^55 + l/^ _ 1/55 |/^ 

3 x 65 x 66 3 X 63 X 63 



0,48780= the area C H W Q, that was to be found. 

This example, chosen as an illustration of the fore- 
going method, may indeed be wrought the common 
way ; whence the Vjery same conclusion is brought out 
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{Vide Art. 124). But that method is also applicable to 
any other case, ttrhether the part proposed be near to 
the vertex, or remote from it ; and whether the figure 
itself be a curve, solid or superficies ; since the mea- 
sure thereof may, always, be expressed by the area of 
a curve. 

There is another way, well known to mathemati- 
mns, whereby the area of a curve may be deter- 
mined, by means of a number of equidistant ordi- 
nates ; which method, 4^ived firom that of differences^ 
may, also, be used to good purpose, in cases like those 
above specified : but, it having been treated of by several 
others, and also in my '^ Mathematical Dissertationsy'^ * 
the reader will excuse me, if no further notice is takea of 
it here. 



SECTION XL 

Of the Use of Fluxions in finding the 
Centers of Gravity y Percussion^ and Oscii- 
lation of Bodies. 

168. 1 HE Center of Gravity is that Point of a 
Body, by which, if it were suspended, it would rest ^ 
in Equilibrio, in any Position. 



Lemma. 



y 



169. Let p, q, r, «, Sfc. be any Number of given Weights, 
hanging at an inflexible Line for Rod) AM siispended 
in Equilibrio, in an horizontal Position, at the Point 
O ; to determine the Position of that Point. 

Since (by Mtchanics) the force of any weight (p) 
to raise the opposite end (M) of th^ balance, is as. that 
weight drawn mto its distance (BO) from the ful- 

* A new edition of this work is in preparation. 
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cnim, we shall, from the equality of these finees, 
have ;> X OlB+9 X O C+r xO D =« X O E+< X O F, 



M» T ?Q> ? P ? A- 



^ J r 1 



i 



that is j> X AO— AB4-9 X AO— AC+ir x AO— AD= 

*x AE— AO + «x AF— AO, and consequently AO=s 
;?x AB 4- yxAC+r xAD + gxAE + txAF 

From which it appears, that, if each weight be multi- 
plied by its distance from the end (w any given pmntj 
of the axisy the sum of all the products divided by the 
sum of all the weights^ will give the distance of the, 
center of gravity from that end (or point). 

Note. The products here mentioned are, usually^» 
called the forces of their respective weights ; not m 
respect to their action at the center O (which is ex- 
pressed by a different quantity) but with regard to the 
effects they have in the conclusion, or the value of 
A O ; which appear to be in that ratio. 



PHQPOSITION I. 

•mm ^ 

4 

170. To determine the Center of Gravity of a Lincy 
Plane, Superficies^ or 'SoUd (admittii^ the three 
former capable of being affected by Gravity). 

Let A M B C be the proposed figure, and G the 
center of gravity thereof; through which, parallel to 
the horizon, let the Ime £ F be drawn, intersecting 
A C, at ri^ht-angles, in O ; also let A E and N M oe 
perpendicu£ir to A C, and parallel to E F. 
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171. Casel. If 
thtjigure AMBC 
ht a plane ; let it 
be supposed/ to rest 
in E^utlibrio upon 
the line £ F ; and 
^ then, if the line 
M N be considered 
as a weight, its 
force (dejintd «- 
bote) will be ex- 
pressed by M* N 

drawn into its distance (A N) from the end of the axis 
A C ; that is by vx (supposing, as usual, A N=:i^ and 
M N=vy. This, therefore, multiplied by the fluxion 
of A ^ gives yxx for the fluxion of the force of the 
plane A M N ; whose fluent, when jts A C, expresses 
the force of the whole plane, or the sum of all the 
products of the ordinates (or weights) by their re- 
spective distances from A K : which fluent beii^, 
therefore, divided by the area A B C, or the fluent of 
yx (according to the foregoing Lemma) the quotient 

( J \ will give (A O) the distance of the center 

of gravity from the line A E. 

172. Case 2. Ifthefmre be a solid ; let M N be a 
section thereof by a plane perpendicular to the ho- 
rizon ; then, the area of that section being denoted by 
Ay the force thereof (considered as above) will be ex- 
pressed by Axj and the fluxion of the force of the solid 
A M N by Jxx ; whose fluent, divided by the content 
of the body, or the fluent of Ax, gives A O in this 
case. But, if the solid be the half (or the whole) of 
that arising from the rotation of a curve A M B about 
its axis A C ; then (putting p for the area of the circle 
•Art 145. whose radius is unity) A will become = i py- ;* and 

xi A A> f'l^' i vy^xx Flu. y^xx 
consequently AOss ^, t c. ^ ^, ^: - 
^ ^ Flu. i py^ Flu, y^'x 
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173. Case 3. If the figure proposed he the curve-Jtne 
AMB ; then, the force of a particle at M being expressed 
by AN or MQ fx) we shall (putting AM^z) have 

' Z 

'174. Case 4 BtU if the Figure given be the Superficies 
generated by the Rotation of AMB about A C. 

Then, the periphery of the circle generated by the 
point M being = 9^py, it follows that ^ ' ^ , = 

fiu.yz 

t 

EXAMPLE I. 



a»5 



175. IM theFigureproposedbe theisoscelesTxiongk ABC. 

It is evident th^ center a 

of gravity (O) will be -^ 

somewhere in the per- 
pendicular A Q : and, 
if AQ=a,BC=6, AN 
< = Xy and M M s=^ ; then 

• bx 

y being = — , we shall 

have, by Case 1, AO (= 
flu,yxx\ __ Jbi, x^x 

Jbi. y±/ "" . fiu. X X 

3 

AQ 




^ |~:=-s- = T A Q, when x =: A Q , and conse- 



qilently O Q = 



3 



Ia the very same manner, the center of gravity of 
any other (plane) triangle will appear to be at j^ of the 
altitude of the triangle. 



. / 
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EXAMPLE II. 

176. Let'the Figure proposed be a Parabola of am/ Kind ; 
« whertof the Equation u y=i -j^. 

Here, >-y^ = M^'i ^ ±±J ^ ^ ^ 
fiun yx jbi. afot n + 2 

the distance of the center of gravity from the vertex of 
the curve. 

EXAMPLE III. 

1T7. Ze^ B AC 6e a SegmenU of a Oirck. 

Then, if the radius thereof be put = r, we shall 
have jf (N M) ss X^^-x — rr« : whence the fluent of 

yxat (xxy/ 9.rx^x^) will, by Art. 163, be found = — 

%rx — x'^ I ^ 

g — +r X area AN M ; which divided by A N M, 

NM' 
• Art. ITLgives r- j-^— j-jj^= AO * This therefore, when 

A BAC isasemi-drde. 



My^'^ 


~~^"XM 


/ K 


o \ 




V 



r, nearly. 

E / ^^ \ F But, with respect to 

L , L J the caiter of gravity 

B Q C of the arch BAC; 

we have, pi. xi, ( hy Case 8) = fluent of 

rx&^ 

i/ grjc -^ ^ = r = AM — MN ; and consequently 

AM 
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EXAMPLE IV. 

178. Let ABC (see the preceding figure) represent 
a Segment of a Sphere^ or Spheroid, 

In which case^ denoting the 'axis of the sphere, or 
spheroid, by a, sind the other* axis of the generating 



curve, when an ellipsis, by fc„ we have ,y^=: -— x ar-«* ; i 



2 

i 



and therefore ' '}, ^ tt * = === = • Art. 172. 

flu. yx pi. die — x* XX 

-Jcur' — J«*_^a* — J x^^x x4a — 3» _ . 

iox* — Jx^"* ifl — 4.x " 6a -^ 4x ^ 

If the solid be an hyperbolical conoid, 4;he distance 
(AO^ of its center of gravity jfrom the vertex, will 
also be. exhibited by the expression here brought out, 
n^hen the negative signs are cnanged'to positive ones. 

179. In those cases where the figure cannot be divided 
into two parts, equal and like to each other (as^ a curve 
is by its axis, &c.) the position of two lines E O, eo 
(see the ensuing f^re) must be determined, as above ; 
in whose intersection (G) the center of gravity will be 
found. 



EXAMPLE V. 

Let ABC be a Semi-parabola of any kind; whereof the 

EjiuUumisy=r^' 

It appears, from Ex. £, that (A O) the distai^ of 

n+1 
EGO firom the vertex, is expressed by - — - x A C : 

bnf to find the position tjS oQe (p^rpendiimliur to- E O) 
liet M » be paraUel to e o, or AC ; then, AN hmgssx, 



I 
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and N M (y) = --. , if A C be denoted by 6, we 

a 




71 



r 

shall have Mn=^-.a?, and M n x N M xy= A — ^r x 






nsf 



— I 



X 



nbx^^^ X — « «'" i 



a— ^ ""tf^^r- = ^;:5 -, for the 

^ fluxion of the sum of the forces in this case (Vide 



.«• 



(fwX 
- 



nx 



,2n+l 



9.na' 



2«+l X a 



,Sm-4I 



JJ*" 



o nx 

^ 2 ""2n + l 



= «2 V -1 

2 



-r y^ 



nx 



2n + 1 



i^« X 



BC«XAC . , rv , :, :, 

, or — 3 — :-;; — (when a? = ^^ divided 



BCxACx . n+l 



bythe area ABC (=:5^4l^) gives i^li x 

B C for the true value of C o, or Q G. Which, in 
case of the common parabola, where n i= ^, and 

n4-l 

where AO ^ x AC) = f AC, will become= 4 C B. 

Before I leave this subject it may not be improper 
to take^ notice, that^ whatever line, you found your 
calculations upon, by supposing the figure to rest, in 
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JEquiltbrtOj upon tl|at line, the very same pointy for the 
place of the center of gravity, will be determined. 

180. Thus, let 
Obethe point in 
the axis A C, of 
a given curve 
BAD, deter- 
mined, as abQve, 
by supposing the 
figure to rest 
upon E F per- 
pendicular to 
A C ; and let 
R S be any o- 
ther line passing 
through the point O; then I say the sum of the mo- 
menta of the particles on each side of R S will, also^ be 
equal. For, if from two points, in any ordinate M Q, 
equally distant from the middle pointN, two perpendiculars 
m r and n « be let fall upon R S, the efficacy of those two 
points, in respect to RS, will be represented by mr + ns^ 
or its equal SNH (^supposing^ NH also perpendicular to 
RS). Whence the efficacy of all the particles in M Q^ 
will be expressed by their number multiplied by N H, 
or by M Q X N H : which is to their efficacy (M Q x 
O N) when referred to the line E F, in the constant 
ratio of N H tO' O N, or of the sine of the angle 
R O N to radius. Whence it is -evident that the for^ 
of all the ordinates (or the whole curve) in the former 
case, must be to that in the latter, in the same ratio r 
but the said force, in the one case, is equal to nothing 
by hypothesis, therefore it must be likewise so in the 
other : and consequently the sum of the momenta of 
the particles, on each side of R S, equal to each other. 

Much after the same manner the thing may be proved, 
in a solid : whence it will appear that there is actually 
such a (fixed) point in a body as the center of gravity 
is defined to be : which, however evident from mecha-^ 
nical considerations, is not so easy to demonstrate, geo- 
nutriadly^ from the resolution of forces. 
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PROPOSITION II. 

181. To determine the Center of Percussion of a Body. 

The Center of Percussion is that point, in the axis of 
suspension of a vibrating (or revolving) body, at which 
it may be stopt, by an immoveable obstacle, so as to 
rest theareon in equuibrio as it were, without acting upon 
the center of suspension. 

Let O be the 
point of suspen- 
sion, 6 the center 
of gravity, and 
S L M a section of 
the body, by the 
plane wherein the 
axis of suspension 
O G S performs its 

motion ,* to which section let all the particles of the 
body be conceived to be transferred in such parts thereof 
where they would be projected into (ortho^raphicallyj 
bv lines parallel to the axis of motion ; which supper 
sition will neither affect the place of the center of gra- 
vity nor the angular motion of the body. 

Since the angular velocity of any particle P is as the 
distance, or radius, O P, its force in the direction^ 
PB, perpendicular to OP, will be expressed by P x OP, 
Therefore the efficacy of that force upon the axis, at 
B, in the perpendicular direction B N (aumosing the 
axis stopt at C the center of percussion) wiU be P x 

OP 
OP X =r^, whose power to turn the body about the 




point C is therefore as P x O P x 



OP 
OB 



BC « P x 



OP«xBC_p OP«xOC-OB_ OP^ X OC 

OB "" OB OB 

~P X O P^ ; which, if P Q be made perpendicular to 



\ ' 



J 
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O S, will at last f because ^^^ = O Q) be reduced to 

Uii 

P X OQ X OC — P X OP-. By the very same argument^ 

the force of any other parljole P will be denoted by 

PxOQxOC-]PxOP2 &C.&C. But, as all these 
forces miist destroy one another (by the nature of %h^ 
problem) the sum of aSl the quantities P x Q x O C ^ 

PxOQxOC, &c. must therefore be = the sum of all 

the quantities P x OP^, P x OP*^ &c. and consequently 

^^^PxOP^-FPxOt>^4-.&c.&c. ^^^^^^^^ 

PxOQ-}-PxOQ + &c. &c. 
preceding proposition) the sum of all the quantities 

P.x P Q + P x O Q+&C. is eq^al to Q G x by the con- 
tent of the body. Therefore O C is likewise = 

P x OPg-h f' X Q Pg + &c. &c. 
O G/X body 

The same othenvise. 

Since the force of the particle P, in the perpendicular 

OP2 
direction N B, is defined by P x ~— - , or its equal, 

OB 

P X OQ, the sum of all the quantities P x OQ, P x OQ, 
See* &c. will express the force which, acting at C per- 
pendicular to O S, is .sufficient to stop the body, without 
the center of suspension O being any way affected : 
this si^m, therefore, drawn into OC ( = O C x 

P X O Q + P X O H- &c. &c.) is as the efficacy of 
the said force to turn the body about the point O. But 
the force of the particle P, in the direction B N being 

OP« . ' 

P.x 7^^ , its efficdcy to turn the body about the same 
Ml* 

p 2 
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point (^he contrary way) is as P x O P^ ; and conse- 
quently the eflicacy of all the partibles as the sum of 

all the quantities P x OP^ P x Ol^s &« &c. Therefore 
(action and re-action being equal) we have OC x 

P xOQ^f* X OQ + &c. = P X OP^ + l' X Ot^«+&c. the 
aame as before. 

For the Center of Oscillation, it will be requisite to 
, premise the following 

Lkmma. 

J 8Ji. Suppose two exceeding sfinall Weighta C and P, 
acting on each other Ijy means of an injkxible Line (or 
Wire) P C to vibrate in a vertical Plane R O P C M, 
about the Center O ; it is required to determine how 
much the Motion of the otie is affected by the other, * 

R H Q o ^®* ^^ ^^^ ^Q "^ P®^" 

" pendiculat to the horizontal 

line OR ; also let PB and 
CS be perpendicular to OP 
and O C respectively. 

^'S^ ^ * J If the force of gravity^ 

C^ I be denoted by unity, the 

\j-'.^ I forces acting in the di- 

S^*"*-^ I IsA rections CS and PB, where- 

by the weights, m theur 
descent, are accelerated, will, according to the reso- 
lution of forces, be represented by y^ and j^. 

Moreover, since the velocities are always in the ratio 
of the radii O C and O P, if the foresaid forces were 

OH 

to be in that ratio, or that of P was to become r?r~ 

X -j:rp, mstead ot -^^ ; 1 say, m that case, it is 
plain, the weights would continue their motion with-> 



J 
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out affecting each other, or acting at all on the line 

of communication P C (or P fi). Whence, the excess 

- rOQ ^ OH OP , , , . 

ot -~g above prr^j X j^-j^ must be the accelerative 

force whereby the weight P acts upon the line (or 
wire) P C, in the directicm P B ; which multiplied bj 

.u ' u.T> ' n OQ OHxOP - ,, , 
the weight P gives P x -^^ (Tr2 — 

solute force in that direction : which, therefore, in the 

perpendicular direction N B, k P x T^p ^:r^ — 

OP 
X typ 9 whereof the part acting upon C, being to 

the whole as O B to O C, is truly defined by P x 
OQ OH X OP ^ ^ ^ . 

If P be supposed to act upon C by means of PC (in- 
stead of P B) the conclusion will be no way different : 
for, let F (to shorten the operation) be put to denote 

, n /« OQ OH X OP . , J. . 
the force (P x g— ^-^^ — m the direction 

F B, found above, then the action thereof upon P C 
(according to, the principles of mechanics) will be ex- 

radius 
pressed by F x ppB ' ^^^^^ therefore in the di- 

radius 
rection S C, perpendicular to OC, is F x npB ^ 

S. PCO _ S. PCO _ S. PCO _p OP 
same as before. ^ 
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PROPOSITION III. 

183. To determine the Cenkt of Oscillation of a Bodg, 

The center of oscillation is that point, in the axis 
(or line) of suspension of a vibrating body, into which 
if the whole body was contraeted, tne angular velocity 
and the time of vibratioB would remain unaltered. 



K 



!•«••■ ••«••< 




Let L M S be a section of the body by a plane, per* 
pendicular to ^e 4iorizon and the axis of motion, 
passing through the center of mvity G and the point of 
suspension O ; and suppose aU the particles of the bddy 
to be trani^fe^rr^ to this section, in such places of it, a^ 
they would be projected into (ortk&graphicallyj by per- 
pendiculars falhng thereon. (Which supposition wiA no 
way affect the conclusion, the angular niotion continuing 
the same). . Moreover let C o^ the center t)f osoit 
lation, or that point in the axis O S where a particle 
of inatter (or a small weight) may be placed so as to 
be neither adselerated nor retarded by th^ ^Action dP the 
other particles of matter situate in the phno. Then, 
if, from C and any other point P in the plane L M S, 
two perpendiculars C H and PQ be let fall upon the ho- 
rizontal line O R, the force of a' particle (or weight) 
at P to accelerate the weight at C, will (aecording 
to the foregoing Lemma J be represented by P x 
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OQ OHx OP* ... o M 

QQ — - — QQi : which, supposing GN per- 
pendicular to OR, will also be expressed by F X 

OQ ON OP^ . , „ 

OC " OG "^ 0C5' "' '** "'"^ ^ "" 

OQxOGx OC-ONx 0P« - . 
Q^^O^ -. In the very .«ne 

maonor the fince of any other particle F will be re- 

.^ u_i OQ xOGy OC-ON x0^2 
p,«e„ted by P X ^ogTOC^ 7 

Therefore the forces of all the particles de- 
stroying each other (by hypothesis J the sum of all 



the quantities P x OG x OQ x OC - ON x OP* 



-fi»xOGxOQxOC-ONxOP« &c. &c. must be 
equal to nothing : whence P x OG x OQ x OC -|- 

P x 06 X OCi x OC &c. &c. = P X ON X OP^ -h 

ON 
P X ON X Ot*« &C. Ac. and consequently OC=^g x 

PxOP« + t^xO<^*+&c. 



PxOQ + <^xOQ+&c. 



But(by Art. 171a9dl72)the 



sum of all the quantities P x OQ + P X OQ &e. is e^ual to 
the content of the body multiplied by the distance 
(O N) of the center of gravity G from the line L M 

ON 
(perpendicular to O C) ; whence O C is alsosr^rj:^ x 

PxOP«+PxO<>8ftc.&c . PxOPg+t>xOP«&c.&c. 

ON X body "" OG x body 

Which expression continuing the same in all inclina- 



Sl(i THE USE OF FLDXIOKS 

lions of the axis O S, the point C, thus determined is 
a fixed pointy agreeable to the definition ; and appears 
to be the same with the center of percussion ; see 
Art. 181. 

COROLLAKY. 

184. If PD, ^D &c. be perpendicular to OS, the nu- 
merator of the frBction found above, will become P x 

(0G^ + GP»~20G X GD) + i> x (0G' + Glf^-+20G 

Gib) + &c. &c. (since OP^ = OG- + GP^-20Gx 
GD &c.) Which, because all the quantitiesP x — 20G 

X GD + t* x 20G X GD&corP x -GD+ 1^ x GD&c. 
(by the nature of the center of gravity) destroy one 

another, will be barely = P x O G^ + G P^ + P x 

OG- + G<>» + &c. &c = P+]f> + &c. X OG^ + P X 
GP- 4- 1^ X GP2 4- &c. = mass x 0G«+ P x GPS- 
P X Gl^ + &c. Whence it is evident that OC is, also, 

(^ w«<«g X O G* + P X GPg + l^xGPg + &fi.>&c x 
^ "* mass X G / 

^,^^PxGP« + ]f^xGE>* + &c. , , 

= OGH r\^ ; and consequently 

mass X UG ^ ^ 

^^^PxGP^^PxGP^+&c Ac. 

m£Ls^ X OG • 

Whence it appears that, if a body be turned about its 
center of gravity^ in a direction perpendictdar to the 
axis of the motion^ the place of the center of oscillation 
will remain unaltered ; because the quantities P x GP^, 

. V xGr~ arc no way afiected by such a motion of the 
body. 
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It also appears that the distatice of the ceider of gra- 
vity from that of oscillation (if the plane of the body's 
motion remains unaltered) will be reciprocally as the dis- 
tance of the feyrmer from the point of suspension. There- , 

jfiwc, if that distance be found when the point of suspen- 
sion is in the vertex^ or so posited^ that the operation may 
become the most simple, the value, thereof in any other pro- 
posed position of that point wUl likewise be given, by one 
single proportion, 

185. But now, to show how these cbnclusions may 
be reduced to practice, we must first of all observe, that 
the Product yany particle of the Body by the Square if 
its distance from the aocis of motion is (here) called the 

force thereof (its e£Bcacy to turn the body about the 
said axis being in that ratio). According to which, 

• dni the first general value of O C, it appears that, tf 
the sum of all the forces be divided by the product of the 
body into the distance of the center of gravity from the 
point of stispension, the quotient thence arising will give 
the distance of the center of percussion, or osciUationfrom 
the said point of suspension. 

The manner of computing the divisor has been 
already explained ; it remains therefore to show how the . 
sum of all the forces in the numerator may be col- 
lected : which will admit of several cases. Wherein, 
to avoid a multiplicity of words, I shall' always express 
the distance of the center of gravity fi'om the point of 
suspension by g, and the distance of the center of per- 
cussion, or oscillation, from the same point, by C 

186. Case 1. Let O S be a Line suspended at one 

of its Extrpmes. 

Then, if the part OP (considered as variable) be 
denoted by x, the force of x particle^ at P, will (as 
above) be defined by i x x- : whose fluent (4- x^) there- 
fore expresses the force of all the particles in OP 
(or the sum of all the products, under each particle, 
and the square of its distance from O the point of 
suspension). This quantity, therefore (When x be- 
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coine8=r O S) beine divided by O S x |0 S 

(acoordiiig to the foregoing rule or obserya- 

A O S» 
tion) we get v^TTTgl = ) ' ^ O S for the 

value of Cy the true distance of the center 
of osciUation (or percussion) from the point 
of suspension. 



•Art J85. 



)7. Case % Let AB be aLine, vthraiing in a vertical 
Planej having its two Extremes A and B equally dis^ 
tantfrom the Poiia of Suspension O. 

If O 6 (perpendi- 
cular to A B) be put 
.=a, and 6P=x, the 
force of X particles 
at P, will be denoted 

hj xxa^+ X* = «x 
0P«:* whose fluent 
divided hj ax (or 
PG X OG) gives 




Sa 



s=OG + 



815G 



zsCf when x becomes s= G B. 



188. Case S. Let APSQ be a drck^ v^frating in a 
vertical Phme. Let P Q be any diameter thereof; then 
O P2+0 Q« being,=: 20G« + 2P G*, the sum of the 
(forces of two particles at P and Q (putting O Gsso, 

and A G=rJ will be = a^-^-r^ x 2 ; whence it is evi- 
dent that the sum of the forces of all the partides, in 
the whole periphery, will be expressed by their number 

X a* + r^9 or by a- + r* x periph. APSQ: which. 
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if phe put =s 3. 141 &c. will ^ 

be = a^ + r * X 2pr ±= 2pa*r 
-f%>r'. Hence the force of 
the circle itself is also given, 

bemg ca fluent of 2pa*r + ^^ 

X drrrieAPSQ. Now, if the 
two expife^skms thus found 
be divided by a x periph. 
APSQ, and a x circk APSQ 
respectively, * we shall have 

^ -l_ — und a + ^5 for *!»« t^o corresponding values 
of C. 

189. Case 4. £et A H B £ ie c( Ctrele having its Plane 
(always) perpendicular to the Axis of iSusp^men OG* 

Leti AGB be that 
diameter of the cir* 
de which is parallel 
to the axis of mo- 
tk)nRS; and let EF 
be any chord parallel 
to AB and RS; whose 
distance GP from 
the center of the 
orcle, let be denoted 
by X ; putting O G 
zt: Oy and A G = r : 

then, by tie nature of the circle, E F = 2\/r^— x* ; 
whose distance O P, from thie axis of motion R S^ is 

y ■■ frf l li ft I ■ ■ ■ 

also fflreH = V «- + *-. Hence it appears that the 
force of «11 th^ particles in the line £ F (defined in 

Art. 183) will bfe represented by oM^ x 2 i/r- — a?^. 

Therefore k x a* 4- x- x ^ vV-— x^ is the fluxion of 
tKe force of the plane ABFE ; whose fluent (wfcm 
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jF=r^ 18 ssa^-\'lr' x area AE F^G; which, if p 
be put fiir the area of the circle whose radius is unity, 

will be =a^H-Jr- x|pr-; whereof the double (pa^r^ 
+ iP^^) ^ ^^'^ fo'<* of the whole circle AEFH^ 
whose fluxion 2parr-^pr^r (supposing r variable) being 

divided by r, we likewise get ^pa'^r+pr^ (== «« 4- ir^ 
X periph. AEF H) for the force of the periphery 
A E F H. But the center of gravity, whether we re- 
gard the circle itself or its periphery, is in the center 
of the ciide ; therefore the distance of the center of 
oscillation £rom the point of suspension, will in these 






two cases be exhibited by a + r— and a + tt— re- 

spectively. 

If the circle, instead of being perpendicular to 6 O, 
either coincides, or makes a given angle with it, the 
value of C will come out exactly the same ; provided 
the diameter A B still continues parallel to the axis of 
motion .R S : this appears from Art. 184, and may be, 
otherwise, very easily demonstrated. 

190. Case 6. Let the Figure proposed be a Curve AEF, 
moving (jUU^waysy as it were) so that the Plane de- 
scribed by the Axis O A S may be perpendicular to 
that of the Curve. 



Here, putting AP = », PN =j^, 
AN=2;, OA=d, 0G=^, and 
AG=a, the force of the parti- 
des in MN will be defined by 

Sy X d + xl*. Therefore the 




fluent of 2vj5 x 3"+~J1* will be 
as the whole force of the plane 
NAM (or AEF, when x = 
A S) and consequently C =: 

)te. d-^xl^xyx ... _ 

' — -z^.:^,.^ ^^ : which^ tnere- 

flu. d+xxyx 
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fore, when the point of suspension is in the vertex A, 

will become C i= -x^-^ — . Let this value be denoted 

flu, yxx 

by V ; then, the distance of the centers of gravity 
and oscillation being v—a^ we have (by Art. 184) 

^ I a : : » — a : ( \ the distance of the same 

centers, when the point of suspension is at O, and con- 
sequently C, in that case, ■=z g + — : which 

g 
form will be found more commodious than the foregoing 
in most cases. 

After the same manner the value of C, with respect 

flu. d-forl^ X i 

of the arch A E F, will appear to be = — — —- — 

flu, d+xxi 

, flxo— a . flu. x"z 

= ff + r— » supposmg V =•'-=— -;^. 

It may not be improper to give an example or two 
of the use of the foregoing theorems. 

191* Let, therefore, E A F be first considered as an 
isosceles triangle : in which case A P {x) and P N (y) 

. " hx 

being in a constant ratio, we have y =: ^ (supposing ^ 



SF=i, and A S= c). Hence C(=:-^— == — ^ ) 

flu, a+xxy^ ^ 

flu, (d^xoc -h Mjc^cc'\'X^x) _ jd^ + f dr -f j x^ _ 

"" flu. (dxx -^ x^ct) "" |d + Jx ■"" 

ftp + Sdr + ar* . j' ' 1. J r ^ 
^ T — — : or (acoordmg to the second form) 

because © (-—^ — ) = -rr, and a is known to 
\ flu. yx±/ 4> 
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•Arl.175.be = ^,* we have C (= g^ + ^ ^^^)r=g^. 



«« 



8 
, where g:(=d+a) = d+|^j?. 



1% 

Again, because i and x are in a eonstant ratio, wc 



also have — ' — ^ — : 

/it. d + Of X i Jlu. d +x X X 

d^'{'dx+rx* 

— -r--z ; whence the center of oscillation of the 

hne^ E H and A F is given! 

19S. For a second example, let £ A F be supposed a 

plirsibola of any kind, whose equation is ^ = : 

th^i (according to form S) we shall first have t? (= 
fin. yv'^i \ _ fiu. af"*-^x _ n -\- 2 X X , 
fix.yxx/ " fiu. fT'^'x »-h8 • ^*»«n<«> 

tArt.l7«.a being = ^^ii|^,t we ako get C(=g+°^''~°) 

= ^ +^=^ri r, S where fi-zsaH — 

But, with respect to the ar^h of the curve, x? ( = 

value (found by infinite series, and even without in some 
X Art. 138. ^aseg) + that of C will 9U0 be giv^. 

193. Case 6. Ltt thepropoetd Figure be a Curve vibrat- 
ing (edge-wagfs) so that the Mofim of Me Axis may 
be in the Plane of the Curve. 

Then (by Case 2) the force of all the particles in 
the line PN (see the preceding Jig^re)\)emg defined 

by 0P« x PN + JPNS oyJTxI^ xy + iy' (retaining 
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the notation above) we have C= — ^-^ — , : : , 

Jm. d-^xxyx 

which, when the point of suspension is in the vertex 

A, will become ^—-^ ^ — - : let this (when 

flu. yxx 

found) be denoted by v; then, it appears from the 
preceding case, that the general value of C will also 



axv—a 



be represented by g -i- 

g 
In the same manner the value of C, with 
respect to the arch EAF, will be expounded by 



Au, d+jT^ + y^xi , axv—a 
< *^ , or by g-\ , supposing v = 

flu. d+xxi S 

flu, x^ +y* X z 
flu, xz 

194. Example. Let the Equation of the givei^Curve be 

3,= -^: then.(^- ^-y^^^ ^ )^ 

« • 

flu, e-^ xr^^x + ^c^*'a?*'je _ n + 8 X JP 

flu. c^-^ar^'x n+8 ^ 



\c^^ ^+* X n+» n + 8 X J n + gxcg-^ xxg*^ ' 



=: s X a? -h . X "^ : from which the 

« + 8 8x8n+l * 

value of C is also given ; and from whence it appears, 
that if n be expounded by 0, v will become acL. 

---+^=-3-x 2I-; in which case the figure 

s ox ^ y , 

will degenerate to a rectangle: but, if n be inter- 
preted by 1, the figure E A F^ will then be an isosodaa 
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e, and d ^ -^ — h t-~ • lastly, if n be taken 

4 4a 

sr I, the curve will be the common parabola, and v=z 

5x c 

196. Case 7. Let the Figure AEFKbea Solid gene^ 
rated by the R(Uaiion of the Curve E A F about its 
Axis A S ; having its base H H parallel to the Axis 
of Motion BO C, 



B 



O 




Itmppears, yrom Case 4, 
that tne force of all the 
particles in the circular 
section hh (parallel to HU) 
will be expressed bjr 

OT^ + iPN« X circle h A, 



orOP^ X PN« + JPN* xp« 
(> being =. 3.1416, &c,) 
which, in algebraic terms, 

is d+ ap|* xj/^ + \y^ x p 
Hence we have C = 



• Art i^^^t^?±E^t±^l^.P^^ ^ Jlu.(d\-xf xy^'X+Jy^) 

fu, d-\-xxpy'X fiu, d+xxy^'X 

Which, therefore, when the point of suspension is in 

the vertex A, becomes - — ^ r— —^ — = t? ; 

flu, y^xx 



and 



consequently C = ^ + 



axt?— a 
g 



, as in the preceding 



cases. 



But, with regard to the superficies of the solid, it 
is found, in Case 4, that the force of the particles in 

the periphery M A N A is expressed by O P- + { P N* x 

periph. 'Mh'Nhszd-^x]f x 9py -{-py** 
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Hence the flueiit of d+a?!* x2f|y+/>y* xi, divided 

^^ flu, (d+x\^ X %i+y 'i) \ 

bythatofd + xx%i (= Jlu,dT^x^yz ) 

will give the true value of C with respect to the cuiTe 
surfece EAAAF. Which, putting »= f±^^tt^^ 

is likewise expressed hy g + 

196. £x. 1. Let'EAV beconsidtredasaCone; then, 
putting A S=^ S F=ft, and A F=:c, we have;y=-^ 

. == ff ; and therefore C (= ^" (^^^^-^^ W ) 

with respect to the convex superficies, C will be found= 

12<P + 16<y-h6/^ + 8ft' 
12d + 8/ 

197- Ex.2. Let E A F, <$*c. &e ccMmVfereil as a Sphere 
whose Center is S, and Radius A S=r ; in which case 

V* beiiiff = ^rx-^x^. we have t? (=' ^ ' ^ --3^— .\ 

^ ® ' ^ flu. y^xx J ' 

flu. {i^3^x+ rxH^jxH) _ \T^ + |rj — j^rJ:*' 
"" flu. (%r3^x^x^x) "" -tT— J« 

whence C is also given. But, when x ^ 9,r (or the 

whole sphere is taken) v = -~ : therefore a being = r, 

and ^=0S, in this case, we have C (= ^ + 

) =5' + -^ — = S' + F-- 

g ^ 5g ° 5g 
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R S 




198. Cases. Let the Ft- 
gure proposed be a Solid^ ox 
in the prectdtfig Casey but let 
its Axis AG be here pa- 
rallel to the Axis of Motion 
ORS. 

Then, if RP (OG) be 
put =^,3,1459, &c. ^pf 
A P = T, &c. the force rf 
the particles in the circle 
N M (parallel to E F) will 

be exhibited by g* + |^' 

X pf, or pgY + i py^ (vide 

CaseS). Hence we have C= 

t Art 145. gx solid g*x/M. py^x ' 

^ g xjluyy"'tx' 

Moreover, with respect to the superficies, the force 

of the particles in the periphery of the said circle M N 

t Art. I85.|jeing ^pg'^y + %?y', J we have, in this case", C = 

. fu. %p^y -f ^p y^ ^ ^ ^ fi^' (^fgV+^/y^i) ,, 

g X superjicies g xflu. 2pyz 

» 

g xjlu.yz ' 

199. Ex. 1. LetBA F be a Segment of a Sphere, 
whose Radins is r ; then^' being:2= 2rx — x% we shaft have 



g-^ 



ccg + 



^g + 



g + 



flu. iy^x K 

gxflu:y-x/ ' 



flu. (2rVjc^ grx^jc ->• jx'^at ) 
g xflu, (^rxx—x'^x) 

, 20r--15rj? + 8r'xaF 



gxr—^x ^ SOr— lOxx^ 

Which, when x is expounded, either by r or Sr, be- 

comes = iff + xr-j for the true value of C, when 

5g^ t 
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either the hemisphere, or whole sphere, ig taken. But, 
with respect to the center of oscillation of the super- 



«*ArU141 



fides thereof, we have z in this case =s y =■ 

YXrx — Xr 

=s — : and therefore g -f *^ 'J' — : = ^ + 
y g xflu^yz ° 

3 : .= g + : which, when 

X ss r, or x = 2r, becomes g + 5— • 

800. Ex. % Leitht Solid E AF be a Paraboloid^ wko$e 
generating Curve is defined hf the Equation y = -— j. : 

thM/" /«. f y X _ flu. Ix^ ± X c^"^ 

^^ = ff '^ gxftu.^ cf^'^ g x>«.a«»«xc«-«- 

*«+lxa:2" Sfi+lxy „^, 

SB jr + 2 a- ^ rrr= ^ + 4 — ~. Where 

® 4n+lx%xc^"^ ® 4»+lx% 

if n be taken = 0, the figme wiB becoine ;« ejrluiAer, 
and C = /^ + •#- : but if n be expounded by 1, the 

Qgure will be a cone, and C^ g + ^^. Lastljr, if 
II be taken as f , the figure will be the solid generated 
£:om the common parabola and € ssg + *|-. 
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SECTION XIL 



Of the Use of Fluxions in determining the 
Motion of Bodies affected by Centripetal 
Forces. 



PROPOSITION I. 

201. IHE motion^ or velocity^ acquired by a body 
freely descending from rest^ by the force of an uniform 
gravity^ is proportional to the^time of its descent; and 
the space gone over^ as the square of that tim/e. 

The first part of the proposition is almost self-evi- 
dent : for^ sinee any motion is proportional to the force 
by which it is generated, that generated by the force 
of an imiform gravity must be as the time of descent; 
because the whok effect of such a force, acting equally 
every instant, is as that time. 



P A 

i ■' e 



1 



1 



Alt. 9« 



Xet, now, the velocity acquired 
during a descent of one stomd of 
time, be such as would carry the body 
uniformly over any distance b in one 
second ; and let AB (x) denote the dis- 
tance descended in any proposed time 
t ; which time let be denoted by P Q ; 

making Bi=:x and Qq=zi: then it 
will be, as i : ^ : : 6 : (b t) the distance 
that would be uriiformly described in 1, 

with the velocity at B : also i \t \\ 

the said distance (bt) to btt = x.* 
]g By taking the fluent whereof we get 



■•/ 



1/ 
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^ht^zkx. Therefore the distance -descended (jit^) is 
as the square of the time. Q. E. D* 

Otherwise^ without Fluxions, 

Conceive the time (PQ) of falling through A B to be 
divided. into an indefinite number of very small equal 
particles, represented each hj m; and let the distance 
descended in the first of them be A c, in the second c d^ 
in the^ third de,kc, &c. ' Then, the velocity being 
always as the time from the beginning of the descent, 
it will in the^ middle of the first of the said particles be 
defined by ^ m ; in the middle of the second by 1 1 m ; 
in the middle of the third by S ■§ m, &c. &c. But, 
since the velocity at the middle of any particle of / 
time, is a mean between those at the two e:8:tremes, 
or -betwixt any other two equally remote from it, the 
corresponding particle of the distance A B may, ,there- 
fore, be considered as described by that mean velocity. 
And so, the spaces Ac, cd, de, efi &c. described in equal 
times, "being respectively as the said mean celerities -| m, 
1 ^ m, ^ 1 9», 3 f m, &c. it follows, by addition, that 
the distances Ac, A c7, A e, Af, &c. gone over firom 

the beginmng, are to one another as -^, -^, -^ , -^ 

&c. or 1, 4, 9, 16, ^, &c. that is, as the squares of 
the times. Q. E. />. 

COROLLAIIY 1. 

SOS. Since the distance that might be uniformly run 
0V& in one second, with the velocity at B^ is ex- 
pressed by btf the distance that might be described with 
the same velocity in the time t will therefore be ex- 
pressed by bt X t, or bt^ : whence it appears, that the 
space A B (^ bt^^ through which the body falls in any 
given tipue f, is just the half of that which would he 
uniformly described with the celerity &t B, in the same 
time. 

Therefore, since it is found firom experiment, that a 
J)ody near the earth's . syr&oe '(where the gravity may 
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be taken as uniform) deeceads about 16 ^ feet m tbe 
first second, it follows that the value of ft ^ in Aim 
case) =2 X l&rT=32| : and consequently the number 
of fiset descended in t seconds, equal to 16^ x (*. 

COBOLLAKT 2. 

SOS. It is evident, whatever force the bodv de- 
scends bv, the value of b will always be as that force ; 
since a double force, in the same time, generates a 
double velocity; a treble force, a treble velocity, ftc* 
Therefore, seemg our equation f ie-sx, also (^ves t=s 



v/ 



~ and 6 = — , it follows, 

1. That the distance descended is, universally^ as 
the force and the square of the time conjimctly. 

S. That the time is always as the square root of the 
distance applied to the force. . 

8. And that the force is as the.fstance ajmfi^ to 
the square of the time. — And it may be ftirtner ob- 
served, that whatever is here said with regard to tbie 
time, also holds in the vefocity, beilig proportional to 
the time. 

PROPOSITION H. 

A 204. To determine the Velocity 
«• and Time ^if Descent of a Body 
along an inclined Plane A C. 

Fi^em any pokt F^ in A G, 
^ dtewFEpeyp^ioulariatit&viii. 
^ tied liite A b^ aadmake FB Had 
GDperpei^cular toAC^aieeiiiig 
A D ill B and B. fieeauite ^ 
the principfeft of medbariiol^ die 
force of gravi^ ift the^m^ltoi 
FC, whereby the body is m^l^io 
descend tAang ibe fam^ ifrtp the 
tlbBcAute £ttoe thtfeof, a» AdP to 







In centripetal fobces. 

AB, or as AC to AD ; and since f iy Case 1. Arf. S03) 
the distances descended in equ^l times are as the 
forqes, it follows that the time of descent through A P 
will be equal to the time of the perpendicular descent 
tl^rough A B : and consequently the time of descent 
through AC equ^il to that through AD ; whicji is^iven 
by Prop. 1. Mofeover, because the velocities at F and 
B5 acquired in equal tiines^ are as the ferces, or, as A !^ 
to AB ; and it appears from Prop. 1, that the velocity 

at E is to that at B, as V A E ; \/ A B, or as 

•aExAB (= a P) : l/AB,xAB(=AB) it fol- 

lovs, by eq^alitir, that ^he cderity at F is equ^ %^ 
that at E ; vhicn is therefore given by the preceding 
proposition. Q. E. L 

COBOLLAEY. 

205. Hence the time of descent along the chord 
AC of a semi-cirde ACP is equal to the time of desoei^t 
along the vertical diameter AD:, and, if the chord 
D 6 be of the same length with A C (its inclination tp 
the horizon being also the same) the time of descent 
along |t will also be equal to that along the yertieal 
diameter* 

PROPOSITION III. 

206. If^Jrom two Points 
A and D^ eqtialfy remote 

from the Center oj Attract 
tion C, two Bodies move 
with equal C^kritiesy the 
one aloatg the' RightJine 
A d the other in a Curve- 
Une DBQ, their Celerities^ 
at aU other equal Distances 
from the Center^ wiU he 
equal. 

For, let CB and CE be 
any two such distances; 
IfiJ the (U|ch 13$; b^ 4^ 
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tcribed, (rem the center C, and also e&, indefiniteljr 

near to it, cutting C B in yi : let the centripetal force 

at the distance of C B or C £ be represented by f^ and 

the velocity at B, by v. 

By the resolution of forces, the efficacy of the 

force (f) in the direction B&, whereby the velocity 

Bn 
of the body is acoderated, will be ^^ x /: also the 

time of moving over B b (being as the distance applied 

to the. velocity) is represented by — : therefore the 

t) 

increase c£ velocity, in moving throu^ B6, being as the 
force and time conjunctly, will be defined by ^-=- x f 

X — 9 or its equal — x f. In the same manner, 

V V 

the velocity at E being denized by tr, the time o( 

foiling through Ee will be represented by — ,andthe ve- 

Ec 
locity generated in that time by — xf: which is to that 

tv 

B n 

X f) acquired in falling through the arch £6, as 

V 

11 

— to — . Therefore, seeing the corresponding incre* 

' mcsnts of velocity are always reciprocally as the velo- 
cities themselves, it is manifest, if those velocities are 
equal, in any two corresponding positions of the bodies, 
they will De so in all others, being always increased 
alike. But they are equal at A and D by supposition : 
Therefore, &c. Q. E. D. 

PROPOSITION .IV. 

a)7. Tojind the Ratio of the Velocities, and Times of 
Descent of Bodies^ in Curves ; the Force of Gravity 
being considered as uniform. 

Let A R D represent a curve of any kind, along 
which a body descends by the force of its own gra* 
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4 

vJty fiom A ; let A C, R B, &c. be parallel, and C D 
perpendicular, to the horizon ; moreover, let R n touch 
the Curve at R ; and 'let C B = «, A R = w, and 
R n=w.* 



2S8 



« Art 135. 



A 



C 




71-^" 



B 



Since the points B 
and R (as well as C 
and A) may be looked 
upon as equally re- 
mote from the earth's 
center (to which the 
gravitation tends), the 
Telocity acquired in 
descendingthrough the 
arch A R will {by the 
last proposition) be 

equal to that acquired by falling freely through the 
right-line CB; which last velocity (by 'Piof* 1) is 

always as V^CB (or «;*). Therefore the celerity, 
whether the body moves in a right-line, or a curve, 
is always in the subduplicate ratio of the perpendicular 
descent ; and so, the time in which .R.n (w) would be 
uniformly described, with that celerity, will be univer- 

sally as -- ; whose fluent is as the time of falling 



through A R. 



Q. E. L 



EXAMPLE. 

208. Let the curve A R D be any portion of the 
common cycloid; whereof the vertex is D and axis 
D C ; and whose nature (putting D C=c, and the ray 
of curvature at D=:a^ is defined by the equation 2a 

X DB= DR«. Here, we have DR (= V'^a x i/SB) 

= V^2a X c — «]*; whose fluxion — V 9,a x 

1* 



c — n)* 



, with a contrary sign, is the value of Rn or t0 ; 



994 



therefore 
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*^ = \/2a X 



wbose fluepty 



al the lowest point D, where u h^eoi^^s^c, y^jXL Qvj 

Art. 142) be equal to ^^ multipliedby (^ll*^^) 

half the measure of the periphery of the ob^de whose 
diAineter is unity. Which fluent* (and consequently 
the time of descent) will therefore eontisne the ssm^ 
let the arch D A be what it will. 

PROPOSITION V. 

209. To determine the Paths of Projectiles n^ar the 
tfartVs Surface (neglecting the Resistance of the 
Atmosphere). 

Let ^ bpdy b^ pro- 

C jected from the point 

A9 in the direction 

. ef the line A C, wiA 

a felocit^ smffident 

to eaRj It if^iftirai>|^ 

lyveF the distance d 

in tlie time i; and 

let the space through 

which it wcpid £redy 

descend, by its ona 

gravity,' in that time, 

be dehoted by b ; also 

let the sine of the 

angle of elevation 

-^ ' m B A C (tq tjie xadius 

^ -B rj 1^ put; :fs ?, itp 

99^J0mm(k ^d the dimsm of tb^ poipt A ^om tt^ 
0Kdii|ii!to H m (oo^sitoed m m^iving p^r^^ t^ i^s^ 
^ioi^ with it? bpdy) s=z x ; then, by Trig, H G (pCT- 

penaiw% to AB) wfll be =F ~, wd AG = ~. 

c o • 

B^P^iwe the prqJiiQtile J9 tnjcjwd ^ide, continually, 
from a rectilinear path, by die e^fh^s attraoiiipn, ^ 




must describe a eurve-luie Am E 99 B, to which AC is a 
tangent at the point A: but thAt attraction, acting 
always in a directiiHiL (m H) perpendicular to the ho- 
rizon, can have no effect upon that part of the velocity 
with which the body ap^roachea the line B C, parallel 
to H m ; therefore the nsht-line H 6 (in which the 
body IS alwiqrd found) will continue to move unifonnly 
%9^ards BCy the same as if gravity was pot to act; 
and the distance Gm descended ttom th^ tangent A 0} 
by oie$ns of the atstraction, mil be the very same as if 
the body was to descend from rest along the line 6 ^. 
This being premised, it is evident, that as d t A 6 

■~"y II ^ I (--| X ^^, time of describing Awi; 
and, as «« : _ x*^ ;: j ^ __ the space {Gm) 

through which a body would freely descend m that time 
(by Prop. 1). 

^^^1 ~ -^^ "^ -^^ "* a general 

vdkie fisr the osdiiate i^H; by p«ibtiiig n^cbmpO, 
we get *= -TT" == AB =: the amplitude of the pro- 
jection. But, by putting its fluxion e^ual to nodiing, 
we have x=sr-^; which sufai3dtutfd for op in the 



o Jo 

value of fk &, gives, ^^ for the ^titude D £ of the 
projecticm. Q* •£}• /• 

CoBOigLABY. 



dy be projectfS^, 
direction A S^ 1 



sn, 9 becoming 
^r, ibe aktttde ^ tiutt lttc^tio»/^^ wiU be- 
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come -77-= A S ; which call hj .and let this value be 
substituted in those of A B and D E, and they will be- 
oome -— and — respectively. 

Hence, if from the point Q where the line of di- 
rection A C cuts a semi-circle described upon A S, the 
lines S Q and Q P be drawn, the latter perpendicmlar to^ 
A B, the triangles A S Q and A Q P bemg similar, we 
shall have 

r:s\\h (AS):-=AQ 

r 

r : s :: - (AQ) : §=pq=de 
r:c::^(AQ):^=AP=jAB 



PROPOSITION VI. 

£11. To determine H^e Ratio of the Forces^ whereby 
Bodies J tending to the Centers of given Cirdesy art 
made to revolve in the Peripheries thereof. 





Let A B H and a ft A be any two proj^osed circles, 
whereof let AB and a 6 be similar arcs ; m which, let 
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the velocities of the revolving bodies be respectively as 

. F to V ; make DBK and dbk parallel to the radii AC 

and acy putting A = 2?, ac=zr, and the ratio of the 

G^trijpetal force in A B H to that in ahhj bs F tof. 

It IS plain, because the angles A B D . and ahddxe 

equal, that the velocities at B and 6, in the directions 

B K and b k^ with which the bodies recede from the 

tangents A D and a d, are tq each other as the absolute 

celerities V and v.* But those velocities, being the 'Art. 35.1 

effects of the centripetal forces acting in corresponding 

, similar directions during the times of describing A B ^ 

and a 5, will therefore be as the forces themselves when 

the times are equal ; but when unequal, as the forces 

and times conjunctly. Therefore, the times being 

« AB ab R r ^ .i - 

universally as -:==- to —, or as — to — (because the 

V V V V 

R 

arcs AB and ab are similar} we have, b& Fx-t^ I f x 

— IlF:©; whence (multiplying the antecedents by 

-^ and the consequents by — ) it will be, asF'.fy. 

-^ I — : therefore the forces are as the squares of the 
velocities directly, and as the radii inversely. 

Otherwise. 
Let the indefinitely little arch A B be the distance 
that the body moves over in a given, or constant par- - 
. tide of time ; and let the centripetal force ' at B be 
measured by twice the subtense or space A £ through 
which the body is drawn from the tangent A D in that 
time.+ 

X 

t The velocity which any force, uniformly continued, is 
capable of generating, in a given body, in a given time, is 
the proper measure of the intensity of that force.* But this • j^j^ gog^ 
velocity is itself measured by the space the body wookl move 
oniformly over in a given time ; which space is always the 



-^ 
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TIwii bj the astiue of the ciid^ A B<s A H x 
A£=rACx2A£, and consequently 2 A E^:^ : 

therefore, the Ibioe is as the sqaare of the vdodtj «p- 
^ed to the radius of the oiide ((u hrfurt). 

COttOiLABT I. 

%\iL BeeauK, /^:/::J^:^, it Mom that 

K r 

F:©:: VRF\ l/r7,and 

CO&OLLAILT II. 

218. If the ratio of the periodic times be denoted 
by thatch P top; A^ the ratio <^ the velocities F, o 

being as -p to — , we shall have, by equality, VRF : 
^rfW -p : —i whence also 



doable of that through fHiidi the body would freely descend, 
* Art. 909* from rest, in the tame time.* Therefore 2AE is the proper 
aieaaiftre of the centtipetal force, according as we have as- 
sumed it. — It is tme^ when tfte forces to be compared' are 
.all computed in the same manner, from the nascent, or in- 
definitely amsH subtenses of contemporaneous ares, it 
matters not whether we cmudder those subtenses, or tlieir 
doubles, as the measures of the forces, the ratio being the 
same in both cases. But when the forces so found are to 
be compared with others derived from a fluxional calcolus, 
it is absolutely necessary to take the double subtense for the 
measure of the force.— This Note is inserted, that the 
learner may avoid the errors, i«hich some very considerable 
mathematicians have fallen into by not properly attending 
to this partieolar. 
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Corollary III. 

^14. t{ ike vtiessme of the force, or the vekieity 

that iii%ht be Uniformly geaersted in a mjven time (1) 

be expounded by any power a" of the ramus A C (a) ; 

then the distance through which a body would freely 

descend in the same time, by that force, uniformly 

continued, will be expressed by i a\* Thcarefore, • Art 20^. 

the distances descended, by means of the same force, 

uniformly continued, being as. the squares of the 

times,"!" ^^ ^^ evident, if the time of moving through f Art. 201- 

A B be denoted by ty that the distance A E descended 

... ' , fi 

in that time, will be denoted by ^ x | a" : and so 

f «+_! 

we *all h^ve A B (V^2AE x A C) = j x a « ; 

whidi %enig the distance described by the revolviog 
body in the tii!tte ^ it feitlows that tibe Hfpmse gme over 

n+l 

in the given time (1) wiH be a ^ : which, there- 
"fere, is me true measmre of the celerity in this case. 
The same conclusion might have been derived in much 
fewer words -from Corol. 1 ; but, as a thorough under- 
standing hereof is absolutely necessary in what follows 
hereafter, I have endeavoured to make it as plain as 
possible. 

Corollary IV. 
215. Hence the time of revolution is also derived; 

for it will be as ^t 8 : 3. 14159 &c. x 2a (the whdie 
periphery) : : 1 : ^'^^^^;;^^^ or 8. 14159 &c. x 



a 3 



1— ji 



2a ' , the true measure of the periodic time. 
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Co&OLLAEY V. 



S16. Therefore, if n be expounded by 1, 0,— >!, 
— 2 and — 3 successivdiy, tfaen the velocity oor^ 

responding will be as a, a^, 1, cT'iy and a~^ ; and 

the time of revolution, as 1, a , a, a^ and a^ re- 
respectively. 

9 

Scholium. 

« * 

217. From the preceding proposition, and its sub- 
sequent corollaries, The velocity and periodic time of 
a body revolving in a circle at any given distance from 
the eartVa center^ by means of its own gravity, may 
be deduced : for let d be put for the space through which 
a heavy body, at the sur&ce of the earth, descends in 
the first second of time, then 2d will be the mea- 
*8ure of the force of gravity at the surface r and there- 
fore the radius of the earth being denoted by r, die 
velocity, per second, in a circle at its sur&ce, will be 

./s-j J 1. • r 1 • 8.14159&c.x2r 
Vxrd; and the time <h revolutions 7= 

Vird 

/%r 
= 3.14159 &c. X \/ -J (seconds); whi<^h .two ex- 

^ d 

pressions, because r is = 21000000 feet and c2=:lftiV 
will therefore be nearly equal to 26000 feet and 5075 
seconds, respectively. Let R be now put for the radius 
of any other circle described by a ^ojectile about the 
earth^s center : then, because the force of gravitation 
above the surface is known to vary according to the 
square of the distance inversely, we have (by Case 4, 

Corol. 5) r-i : J?"* : : (260000 the velodty Ocr 
second) at the surface, to 26000 x V "^ the.ve- 
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locity in the cirde whose rddius is J? ; and r* : if 
: : (5075^) the periodic time at the surface : to 507$ x 



n/ 



-— , the time of revolution in the circle R. 



ri 



Which, if i? be assumed equal to (60rJ the distance of 
the moon from the earth, will give ^60000% or 27; 3^ 
nearly, for the periodic time at that distance. 

In like sort the ratio of (he forces of gravitati^i 
of the 7?foon, towards the sun and earthy may be com- 
puted: .For the centrifugal forces in circles, being 
universally as the radii applied to the squares of the 

r , . . .,, , /81(to0000x , 
times of revolution, it will be as f = \ the 

semi-diameter of the Magnus Orbis divided by the square 
of one year (the periodic time of the eartn and moon 
about the sui^) is to (240000 x 178) the distance of 

1 
the moon from the earth divided by =^9 the square 

of the peribdic time of the moon about the earth, so 
is 1,9 to 1 nearly; and so ii» the gravitation of the 
moon towards the sun to her gravitation towards the 
earth. 

AlsO) after the same maoaer, the centrtjitgal force of 
a body at the equator, arismg from the eartlCa rota^ 
tion^ is derived. For since it is round above, that 507S 
seconds is the time of revolution, when the centrifugal 
force would become equal to the gravity, ^md it ap- 

Eears (by Case 2, Coroi. 2) that the forces, in circles 
avjng the same radii, are inversely as the squares of 



the p^odic times, We therefore have^ as 80160p (the 
square of the .number of seconds in (23** 56^) one 



whole rotation of the earth) to 50751* (the square of 
the number of seconds above given) so is the force of _ 



\ 
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gravity (which we will denote by unity) to ^^, the 

oentrifa^d force of a body at the equator arising from 
the eartn's rotation. 

But, to determine, in a more general manner, the 
ratio of the force of a body revolving in any given 
eircle, to its gravity, we have already given 8. 14 &c. x 

^' for the time of revolution at the surface of 
a 

the earth, when the gravity and centrifugal force are 

equal: theiefiire, if the time of revolution in any 

euele whose radius is a, be denoted by t, it follows, 

from CkiroL 2, last Prop, that, — ! — 

a 
^ ; the gravity of the bodv ! to its centrifiigal fiuroe 
m th at circle; which, tnerefore, is as unity to 

— > — -j-j ; or as 1 to 1; 3x8 x -j very nearly ; 



where a denotes the number of fiset in the 
of the proposed circle, and t the number of seconds 
in one ennre revolution. So that, if the length of a 
sling, by which a stone is whirled about, be two feet, 
and the tiine of revolution ^ of a second, the fince by 
which the stone endeavours to fly off, will be to its 
weight as 9. 824 to unity. 

From this general proportion, ike cenirifiigal force 
and periodic time of a pendtdum describing a conical 
eurface may likewise be deduced. 

For let S B, the length 
of the pendulum, be de- 
noted hj g; the altitude 
C S of the cone, by c; the 
semi-diameter C R of the 
base by a; and the time 
of revMution ij t: then, 
Ji the finroe of gravity ' 
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represented by unity, the force with which the re^ 
volving body at R, the end of the pendulum, tends 
to re^e from the center C, will be defined by. 

-^— — T^ , as has been already shown. There- 
fore, because the body is retained in the circle R R b^ 
the action of three difierent powers, t. e the centri- 
fugal force (j^ ' — ) in the direction C R, 

the force of gravity (1^ in A direction parallel to S C, 
and the force of tne tnread or wire R S, compounded 
of the former two ; it follows, from the principles of 
Mechanics, that as SC (^c) to C R (g)^ so is the weight 
of the body at R« to the force with which it acts upon 

the thread or wire R S ; and as 1 : -^ 



: : C S (c):CR (a) : whence A« = 8. 14 &c.f x 2c, 
and « = 3. 14 &c. x V~ = hlOSV'c nearly. Pe- 

cause dt^y or its equal 8. 14 &c.]* x 2c, expresses the 
space a heavy body will descend, by its own gravity, 
in the time t* and since 1« : 8. 14 ftc.]^ ! : 2c : • Art 
8. 14 &C.P x 2c ( = A«) it therefore appears that, as 
the square of the diameter of any circle^ is to the 
square of its periphery, so is twice the perpendicidar 
altitude of the cone^ to the distance a heavy body will 
freely descend in the time of one whole gyration of 
the pendubim, let the base of the cone, and the length of 
the pendulum be what thy will. 

PROPOSITION VII. 

218. To determine the Ratio of the Velocities of Bodies 
descending, or ascendingyin JEtight4ines,whenacceleratedf 
or retarded, by Forces, varying accordingtoagiven Law. 

Su]^po8^ a body to move in the right-line C H, and 
let the force whereby it is urged towards 0, or H, 

r2 



90S. 
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be as any variable quantity F: moreover, let the ve- 
locity of the body be represented by v ; putting its 
distance C D, from the point C=:j:, and D ar=x. 

' H Then since the time wherein the space 

D d (x) would be uniformly described, with 



.A 

^2 



the velocity at D, is known to be as -^, the 

V 

velocity that would be uniformly generated, or 
destroyed, in that time by the force F (be- 
ing as the time and force conjunctly) will 

Fx * 
consequently be as — : which therefore must 

be equal to, + ^, the uniform increase or' 
decrease of celerity in that time; and consequently 
+ t?r = Fx, From whence, when the value of F 
is given in terms of x, or v, the value of t will like- 
wise be known. Q. E, I, 



Corollary I. 

219. Hence, the law of the velocity being given, 
that of the force is deduced : for, since Fi = + »t5. 



it is evident that F = H 



Corollary II. 



S20. Hence, also, the ratio of the velocity at D 
to that whereby a body might revolve in the periphery 
9f a circle about the center C, at the distance of C D, 
wiU be known : for^ if this last velocity be denoted by 



iff* 



Art.3l2.t09 the value of F will be rightly expressed by -^ * • 



whence, by substitution, we have + v^ 



w^x 



or 
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+ t?« X - = te?^ X -^ : whence w^ \ ^^^ * ± — * — ^9 

^ V ^ X V X 

and consequently wlvi: ^Z ^ '. \/ — • Where, 

as well as above, the sigp. of v must be taken + or— 
according as the body is uiged from, or towards the 
center C. 



PROPOSITION VIII. 

^1. Supposing a Body, let go from a given Point A with 
a given Celerity (c) along a RightJine C H, to be 
urged, either way, in that Line, by a Force varying as 
any Power Yn) of the distance from a given Point C ; 
to find, not only, the Relation of the Velocities, and Spaces 

. gon^ over, but also the times of Ascent and Descent, 

The construction of the preceding problem being re- 
tained, F will here be expounded by oif, and we shall 
therefore have ±_ vv (^=FxJ=x'' x ; and consequently, 

^1 .1"+' 
by taking the fluent thereof, + "0"== — I1~T» ^^^ *o 

correct the fluent thus found, let x be taken=CA 
(which we will call aj then v being = c, the fluent in 

c^ a""*"' 

that circumstance will become + — = ; there- 

"~ 2 w+1 

fore the fluent duly corrected i^ ± -^ -f — = 

af^+'^ar^' ^ , 2x^-^' (nkar+' , 

rn — 9 or i;-c» c*= : whence v will* Art. 78. 

n+1 M+1 

come out = 1/ c^ + i:^ =- : where the 

^ nH-1 

si^s of V and J?***' must be alike, when both quan- 
tities increase, or decrease, at the same time ; that is, 
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* Alt. 990. when the finroe, firmn C, is a rcfmbive one i* but, un.« 
like, when one increases while the other decreases, or 
the fixce, tending to C, is an attractive one. In the fiir- 






mer case we therefiire have o= \/ c^ + 

and, in the latter, c=\/ c* H = 

The value of o being thus obtained, let the required 
time of moving over the space A D be now denoted 

X 

faj T ; then, suiee T is universally^' , we have T 



s/ 



c*+*!^'-*^ 



J , « T = 



V 






it+1 

i aooQvdin^ to the two 



cases lespectivdy : fiom whence, faj finding the fluent, 
the time itsdf will be known. Q. £. /. 



COKOLLAHT. 

822. If the body proceeds firom rest at A, c will be 
= 0, and we shall have T=:— r====, or 



rji_ l+Jll*X« 



•a^* - «j^»* 



Scholium. 

5S8S. Althou^, the fluents of the emressions given 
above cannot be exhibited, in a general manner, ne- 
ther, in finite terms, wnr by means of dicular arcs 
and logarithms; yet, in some of the most useful 
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cases that occur in nature, thejr may be obtained with 
great Buulity. 

Thus, if in ;jj^====: (expressing the fluxicm 

of the time of descent along A D) ft be expounded 
by 1, 0, — S, and— 8 successively, the fluxion itself 

wfll become equal to ^7==, ■7|=^» 



S47 



axxx 



axx 



V\ 

V^T^' ^^ 7^3^ respectively: whence, if 

A B F be a quadrant of a circle whose center is C, and 
A S C a semi-drcle whose diameter is A C, and DS R 
be perpendicular to A C ; then it will appear, 

1^ That, when nsl, 




and T =: 



the velocity (i^a^— x*) ^ 

at D will be repre- 
sented by D R, and the 

fluent sdbght by :^» '-^ *«• 



V. That, when « = 0, and T = .^ ^ , die 

Vm — &■ 

velocity at D, and the time of descent through AD, will 

each.be defined by vTAD. 

V That, when n = — 2, and T = .^ 

vox— »« 

/ ^ ax — «* \ DS 
the velocity ( y=- ) will be as ^ ^ . 

^ xV\a ^ CDV^f AC 

andthetimeof descent through AD,asV^|AC xASi-DS. 
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OfX 



s» 



4**. And that, when n = — 3, and T = -7 — — ; 

Y a" — x' 

DR 

itbeveloeitj will beas-^-rq — ^rfiy ^^ ^^ ^=**^ ^ 

A C X D R. 

Hence the time of the whole desoent through the i:a- 

dius AC, appears to be as -^— , V^2AC, V'l AC x Af* 

or A C«. But the time of one whole revolution in 

4 AF 

• Art. 91&the periphery A R F &c. was found to be as — -j^ ;* 

AC 2~ 

4AP 4AJ' 
which in the four cases above spepified is "Tjn") ' /-Tj^ y 

4AF x V^AC, and 4AF x AC : therefore, if the time 
of moving over the quadrant A F be denoted l^ Q, it 
follows that the tii»e of descent through the radius AC, 

will be truly defin^ by Q, Q x — , Q x l/|, 

AF 

or Q X -j^ according to the foresaid cases respectively. 

Lehma. 

2S4. The Areas which a revolving Body describes^ hy 
Ray 8 drawn to the Center of Force^ are pi^(^>ortional 
to the Times of their Description, 

For,^ let a body, 
.in any gLveii time, 
describe the right- 
line A By with an 
uninterrupted uni- 
form motion ; but 
'^ upon its arrival at 
^ . B let it be impelled 
tpwards the cent;er S, so that^ instead pf procci|e4uig 
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along A B C, it may^ a&ex the impulse, «leBcr%6 ■ the 
right-line B e. 

Because the force, acting in the line S B, can. nei- 
ther add to, nor take from' the celerity which the body 
has in a direction perpendicular to that line, the dis- 
tance of the body from the said line, at the end of a 
given tiine, will therefore be the very same as if no 
force had acted ; and consequently the area B e S ectoal 
to the area B C S, which would have been described in 
the same time, had the body proceeded uniformly along 
B C ; because triangles, having the same base and alti- 
tude, are e^ual. 

Therefore, seeing no impulse, however great, can 
affect the. quantity of the area described about the center 
S in a gLvm time, and because the areas A S B, B S C, 
described about that pomt when no force acts, are as 
the bases A B, B C, or. the times of their description, 
the proposition is manifest. 

C0BOX4LAAT. 

225. Hence the ve- 
iocity of a revolving 
body^ at any point Q 
or R, t9 inversely as the 
perpendicular S P or 
S T, falling from the 
center of force upon 
the tangent at that 
point. 

For, let two othor 
bddies m and n be sup- 
posed to move uniform- 

ly from Q and R, along T ^"V "'^"^^^ iS 

the taunts Q P «na 
R T, with velociries re- 
spectively equal to those of Ae revolving body at Q and 
R ; then the distances Q m and R n, gone oyer in the 
same time, will be to each other as those velocities ; 
>and .the areas QS^n and RSn will be equal, being equid 
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to those described by the levotvhiff body in the same 
jtime :* whence Q w x S P being = Rn x S T, it follows 



that Qui: Rn :: ST : SP :: 



S P • ST* 



PROPaSITION IX. 

2S6. To determne the Law of the Centripetal Force, 
tending to a given Point C, whereby a Body may de- 
scribe a given Curve A Q H. 




Let Q P be a tangent to the curve at any point Q ; 
upon which, from the center C, let fall the perpendi- 
cular CP ; put C Q=iSf C P=« ; and let the velocity 
of the projectile at Q be denoted by v* 

Therefore, since v^ is always as — (by die Qrtrpl. to 

Lemma) it is evident, by taking the fluxions of both 

quantities, that v^ will also be as — r- : but the cen- 



ter 



txipetal force, whether the body mores in a right-line 



IN CfiNTEIPSTAL VORCBS. S^ 

or a curve, is. always as r- (by Art. 219 and 206) 

Therefore the centripetal force is likewise as —t^. Q.E.L 

The same otherwise. 

227. Let the ray of curvature Q O be denoted by 
R : then, because the centripetal forces in circles are 
known to be as the squares of the velocities directly and 

the radu inversely,''^ it follows that the force tending * Art^. 212, 
to the point O, whereby the body might be retained in 
its orbit at Q, or in the circle whose radius is Q O, 

1 1 
will be defined by — x sr- : whence (by the resolution 

of forces) it will be C P ("«>): C Q (s) :: -j^(the 

s 
force in the direction Q O) : ~r^ ^ the force in the 

■ . . ss . 

direction Q C : which, because R = -7 •{• will alsoa. Art. 73. 

be expressed by -vr-. Q. iB. /. 

r 

Another w<fjf. 

228. Let n 9 be the inde^itely small part of the 
right-line C 9, intercepted by the curve and the tan- 
^nt Q^, expressing tne effect of the centripetal force 
m the time dP describing the area Q C ». rTow these 
effects, or the distances descended by means of forces 
uniformly continued, are known to be in the duplicate 

ratio of the times, J! or of the areas denoting those ^^ Art. 901. 
times: § therefore, 'the centripetal force at Q, or theg Art.S24. 
distanpe descended by means thereof in a given time, 
will be as n 9 applied to the second power of the area 

Q C J, or as ^ ^ . This expression is the same 
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with that given by Sir Isaac Newton in his Principia, 
Book 1, Prop. 6. But, to adapt it to a fluxional cal- 
culus ; let Q £ be an ordinate to the principal axis AG ; 
and let (as usual) A E=jr, E Q=j/, AQ=2r, E e (or 
Qe)=i, Q jr=i; supposing eq (parallel to EQ) to 
intersect the curve and the tangent m m and q. 

Since Q 9 is conceived indefinitely small (or in its 
nascent state) the triangle nmq may t)e taken as recti- 

* Art. 136. lineal;* also the angle n=rC Q P and the angle »i=: 

Q}*: whence it will be (by Trigonometry) as 

^.CQP (n)\S. Qqt (mjy.mq.nq; thatis,as^ : ^^ 

y. mq : nq z=: — —- — pr— ? : which substituted above 

CP X Q^ 

. CQxQtxm q ^ ^ 
gives ^p, J for the measure of the centripetal 

force at Q : but mg (supposing x to flow uniformly) is 
known to be as -y : therefore the force at Q, is as 

CQxQtx -y , -jjiv 

— Qps^Q ' i — 9 or Its equal ■—— ; where the divi- 
sor fu^z^) is as the cube of (Q C q) the fluxion of 
the area A Q C. 

The very same theorem may likewise be deduced 
from that given by our second method : for, since (R) 

• Art 68. the ray of curvature at Q is universally* = — , the 

value of -^ (there found) will here, by substitution, 

• •• 

become = ,.f . 
u*z^ 

This expression, thoughin appearance less simple than 
j^, first found, is, for the general part, more commo- 
dious in practice. 
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COEOLLARY I. 

£29. It the point C be so remote that all right-line^ 
drawn from thence to the curve may be considered as ^ 
parallel to each other, the force will then (making, Q r 

penfendicular ta C a) be as ====^=TT» ^^ barely as 

CQxQrj^ 

^^i ; since s (C Q) in this case may be rejected. 

From this expression, which is general, in all cases 
where the force acts in the direction of parallel lines^ 
it appears that the force, which always acting in the 
direction of the ordinate Q E, would retain the body 

in its orbit, is every where as -^ ; because Q C here 
coincides with Q E, and Q r becomes = x. 

9 

CoiiOX.LABY II. / 

930. Because the force, tending to the point C, is 
universally as Trrrrr — jr-^ (or -x^ the force to any 
other point c, will, by the same arguiiient, be as 
^3 ' rr. Het{ce the forces, to different centers 

cp\ X y cj 

C and c (about which equal areas are described in the 

C P^ 

same time) are to each other m the ratio of — — to 

-S. inversely. 



CobOllaey III. 



2S1. Moreover, the ratio of the velocity at Q to 
the velocity whereby the body wight rtHdvci^^ie drclk 
ahmt the center C, at tihs distance CQ, b'^afidf dei> 
duoed from hence : for, sdnee th« odttfity ftt Q is tba^ 



- 
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whoebjT the body might revolve in a circle about the 
center O, and the forces tending to the centers O and 
C are to each other as « (C P) and « (C Q) ; it there- 
fore fellows, if the ratio sou^t be assumed as t? to tv, 

that ^^ : — - : : n : , (by Art. 212). Whence also 
•* : w^lluxQQ (uR) : sxQC (a^j and consequently 

(because U = :^). 

The same prcmortion taay also be derived from Carol. 
2. iVop. 7. For it is there proved ^t v l w H 

\^ — I ^/ ; and it appears from above, that 

= — : whence the whole is manifest. 

If OL be made perpendicular to Q C, Q L will be 
( CQ— )=T'"^CQ^ IT^ a^d there. 

fere o I 40 I ! Q L : C Q : which is another propor^on 
of the proposed celerities. 

CoftOLLAmr IV. 

282. Lastly, the law of centripetal force being given, 
the nature of the trajecfory A Q mav from hence be 
found; for amoe the finroe (F) is universally defined 

. u —1 * 

°Y "ST* ^* ^ evident that -g-j will be = the fluent of 

Fi ; which, when F is given in terms of », will become 
known ; and then, the rdadon between u and s being 
given, the curve iudtf is known. 
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EXAMPLE I. 

2S3. Lc* the given Curve AQH be the Logarithmic 
Spiral, and C the Center thereof: then u (CP) being 

in this case = — ,* ^e have -j-:--!- (==— r- x ^-3^^ Art.2«7. 






and 



v/ 



«1^ 



( = 




Ht Art 331. 



i/*!*^* )=umty. Hence, 
^ a OSS "^ 

it appears that the force is in- 
vers^y as the cube of the distance ; 
and the velocity, every where, 
equal to that whereby the body 
might revolve in a circle at the 
same distance. 



EXAMPLE 11. 

284. Let it be required to find the Law of the Centripetal 
Force, wherdg^ a Bodyy tending to the FocuaC, ismade 
to revolve in the Periphery of an EUipm AQDB. 

From the other 
fixnis F draw F K 
parallel to CP me»et- 
mg the tangent PQ 
(at right-angles) in 
KjjomFQ; put- 
ting the transverse 
axis A B =s a« the 

semi-conjugate O D = 1 6, and the parameter {- j 

ssp; then, CQ and CP being denoted as above,§( ArtS31. 
we have FQ (=AB— CQ)=:a— *,- whenai^ by re»- 
wm of thtt similar triangles C QP and FQK, it will be 
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s:u::a^s:FK=^ g-^x^ g^^ fkxCP is 



s 



a — sxvr 



= D- (by the nature of the curve). Hence we get 

,, , , 1 4a 4 

s } o* ; and consequently -- = -rr- — vr ^ 

wh^edf the fluxion being r = "" rr^' ^® obtain 

it ' 2a 1 2 , . /^ . A A xa-* 

•Art 227.-77 * = -^ X -^ = -^, and V -^ t = V \ — 

+ Art. 231. m'* *' « PS' ^ su ' ^ a 

/fq 

= \/ -r^. Hence, it appears that the centripetal 

farce ur, in this case^ aa the sqware of the distance in- 
versely ; and the velocity at Q is to that whereby the 
body might describe a 'Ctrdc' at the distance G Q, every 

where, in the ratio of FQ^ to A O . ^ 

If the curve had been an hyperbola ; then x 

tt« (instead of ?Zf x u^A would have been =16-, 

s ^ 

, ^. ft 2ii 1 2 , _ , - 

ana «d »-^-t* =K-it X '^^ ^-"^ we veQr sAm0 aD before* 

But, had it been a parabola, the e^vilEltioil would have 
been x «* ±: J &«, or — (= jr-l =i i|?; ' and 

the force, «ft7/, as — -. But the measure of the velckjitv 

ps^ 

(1/ J. == \/.JLlL-f ) in this ca9e^b0MimiiM?/barfi]y 

^ \ su ^ a ^ 

=ac V^' it follows that the vdocity in a parabola is to 
that whereby, the body\ might describe a circle at the 
same dktancfi frmn the center , in the constant ratw of 
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EXAMPLE III. 

2S5. Let tf be required to find the Law of the Centripetal 

' Force^ by which a Body, tending to any given Point C, 

in the Axis, is made to describe a conic Section AQH. 




Put the semi-transverse axis (O A) sa, the semi^- 
conjugate =r b, ' and the given distance of the point C 
from the vertex A=c : put also the abscissa A E = y^y 
the ordinate E Qs^> aira C Q=:5 (as before). 

The area of the triangle ECQ being (= fEC x EQ) 

SB ' 'Z ^ 9 lis fluxion is therefore =£: ^^.HlMSZM^ ; 

whieh added to yx^ the fluxion of the area A E Q« 

gives 9- — ^ ^ for the fluxion of the whole area 

ACQ described abovt the center of force. Whence 
(by Art, 228) the required centripetal force at Q will 

be as -^. . Which expression is general, 

let the curve be of what kind it will. But in the 



case above, y being = — ^9ax + x^^ we have y = 

c« 



b±x\a±x) 
a V 2ajc T «^ 



-a4j&« 






%ILX±X^A 

s 



7, and cy + yx-xy^ 
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bx xca + ax + ex 

y^ — ; and thorefore, hj substituting thds^ 

values, we ^et ^-^^ ■■ . = — ,. - 

Which, because r~ is constant, will, also be as 

8 

==rT. From whence it fellows, 
ca + ajc+cxi 

1®. If c be = + a, or the center of force be in the 
center of the section, the force itself will be barely as 
{T 9) the distance. 

2". If it be in the focus, then ac + ax±^cx becoming 
= C Q X a, the force will be inversely as the square of 
the distance. 

3°. If the given point be in the vertex A, the force 

will be as --: which therefore in the circle (where x=z 



ar' 



*^ \ . 1 

^j will be as — , or the fifth power of the distance 

reciprocaUy. 

4**. Lastly, if the point C be at an indefinite distance 
from the vertex, or the force be supposed to act in the 
direction of lines parallel to the axis A O ; - then, the finrce 
will be as the cube of O E inversely. 

PROPOSITION X. 

• * 

236. To determine the Ratio of the Velocities of Bodies 
revolving in different Orbits, about the same, or dif- 
ferent Centers; the Orbits themselves, and the Forces 
whereby they are described, being given,' ' 

Let A Q H be any orbit, described about the center 
of force C, and let the force itself at the prindpal ver- 
tex A be denoted by F ; also let r stand for the semi^ 
parameter, or the ray of curvature at the vertex, and 
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let C P be perpendicular to the tangent Q P. 




Then, the celerity at A being always as \/rF 
(by Art. 212) we have C P : C A : : y/TP (the ve- 

locity at A) to ^ ^.^ , the velocity at Q (by Art. 

C P • 

225). Which answers in all cases, let the values of 
A C, r and F be what they will. Q. E. /. 

COKOLLARY I. 

I I 

287. If the centripejtal force be as the square of the 
distance inversely, or F be expounded by 



A C^ ' 



the 



A C 

velocity at Q will become -^^ — x 



n/ 



AC^.' 



or 



a/ f 

^TB- whence the velocities, in different orbits, about 

the same xenter, are in the sub-duplicate ratio of the 
parameters, and the inverse ratio of the perpendiculars 
from the center of force to the tangents, conjunctly. 

Corollary II. 
238. Hence, if the celerity at Q be denoted by Q q, 

and C 9 be drawn, then Q q being as ■!!- , it follows 

that V' r is as CP X Q^y, or as the triangle QC^.* 

s2 



L. 
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therefore the areas described about a common center of 
force in a given time^ are in the sub-duplicate ratio. ^ 
the parameters, 

COROLLAAY III. 

£39. Lastly, since the area of the curve AQHB, &c. 
• Art. S34. when an ellipse,* is known to be as (AO x OD) AO x 

V^r X AO (supposing O to be the center) if the siune 

be applied to i/ r, expressing the area described in a 

given part of time (by the last CorcfJ we shull thence 

have A Ox V^AO, or AO, for the measure of the 
time of one whole revolution. From whence it appears, 
that the periodic times, let the species of the ellipsis be 
what they willy are in the sesquiplicate ratio of their 
principal axes, 

PROPOSITION XI. 

240. The centripetal Force, tending to a given Point C, 
being as the Square of the Distances reciprocal^, and 
the Direction and Velocity of a Body at any Point Q, 
being given; to determine the Path in whidi the Body 
moves, and the periodic Time, in case it returns. 




It is evident from Art. S34 and 235, that the trajec- 
tory A Q B is a conic section ; whereof the point C is 
olie of the jToci. 
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Let F be the other ibcus, and upon the tangent 
P Q K let fall the perpendiculars C P and F K, and let 
C Q and F Q be drawn : also put the semi-transverse 
axis AO=a, the given focal distance CQ=£{, and 
the sine of the angle of direction C Q P (to the radius ' 
1) = ?H,' and let thie given velocity at Q be to that 
whereby the body misfht revolve in a circle about the 
center C, at that distance, in any given ratio of n 

to unity : then it will be «i : 1 : : F Q* : A O* (by 
Art. 234) therefore «3 : l^-.-FQ (2a-d; : AO (a); 

whence A O (a) is given = ^ ^« Moreover, since 

C P=m X C Q, and F K=m X F Q, we have 0D3 (= 

CPxFK)=m«xCQx FQ=|!^; whence the 

semi-conjugate axis (OD) is given likewise. 

Lastly, it will be (by Art. 239) as C T^ : AO*; : 
(P) the periodic time in any given circle, whose radius 

AO^ 

is C T, to I x P the required time of one revo- 

lution nirhen the orbit is an ellipsis ; that is, when n^ is less 

2d 

thaii'S^ totj if n^ be = 2, the curve (as its axis ^ 

2 — 11 

beMnes infinite) will d^enerate to a parabola; and, if 
n^ be greater thati 2, the axis bein^ negative, it is then 
an hyperbda ; whose two principal diameters are equal to 

JL«>A.^^. Q.E.L 

n3-2 Vi|2-2 

COBOLLABY. 

241; S^cdijg libber the value of A O, nor that of 
tb^peri6£c tiine, ik afiksted^with m, it ftilows liiat the 
pTthd^ axis, mi the periodic time, will renndn inva- 
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fiable, if the velocity at Q be the same, kt the direction 
at that point be what it will. , 

The same solution may likewise be brought out> from 
Art. 238, by first finding the principal parameter : for, 
it is evident that the area described by the body about 
the center C, in any given time, is to the area de- 
scribed in the same time, by another body revolving 
in a circle at the distance CQ, as mn to unity : hence, 
•Art. 238.it will be 1^ I rn^n^ : : d : (nfn^d) the semi-parameter :♦ 
from which (proceeding as above) we get axm^n^d 
(=: O D«) = m«x(2ad— d^); and consequently a = 

:z 9 the same as before. 

2-»«' 



PROPOSITION XII. 

242. The centripetal Force being as angf Potver (n) of 
the Distance f and the Direction and Velocity of a Body 
at any Point A hein^ given, to determine the Orbit 
or Trajectory, 

From the cen- 
ter of ftirce C, 
to any point B in 
the required tra^ 
jectory ABD, let 
C B be drawn ; 
join C A, and 
let'Ai be the gi- 
vei^ direction of 
the body at the 
point A, and 
Cb perpendicular 
P thereto ; also let 
the velocity at 
A be to that 
whereby a body 
might describe u 
circle A£ F, about the center C^ in any given ratio 
ofp to unity; putting CA=5a, and CB=« : then, 
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\iecause this last velocity (the centripetal force being as 

n+l 

or or a") is rightly defined by a * ,* the velocity * Art 214, 
t>f the body at A will be truly expressed by 

Moreover, it is proved in Art. 9SX and 206, that if the 
celerity, at any given distance a from the center, be 
denoted by c, the celerity at any other distance x will 

be truly represented by \/ c^ + ^ • 

whence, pa^ being substituted for c, we have 



^/. 



2 S^"*"* 
p^ H T- X a*+* =- for the celerity at B. 

But now, to determine the curve itself from hence, 
let B P be a tangent to it at B, and C P perpendicular 
to BP ; also let C B, produced, meet the periphery of 
the circle in E ; putting the arch A E=2r, the foresaid 
velocity at B (to shorten the operation) = v, and 
C6=6; then it will be (by Art. 9^) v \ c (the ve- 
locity at A) :: i : CP = — : whence BP (= 



V^CB«-CP2) - 



V 



• Moreover (by Art. 86) we have, as C B : C P: ;© : 

(CP 
pp= X v) the velocity of the body at B in a direc- 
tion perpendicular to C E ; and consequently as C B : 

C P C P X C E 

CE::^^ X V (the said velocity) to — ^^-^^ — x o 

the angular velocity of the point E (revolving with the 
body). By the same article, the velocity at B in the 
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B P 

direetion C B E will be r^p^ x v: therefore, the velo- 

city of E being to the vekoity of B, in the said direc- 
tion, as — TrsT— *o 77=, the fluxions of A E (z) 
and C B (x) must consequently be in that ratio ; that is, 

be a »» <'^ 

y . . =r. Which equation is general, let the 

law (^ the centripetal force be what it will : but w 

— r, and c- =3 »^a"+*; it becomes i^ =» 

» + 1 

' " ^ J.J>^— ' j ■■ ■ ■' I.I » I. I i.i ■ i't M , • ■; whose 

^ «^ ii+l ^ n +1 X a*+' 

fluent is the measure of the angular motion ; firom 
which, when found, the orbit m&j be construct^ : 
because, when AE, or the angle A C E is given, as 
well as C B, l^e. position of the point B is. a&Q g^en. 
But this value of i is indeed too complex to admit of 
a flHenIt in algebraic teaoiB, or ennai. hft oir^ular: ana^ 
and logarithms, except in certain particular cases ; 
aa when thp expOBent n in equal' to I, — 3, •- S, or 
•— 5 ; hesidte som^ others wherein tV^ valu^ of p apd, 
n are relfited in a particular manner. (^ I^- /• 
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CaBOLLARY I. 

348. I£ the ^:9en tekoity at A be sueh thiit f^+ 
2 /"IIT" 



, = 0, Qxpvs^ '^ (which is alwajjrs possible 
when the value of n+1 is negative) our equation will 
become i= — ^. ^^ : which, by put- 



x\/ -p*h^ 



p^ar 



ting n+S:»m, &e. is reduced U>i ss 






^V -4? 



OP** 



wWeof the fluent will be found (by the second part 
of this work) eaual to + — multipKed by the JSl- 
ferenoe of the two' circular aro^ whose secants are 

^, — and %. to iIm^ radius unity. From this valMte 

of the arch A£ the pofdtum of the pcnnt B, iathe 
orbit, is given. 

But W the an^ of direction C A ft be a.rigr|^ one, 

the fluent will become barely = + — x arch whose 

jfi. 

secant is -j- (because then i=:4, and the arch whose 
a** 



f» 



secant is "t j =0) whicK therefore when x^ be^mfes 
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1 

infinite, will be ^rUly defined by + 5— X whole peri- 
phery A F, &c. Whence it is evidegit that the body- 
must either fly entirely ofi^, or fidl to the center C, in 

1 
a number of revolutions expressed hy+g— ; accord- 



ing as the value of m is positive or negative. - 

Thus, if » = — 2, and m == 1, the body will fly 
entirely off in half a revolution : and, if n = — 4, 
and m = — 1, it will fidl to the center in half a revo- 
lution. 

COROLLABY It. 

S44. Moreover, though the fluent expressing the angle 
at the center cannot be exhibited in ^ general manner, 
^et there are certain cases of the exponent (n) where 
Its respective values may be derived fi'om each other. 

For let (as above) n + S he put = m, and (to 
shor|en the operaticm) let G A (aj be taken as unity : 
then our equation will be transformed to i = 

: make 



^Vi + -- 



2 2jr 

X J^ — ft* — 



•m 

y^ofi^ and it will be fiurther transfi)rmed to i = 

~ X ^ - 

m 



\/i + 



' 4 

put r = 





2 


y^ y 


4 

^ — 62 — 




2 


t 


m — 


- 2.|>« 


m 


— 


— X 


and 


it 


will 


become 


z 


MM 



V^ 



^ 






= : lastly, 
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fet = 1 + ==— (or 1 — 
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3 2p* \ 

T — , or a^ = — I and then we shdl 

r— 2.5f« ^ r-p«xr-2^ 

have J3r=— X j ^ 



X y^— 6* — 



Which expression (excepting the general multiplicator 
— ) being exactly of the same form with the first 

above given must, therefore be the fluxion of the angle 
at the center, when the index of the force is r— 3 ; 
fi>r the very same reasons that the former appears to \fe 
the fluxion thereof when the index is wi— 3 (orn^. 

Hence, if the fluent of 
— :, or. the 



yVi + 



2- JLl ^ 

X y — 6* -T 



r— 2.^ - r — 2.^ • 

angle at the center, when the exponent is r— 3 (or 

4 ■ 4 

8 = — r^^'— 3) be denoted by ir, the value 

7/111+0 

of 2, (the measure of the said angle,' when the ^ 

2to 
ponent is m — 3 orn) will be truly defined by — . 

From which. we collect, that; if the indices of the 

."'■"-■ '4 

force, in any two cases, be represented by n and — - 

^3, and the respective distance firom the center by 

11+3 

X and X ^ , then the angles themselves corresp6ndiBg 
to those distances will be every where in the constant 
ratio of 2 to n + 3. Therefore, when the orbit can 
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be constructed in the one case, it also may in the other^ 

provided the abbve equation J* ( = ' -= =)= 

'^ , for the relatfott df the celerities At A, 

doeg TOt bepoiae imp o ssiM b, afritniy^flomerime^ when 
n is a negative punuber. 

CoBOLLlAT III. 

S45. If the body be supposed to move in a ver- 
tkat iSpPtc&m AH; then, putiiag tfie velocitjr 






I 

^ 1 

(C H) = f |>« X » + 1 + ll*^* X a = the height 



*-*-«+! 



to which the body will ascend : hence Jp«xn+T+B 

X a— a (KB'AH^is: the distance through i^h it must 
feeely descend to acquirer Aed^eQ oekaiyat*A; iSm 
distance, in case of an uni&rm force, when n = 0^ 
will' beM&e afe |ji%: nitd, when: tlie fbrce is- in- 
versely as the square of the distance, it will then bes= 



2— ;>« 

But 

ctettt 

1 



It, when 19=1,. or the velocity at A is lust suffi- 
to retain a body in tlie eirde A£!1^, AH bec^tnes 



=»— y-j: X Or -^ a^ which in Ae tvio' caiba- 

afw ^B aid wiUv be e^wl U^iiOi mi<<ixe0p0stivtfy; but^ 
infinite^ wh«ti ^Asm^-^St 
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M» 



CoftOLLABY IV. 

24S6. When the value of n + 1 is positive, the ve- 
locity at the center, where a? = 0, will be barely = 



V 



^o. . ^ X a"+*; but if the value gf n + 1 

be negative, the velocity at the center willbe infimte ; 
becau^, then 0"^* is in§nite. 

COROLLABT V. 

8*?. More^er, when n + 1 is negat ive and x in- 

/ ^ 

finite, the velocity also becorae»;= y p* + ^;;j:j 

because then af+*=0. 

Hence, if the centripetal force be inversely as some 
power of the distance greater than the first, the body 
may ascend, ad tnfinittm, and have a velocity always 



Xtf 



,«+i . 



greater than 



V^' + iTTl 



X a"^' ; which is to 



n+l / 

pa 2 , the pven velocity, at A, as y/ j 



p2 + 



2 



« -h 1 

« And this will actually be the case when the vahie 

oi p^ ^ -Ji« is positive, or |>« greater than ^^^j * 

but not otherwise, the square root of a n^ative quan- 
tity being impossible. 

Thus, if n=:— 2, or the foiiee be inversely as the 
squ9ffe of the distaace, and jp% at the same time, greater 

than 2 ( ^ ) the body will not only continue to 

ascend in infinitum^ buthav^ a velocity always greater 
than that defined by •i>«-2, which is its limit. 
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Corollary VI. 



248. Hence the least ' celerity sufficient to. cause the 
body to ascend for ever in a right-line is given. For, 

/ 2 

putting \/ p^ H = X o^' = 0, we hav© p = 

Therefore the least celerity by w^ich: 



\r 



the body might ascend for ever, is to that whereby it 

may revolve in a circle AEF, as v/ to 

unity. From which it appears that, if the force be. 
inversely as any power of tie distance greater than the 
tkirdy a less velocity will amse a body to ascend ad in- 
finitum than would retain it in a circle. 

Scholium. 
S49. From the ratio of the velocity 

( V P' H 7 X «"^' T I wherewith the 

\^ ^ TO+ 1 n + 1/ 

body arrives at any distance x from the center/ to that 

•Art 914 ^*^ '^* ^^^^^ ^* ought to have to revolve in a circle 
at the same distance, it will not be difficuI^to determine 
in what cases the body will be forced to the center, 
and in what others it will continue to ily it ad infinitum. 
For, first, if the angle C A & be acute, or, the body 
from A begins to descend, it will continue to do so till 
it actually arrives at the center, if the former velocity, 
during the descent, be not somewhere greater than the 

latter, or the quotient y p"^ -^.——x ^,-^^^ 
greater than unity ; because, if it ever begins to ascend". 
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it must have an ap6e, as D (where a right-line drawn 
'irom the center , cuts the orbit at right-angles) and * 
there the celerity must evidently be greater than that 
su£Scient to cause the body to revolve in a circle. . 

Secondly,' but if the quantity 



v/, 



+ ? X— T-i T 5 ill the access of the 

. n + 1 05**+' n 4" 1 

body towards the center, increases so as to become 
greater than unity, or be every where so ; then the ve- 
locity at all inferior distances being more than sufficient 
to retain a body in a circle at any such distance, the 
projectile cannot be forced to the center* 

After the same manner, if the angle C Ab be. ob- 
tuse, or the body from A begins to ascend, it will con- 
tinue ,to do so for ever, when the foresaid quantity is 
always greater than unity, or, which is the l^ame, when 
the body, in its recess from the center, has in every 
place through which it passeth, a velocity greater than 
sufficient to retain it in a circle at that distance. 

It therefore now remains to find in what laws of. the 
centripetal force these different cases obtain : and, firAt, 
it is easy to perceive that when the value of n + 1 is 

positive, that of V i)« + x —r-, 7 will, 

by increasing x, become equal to nothing. Th^efore' 
the body cannot ascend for ever in this case : neither 
can it descend to the center (except in a right-line) 
because the foresaid quantity, by diminishing x, be- 
comes greater than unity (or any other assignable 
magnitude). 

But, if the value of w be betwixt — 1, and — 3,* 
the said general expression, taking x infinite, will also 

.' . . 2 

become infinite, provided the v^Jue of p^ + — - be 

n + 1 

positive (or p- greater than r-V Therefore the 
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body, in this case, may ascend ad cn^ntf «m, but camiot 
possiUj fall to the center (except in a right-line) since, 

Q 

9 the value of the general expression^ 



sT- 



n + 1 
when x=0, is greater than unity. 

Lastly, if n be expressed by any negative number 
greater than->3, or the hiw of the force be inversely 
as any power of the distance greater than the third, tlie 

^ ^ ^n + l V+* n + 1 
will, stSl^ be denoted as in the preceding case; but 

here the latter of them, V/ "^ , is less than unity. 

Therefinre the body must, in this case, either ascend (or 
ever, or be forced to the center; except in one parti- 
culinr circumstance, hereafter to be taken notice of. 
Now, from these observations we gather, 
1^ That, when the centripetal force is as any power 
of the distance directly, or less than the first ^wer 
thereof inversely, the orbit will always have an higher 
and a lower apse; beyond which the body cannot 
ascend or descend. 

9r. That, when the centripetal force is inversely 
as any power of the distance (whole or broken) b&- 
twixt#the first and third, the orbit will also have two 

/ — T" 

apndesy if n be less than \/ — ■ ■■ ■ ; but otherwise, 

^ n -f 1 

only one ; in which last case, the body, after it has 
passed its apse, will continue to recede from the colter 
in infinitum. 

S^ That when the force is inversely as any power 
greater than the third, the orbit can, at most, have but 
one (qtse ; but, in some cases, it will have none at all ; 
and it may be worth while to inquire here, under what 
restrictions of the velocity (p) this will happen ; since 
thereby, besides being able to know when the body will 



bs fbk^ to the center^ Se&. Wi^ ah«ll M up(m a dlr- 
etitnsiiinee domeWhat retnaiittbie And curioun. 

Noi^ tt aptyearS) that, if the body from A begins t6 
deiio(h^, it mu8t^ whieti it com^ft to an up^e at D, hav6 
a velMity thex^ gvdatet thatt is luffidem to r^aiii it 
in a circle; in which oase the g^ti6tal ^xpl'efisiofi 



^/. 



1 • 1 ■ ""■ -- . ■ - ^ ^ . . ■ , , 



i>^ + -T^ X -inT -^ — ^ (so often mentioned 
-^ n+1 a*"*"* il*fJ 

above) must aecotdingly be gi^eatet* thaA titiity. Let 
it be therefore made equal to unity, which is the utmost 
limit thereof, beyond which the orbit cannot admit 
of an apH ; puttmg at the same time x, or its divisor 



n/. 



I i J ■ r 



8 ~ 2«-+^ 



«4 4. X A?« — 2>«5« — -— ^ , in the 

general equation of the orbit, eqUol to nothing 
(it being always so at the apsides). Then, from 
these two equations, duly ordered. We shall get x = 

2 + n + 1. p^ 



n +3 



1 

X ft, and »^ ( «t -— rt- f 



11+3 



g + n + 1 . )>* ^ «- jvjow, it is evident, if the 
» + 3 ^* 

value of p bo greater than is given from the last equa- 
tion, the orbit will have an apse ; but, if less, it can 
have none. In the former case, the body will there- 
fore fly quite off; and in the latter, it will be forced to 
the center. But we are now, naturally, led to inquire 
what will be the consequence when the value of p is 
neither greater nor less, but exactly the same as given from 
the foresaid equation : this is the case above ninted at ; 
and here the body will continue to descend for ever in a 
spiral, yet never so low as to enter within the circle 



whose radius C 



-. . 2 + It + 1 . J>« 

D IS ss . — S-- 



I 

"1 



n+3 

VOL. !• t 



Jl+l 

X a. For, if 
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the contrary wer^ possible, the body, at its arrival to thd 
circumference of that circle, would (because of the 
foresaid equations) not only have a direction, but also 
velocity proper to retain it therein ; which cannot be, 
because the parts of the orbit on either side of an apse 
are always similar to each other. 

From the same equation, the value of the limit 
will also be given when the angle of direction C A 6 is 
obtuse, or the body is projected upwards. 

For that equation (as is easy to demonstrate)* ad- 
mits of two different roots, or values o{ p; the one 
greater, the other less, than unity : whereof the former, 

S'ving C t) (^x) less than C A, is to be taken in 
e preceding case, and the latter (making C D greater 
than C A) m the present. And the body will, either^ 
continue to ascend for ever, or come to an apsCf and 
from thence fall to the center, according as the given 
value o( p is greater or less than that here specified- 
But if it be neither greater nor less, but exactly the 
same, then the body, though it will still continue to ascend 
for ever in a spiral, yet it can never rise so high as 
the circumference of the circle whose radios C D is= 



^ X a, for reasons similar to those 



n+8 I 



akeady delivered, in respect to the preceding case. 



^ Mathematical Dissertations^ p. 167. 
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APPENDIX 

TO 

VOLUME THE FIRST. 



IN presenting the student with an Appendix, the 
object of the editor is to furnish hiiii with such addi- 
tional matter as th^ promss in this subject, and others 
dependent upon it, made since the original publication 
of the work, seems to demand. Mapy important dis^ 
coveries in tl>e Fluxionary Calculus, under different 
titles, have siice that period been published, both by 
our author himself and contemporaries, and subsequent 
writers. The applications of these improvements to 
questions connected with Natural Philosophy, have 
been equally e:^tensive, and in order to understand the 
great works of Lagrange and Laplace, and many other 
important works^ which are treated in a manner wholly 
analytical, it has become necessary to have at command 
every resource which this branch of abstract inquiry, in 
its present improve state, can afford. As far, there- 
fore, as the limits of ah elementary work will permit, 
we will endeavour to supply these c&^tiderato, makings' 
at the same time, such remarks upon the work itself aa 
may appear useful. 

SECT. I.-— In this Section we have the fluxions of 
a^braic quantities only. The fliixioni^ of logarithms, 
otexponentials, and of circular quantities^ are given in 
articles 126, 250, and 142, respectively. In the exam- 
ples we intend to give in maxima and mintmaj in drawr 
ing tangents to curves^ &c. &c. (subjects which are in- 
troduce previously to those articles) it being riecessBJf 

T 2 
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to emjloj the fluxions of such quantities^ we shall pro« 
ceed to determine them. 

■ 
1. Required the Fhucwn of (fj a being constant, and x 

variable. 

By ordinary algebra 

a' = 1 + Ax+ --*-- -h s — ;r-T; "f 00 whcre 

1 .2 1.2.3 

^«a-l-|.(a-l)2+j..(a-iy- x .* 

Therefore, taking the fluxions of each term 

(^•,^.+4^«.+4^+^+ 

=,Aix(t+Ax+^+ ) 

=x JixtP. 



■'^■'■»i ■.■■ ^ m m m ^m- f -II ■ » ■■ ■ < w| ^n .i i I - III ,1 

*For«*==(l+i;-rT)*==l+ar.(a--l)+x.?^' x 

(a--l)«+ 

= iH-jp {(a-l)-i.(a-l)«+^.(a-lV 

-r ]-\-Bx^ + Ci:^^ &c. 

]f, C, &c. being at present unkiu)wn. 

Similffliycr+-«l+4.(a?+tt) + S.(a:-f-tt)«+C.(:p+w)' 
Also ar^=ar x ef'^fl+Ax^Bj^^...) x (}+Au+Bu^+...) 

-I + A . (a: -{- u) + A^ .xu + B . (x^ -h n^) 
+-4J?(««a+i««j:) + by actual multiplication. 

BmmA^.am+BAixHi'^'U^x)-^ sSjBvtt-f- 

3C(^%+i«*j?)+&c. 

. ^ A^ BA A' a .k 

sam manner may the othw indetefmmato be fbiiBflL 



AypEHsix. STY 

Nwil=::a--l-i. (a--l)«-f .....QD rs /. (a) (Jbeiiig 
the characteristic of hyperboliQ logiarithms). 

.\ thefiwcim of an expol^entud ((f) u equal to th 
product of the exponential itself, the hyperbolic logarithm 
of the constant^ and thejbixwn of the variable. 

Let a = e = the hyperbolic base, Then /e = 1 and 

(S.) To determine the Fluxion of log. x, a being the 

base of the System. 

Let u=/og'. j;. Then »3=:a% 

X 
.•. I«= — r— 

xla. 

Or, 2%e fluxion of a hgaNthm equals the fluxion if 
the variable f divided by the product of the variable and 
ike hyperbolic logarithm of the base of the system. 

If / . a = 1, or a = the hyperbolic base, we have 

U=:(lxr=.-. 

(8.) Toflndthejhixionofar. 

Let «=«• 
Then i.tt=st)./.dP . Therefore 

ii ■ £v 

-z^vl.X + (lx)'v=:vlx + - (2) 

U <JL 

(4.) Toflnd the fluxion of sin. Xy and of cos. x. 
By Demoivre^s Theorem 
COS. «0+ i/— 1. «tn. nO=i(cos. 0+ V^— 1 . ««. fi)" 



. n9+ V —1. «n. n^:=.(cQs. d+ V^ — 1 . ««. fl)"| 
f. nO-'/IT sin. n^:=(cos. d-l/^T «n. fi)"j 



* This Theorem is bert pmt ed by the aetaal multi- 
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Adding and subtracting these equations, after ea* 
panding their right-hand members by the binomial 

theorem, and dividing by % and 2 "V^ — 1 respectively, 
we get 

C08. fiO = cos,'^-" *''*"" ^ COS. — «0 sin. «d -f 

n.(n>l)(n--2)(n-8)^^ ^^^ ^^ ;^^ ^ 

2. 3. 4 

J • A — .lii p - 71 . (n — 1) (n — 2) 

and Mit. nO =r n . «». ■^*fi «n. d — — ^ ~r^— ^ 

2. 3 

v«,. -^d«« n.(n-l)(n-^2)(it -3)(n-4) 
X COS. "~50 . Mil. ^d &q. 

plication of co«. ^+ ^ — 1 ****• -^» <^<>*' ■^± V^ — 1 x 

sin. By COS. C ± V — 1 «ii. C to n terms. The 

product will be 

COS. {J + B+ n terms) ± V^ — 1 . ^tn. {A+B-^- 

C-h n terms) = (cos. A ± V^— 1 . sin. A) x 

(ccw. B ± /^^ «/». J5) X 8U5. Let J = JB = 
C= 

Then cos. n A± v — 1. sifi. nA:= (cos. A+ V — 1 , 
sin. Ay which is the theorem in the case of n being an 
int^er. 

P 
Again, let a = - . -4. 

Then (cos. a ± l/— 1 sin. aj^ =: cos. qa ± V^— 1 x 

sin. qasscos,pA± V — 1 sin. pA = (cos. A ± V^— 1 
sin. Ay. 



.„ P 



p 
sin A)'' which is the other case. 
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L«et n=oo 9 and d=0, so that nO may be finite and =jc. 
Then eos. d=l, m«. 0=0= -, ^ ' ■ = ^ &c. &c. 

and by substitution we find 

x^ x^ . JP^ "^ 

co5.x=l-j-^ + ^ g g^ ^^r^iS. 4.6.-6 f 

.9tn.«=j:-Y^+-Y-^g ^^ 1 7 "^ ) 

H^noe 

isin.x) =i(i- o'^nisIi'flXi.'^re "•" ^ 

= X COS. X 

and 

Hence, The fluxion of the sine of an arc eqtials the 
product of the fluxion of the arc and the cosine cf the 
arc. Also, The fluxion of the cosine of an arc equals 
minus the product of the fluxion of the arc and the sine 
of the arc. 

These results are derived from the circle in a more 
simple manner by our author in Art. 142. 

5. To find the fluxion of tan, x, cot. Xy sec. x^ and 
fiosec. X. 



(sin. x\ * 
COS. x) 



sin. x\ (m». a?)' (cos. x)' sin, x 
COS. X cos. ^x 



X COS. X X sin. ^x X. (cos. -x-\-sin. -a) 

: 1 —. — i r 

COS. X COS. ^X COS. ^x • 

m 

X , 

= r- (radius = 1), or =i . sec. -x or = 

COS. ^x ^ 

jc . (1 + tan. '^x). 



or 
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^-—^,^-^^,^ ••■■A 

Again (cot. xY = {tan. QO^^x)' = ^^^ ,^^ ~y 

— i 
-: — r"j ox = — X . (1 +coe. sjc). 

.- , X. / 1 \' — (co*. «)■ x«ml» 

^ ' \f}08.9r C08^^X CM.'X 

=3 X tan. X . sec. x, or = i l/«ec« 'a?—- 1 . sec. x, 

sin. (90— «) 

And (co«ec. «y = {«ec. (90**— x) }'= — «. j-jtjt r 

^ ^ ^ ^ ^ cos. * (90— »/ 

-•ac . CO*. X 
*= : — o — 1 or =s — X . cot, X . CQ^ec. x, or m — « . 

Ycosec. *j?— 1 . co«ec. x. 

These results, as well as those deduced in the pre* 
cedixig articles, being of frequent occurr^oe, the student 
is recommended to commit them to memory. They 
will enable him to find ithe fluxions of tho most compli- 

c^ted forms, such as I . •-: — =• , /. \/ r 5—^ s s -^ 

c*H-l ▼ 1— sen. X 12 

sin.x.c^s.x sin. nx ,, l^ « , « • 

2 ' (sin xY ' ^^** ^ * x) ' ^ fluxion^, 

;^ter the picc^r reductions, are found to be 

2c*x X ^ . — ». «tSn. (»— l)x . a5 

_ jj ^j^^ 2j^ .__ __ J 

C'*— 1 COS. X («».»)"+' 



- Sin. (^ . - ), &c. respectively. 



Having prepared the student for finding the fluxions 
of every species of quantity, we wi]l show him the 
utility of some very eelebrated theorems. 

Let f(x) represent a quantity any how involving x 
f called, a function of x)y and let it be required to expand^ 
when it is possible^ f (x) in terms of the ascending 
powers of X. 
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Assume if «/«« A+fijr-f Cjp^+i>»' +iiJi»f*+ 
A^ By Cy &c. being constant. 

Then^ =JB+2Car+82>JF2+4!£»'+ 

X 

- = 2C + 8. 2Z?« + 4. 9Ex* +S.4iFx' + . 

X* 



-=8.2i>+4.a.aE«+5.4.aF««+ 



»5 



&C=:&c. the law being evident. 
Let X = 0, and the cocreqionding values of Uy 

-, -, &c. be denoted by (7, t^,, t/a, &c. 

Then J=C7, B=^U,, C=a,xi^ ^=^^^23^ 

Therefore /ra:'J = U+ U,.x+ ^^«-f +^3-^ 

-t &C. which i3 ths 7heorca(n of Maclauri^pi. 
Ex. 1. Required to expand l.(l + xj. 

*- JL . f7 -1-1 

- «. r-— , . . t/i — - — J. 
» 1 + 0? 1 



tt 



X- (n-«y 



, .-. f74=-l 



U -2.3 . FT _ Q « 

&C. = &€•, &C = &C. 

Jl^ x' x^ 

Therefore /.(1+J?) 35 a? ^ + _.— -. + ,. 

» J> 4 ' 



MS 
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Ex. 2. Required to expras'an arc in terms of its sine. 
Let xszsin. u 
Then tf=aic whose sine is Xy /. {7s=0 

(see 4), .'. 0^=1 (radius 



X COS. u v^l—a'* 
being 1) 

u X 

(1 -««) 



3 * 



a .1 3.»« 

3 ' a 



t^,=l 



** a-x-f 



X (9+ *«),.•. t/;=o 



-=S. 8.0-**) ^ + 2.5.9*^(1 _««) * + 
8 . 6 . 7 «♦ (1 -««)"*, .-. tr,=3 . 8 

M»„~.., J ^' 3.3*5 

1.2.3^ 1.8.3.4.5 ^ • 

Ex. 3. Reqmrtd to express an arc in terms of its 
tangent. 

Let x=stan. u. 

Then, since - = (I+m^)-!^ Q^y 5^ ^y proceeding 

as above, we get 

M = :r— -+ 

3-5 
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Oth^ examples are. To express a number in terms of 
its logarithm; To express (cos. x)'* in terms of x ; To 

express in terms of x ; &c. &c. 

cos, X 

1 

In many cases this Theorem fails, as in ii = —. 

us:il(xj, x=ssec. Uf x=scosec, Uf 8cc. because in the first 
/7 =r - =00 , in the second U=sl . (0) = — oo , in the 

third and fourth x can never equal 0. In many of these 
cases a transformation will give the function the form 
proper for developement. We have not room, however^ 
to produce any instances. 

Supposing « =y (xj to be such a function of x^ 
as is developable into a series of powers of jt, with oon-r 
stant co-efficients, we may assume 

u=f(xJ=zJjf+Bx^'\-Cx'-\' 

Let X become, by the variation of Xj x+h. Then 

it=zf{x+h)=A.(x+hy+B.{X'\-hy-\'C.(x+hy'\-... 

z=Ai''+Bx^'\-Cx^+ 

+ h. (aAx^'-\-bBx^' + cCx^' + ) 

A« 

+ ) 

h^ 



i 1 a oT* (a.a— l.a— 2.-4.j;"-^-f i.i— 1 x 
1.%. 9 

b^.Bx^'-^ ) 

+ &c* &c. by the binomial theoreni, which 
^ me must suppose established on algebraical principles. 

But Jjc" + i?x* + =/(^) = M 

aJx^'^ -¥ bBx^' + ?=- ' 

X 



i I i-i 



Sec. S3 &C 

If u h^ i h^ 

.•.<=/. («+A)=«+-A+ -. j^+-^' jj^ 

+ &€. which was first given by Newton at the end of 
his Prindpia, but is known by the name of Tc^bn^s 
Theorem. Lagranse and some subsequent writers 
make this theorem Uie basis of the Fluxional or Dif- 
ferential Calculus, by defining the fluxion or differential 
of a function to be the secona term of its developement 
according to that theorooa. 

The theorem may be simplified by making As=i,* 
for then 

Functions of various kinds may be expanded by this 
theoreno, into a variety of series, by givmg to (nj the 
requisite forms, &c. 

We will give an example. 

Let u = tan. "^Xy (or the arc whose tangent is 

«) = -x- — y, by supposition. 

Then x=tan. u=:tan. l-^ — y)^cot. y 

«_ 1 . , y 

X 1 + a?* "^ » 

»• • 

^=^ X «n. 2y= - {sin. y)«. m. Sy 

Simikurly ^ q -i = "^^ (**^* y • ^^' 3/ ' ^' % + 

sin. ^y • co«. 2y) 
=m. ^. «tif. dy 



AP7EKDIX. S8S 



and !!L.i-.= — m. ^. «ui* 4v 

1.2.8. »^ "^ 

* 

Hence ton. -" (a? + A) = ton. "^4: + «wi. j^ . «n. jf. j 

— m. hf. sin. 8y. -q- + «n. ^y. sin. 8y . -j-— ^«i.ty X 

5tn. %.— + Ca; 

Let A = — a:. 
Then, ton.""'* = -5- — y=x.«m.^.stn.y + "o x 

«tn. %f . «Mi. ^y + "5 «w*« 3y. «w 'j^ + ^ . «n. 4y x 
^n. ^^ + J.... (b) 

Since x s= co^. y, we also have 

w . sin, 2y 

— r=j^ + stn.y . cos.y + — ^ — .cos. ^y+ (c) 

Again, in aeries (a) let A =x — Sx, and we got 
2 ton. ""'j? = rr- . «in. 3^ . sin.y + — ^ . «n, 2y x 

«in. *^ + — Q— wn. 8y . sin. ^y + ., (d) 

Substituting co^. ^ for J? in (^d^ we get 
— s=:jf+«tn.jf.co«.^+ J. m.8y. cot. «y + -— x 
^n. 3y, COS. '^ + ••••••• •••• (c) 

Hence, by making j( =5 -^9 Wthave 
2 "" 4 ■^■g"*" 2x2 ■*"«.2 ""6.2 ""6.2""7. g"*" 
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.•.^ = i+g + 3-y-g-^+&c r/; 

And by similar substitutions in series (a)y many other 
beautiral formulae may be obtained. See Euler, Inst. 
Cale. Diff. Part II, 57, &e: 

Maclaurin's might evidently have been deduced from 
this theorem. 

Given y = a -H x. ^, to expand u ^fy ^f.{a+ x^) 
according to the powers of' or, ^ and J denoting knovoti 
functions^ and a being independent of x andy, 

Sinoeyssa + a: . ^, we have 

V St; V 

-^ — — 4- T -- 

• • 

y St? ij '^ 

Now, since t) is a function of ^, and y is evidently a 
function of t, taking the fluxions in the supposition 
that X is the principal variable, we have 

• « . 

-: = T • T (this will be manifested by an example, 

X V X 

such as V = j^ =/. (ipx) = (a-^x)% where v = n % 
(a+x)— * . (a+x)*= ». (a+j)""'i). 









&c. ='&c. ' 

• ■ • 

V V y 

» y ot 
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•• • ' • • •* * ^ A ^' 



Acain, from the equation u = /fy ,)> taking x as th« 
variable, we have 

it ii if 
ac y 0? 

ac« y« «2 ac« y 

But by Maclaurin's Theorem (see page 281)^ 

« = f7 + i7,a? + f^i • -g + ^3 • 8^ + *^' 
and f7 z^f(a\ the value of it when a: = 0. 



&c. = &c. 



.(^■.^j(^- 



a 



x^ J 
"^ 1.2,8i 



<«). X ^}" 



a2 



+ 8U5. . 

This , theorem (making a? = 1) was first given by 
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Lagrange^ whose name it bears, and is h^hly important. 
A few examjdfss will show its advantages. 

Ex. (1). Let it he required to revert jl+^+C^^ + 

•• = O9 or to express y ^ in terms ej the com- 

stanis A, Bj C, &c 

Since y = - ^ -•§. (C + /)y + £jr« + ), 

comparing it with uszjy=f, (a+x^)) we have 

«y= -5.(C+J>y + %«+ ), and .-. 



a« 



{ 



^ = - -. (C -t- 2>a + Ea^^ + ). 

(faY a 

Hence also -=^-:^ =3 -r = 1 
a a 

a an 

-f ....). } = Sec. &c. &c. 

Ca^ Da} Ea^ 
Hence^ dt a - — _ --^ ^ &c. 

— W "^ 

+ Ac 
where a = — -g. 
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Ex. 2. Ltt it he required to express the Eccentric 
Anomaly of a Planet^ reckoning from the Perihelion^ in 
Terms proceeding according to the Ascending Powers of 
the Eccentricity of the Orl^ 

If y denote the eooeutric anomaly, e the ecoentricitj^ 
and nt the mean anomaly, it is wellknown that 

y = nt -{• e . sin. y ; 

which being compared with 

u = Jy =z a -\- X . (fy, we have 

u =z yy a =: nt, X zsz e^ ^ =>= sin. y^ and /. 

fa z=i a ^ nt^ (pa =• sin. a = sin. nt. 

Henoe ^^h^ = — r- = ti 



t 



{(.,.. m} 



2n sin. nt • cos, nt x nt' x n 



a nt 

n^ X sin. Znt 
Sec. = &c. 

By performing the successive operations, and substi- 
tuting, we shall finally obtain 

e^ e^ 

yzznt-k-e .sin.nt-^- j-^^ x^.sin. ^^ + J^g^ 

. X (3^. sin. 3iU— 8 sin. nt) + ^ ^ ^ . . ( 4* sin. 4nt 

X. M, O. Ti. #% 



- 4 . 2^ 



c* 



"'^- *^*) + 1.2.3.4.5. »4 X (S'-^««- S«^ 

5.4 
— 5. 3*. stn. 8ni + . -=— 5* ww. nf) + &c. From the 

comparative smallness of e, this series converges very 
rapidly. 

For other examples to this theorem, see Lagrange, 
Xisdytion des Equations Numiriquesy and A CMection 

VOL. I, u 
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of ExamjdeM of the AppUcations of the Differential and 
Integral Calauus. By 6. Peacock, A. M. &c* 

This theorem has been extended by Loflace to the 
finrm 

which it is required to expand according to ascending 
powers of X. 

Assume « =/. {/• {a+x(f^) } = >)/. (a+x^). 
Then, by Taylor's Theorem 

a '^ a* 1.2 a* 

1.«.3. ^ • 

Also ^ = ^. {/(a+*^)} = <Pi • (o+ a^) by sup- 
position. 

Let 4a = Oq 9 — r- = a, , — 7T-^ = ^ 9 &c. = &c. 

a 'a* 

(?i a)' (^i a) * 

and ^ = 9. 
Hence uzs a^ + a^v x x -h a^v^ x y^ + 03©' x 



«» 



+ &c. 



»» 



1.2.8 
and t>i=^o + -^i«> XX + A^v^ x 7^ + iije' x 

+ Ac. 



1.8 



1.S.S 
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Also v^ = Jo^ + 2 Jo AjV X X + &c. 

&c. = &c. 
.'.by substitution, we get 

But, by Maclaurin^s Theorem, 

tt = C/ + f/', . J? + (7, . Y^ + ^<5- [see page 281.] 

and supposing ^ = in each of the above coefficients, 
we get (since on that supposition i; = 9^= 9, {fl-\rX(f^\ 
becomes <P, a) 'l. 

t7 = flg = 4'a 

rr A ^^y 

a 
&c. = &c. 



similarly /73 = -^ x {(<?>i«y.^ 



,, V i(^a)«. '^f 

a I a 

1.2 ■•" ?^ ^ 1.2.3 ■•■ *®* 



which is called Lceplaeis Theorem. 

u2 
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This Theorem might have been established in the 
same manner as Lagrange's, and vice versa. The stu- 
dent is advised, for the sake of practice, to use both 
modes of demonstration. 

For the application of these principles, we refer the 
student to the Collection of Examples^ &c. by G. Pea- 
cock, A. M . &c., where he will find abundant illustra- 
tion of this subject, especially in what relates to the 
investigation of the roots of equations. See also La- 
place, Michanique CilestCj tome 1, p. 170 — 18L 

We now come to Partial Fluxions^ called by 
D'Alembert, who applied them so successfully in many 
physical problems of thie roost arduous solution. Partial 
Differences. 

If « be a function of x and j^, denoted by 

and its fluxion be first taken on the supposition that x 
alone is variable, and on the supposition that y alone is 
variable, we shall have results of the forms 

Pi'x,y).x, r(x,y)y: 

^hich are termed the partial fliiocions of Uy relative to 
X and y respectively. 

Also, since it can make no difference in the entire 
fluxion of tt, whether we suppose its parts due to the 
variation of x and y respectively, to be generated together 
or separately, we have 

u^F(x,y)x+F'{x,y)y: 

which Geometers represent by 

u u • 

« = 7 *-*^ j-y W 

-r and -r being named the Partial-Fluxional Co-effi- 
X y 

cients relative to x miy respectively. 

Again, operating in the same manner upon each of 
the terms in equation (a), and continuing the same prin- 
ciple of notation, we have 



y«i *y« ■ 


y*y 




• • • • 

u u 


• • 

• • 


• • 

• • 

u 
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•■ •• •• 

= l** + ^i^ + ^y' ^*> 

•• ■ *' 

111 u 

for -r-. y» = -rr iy, since we shall obviously get the 
yx xy 

same result whether we take the fluxion of u, supposing 
X constant, and then again supposing y constant, or in 
the inverse order. 

In the same manner, since, for the above reasons, 

• • • 

• • • • • • 

u u u •>. 

Am) 

y*x yx y^x^ ^cyiy 

&c. = &c. 

the order -of the variables in the denominator §fhowing 
that in which they are considered variable, we have 

• • • • 
•• •• ■• •• 

u u u u 

x^ x-y xy^ y ^ ' 

&C. = &C' 

By examining the results marked a, 6, c, the law of 
continuation appears very similar to that in the Bino- 
mial Theorem. 

Those equations also exhibit the successive fluxions 
of functions of two variables in a manner different from 
the method used by Simpson. 

Ex. Required the fluxion of xy. 

Let u = xy. 

u u 

. Then w = - i + t^ y^ by (a) 

u 
but -r X = xy (considering y constant) 

X 
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and -z- y ^ yx (x being constant) 

,-. 6 s ^i 4- xy. [See page 7.] 

If u =f(x,yf Zy &c.) the same considerations will 
show that ' 

tt tf If 

X ff ^ 

and so on for any order of fluxions. 

The following Theorem of Euler affords an appliea^ 
tion of this theory. 

Ifu^f(x^ V, 5 )htan homogenetma function of 

Xjy^ z whose terms each rise to tht same dmension 

m, and tee have ^ 

tt = A"i + Fy + Zi -f 

then it may be proved that 



Xx -{^ Yy -^ Zz -^ 
u = ^ 



m 



By putting y = ^x^ z = z'x^ &€. we easily transform 
« to 



z 



u^jr.ffl.z., ) 

\X X 

and taking the fluxion relatively to each of the varia- 

ft z 

ibles, X", — , — 'by the principles just delivered. 



X X 

u = mx'^ 



\X X 

(1) 

U KZ — tX 

©■ 



■) 






i 
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{uir— '//^ ' ) - JT*-^ • P - «-^«Q - }i 

+ ar-^Py + ar-'Qi + 

P, Q, &c. being put = :, , &c. 

But li also = Jr« + Fi^ -h Zi + 

.*. equating oo-efficients of x, y, &c. we get 

- &c., r = X—' P, Z = sr-' Q^ &c.=&c. 

and substituting for f ('^, - ), P, Q, &c. trans 

\x X 

posing the negative terms, and dividing by — , there 

X 

finaUy results 

mu = JTx -{- Yy + Zz -{- 

•s 

This theorem is useful in the integration of homo- 
geneous equations. 

We will give another example. 
Given two different functions of x^y 
F(x^y)KiAf. (x,y)^ 
to ddermine if one function be a function of the other. 

Let u =zf (x^y) ... f c^, and assume 

F(Xyy)=^(p {f(x,yj} =: (p (u) z=: V. 

V ^ 

Hence — «+— y = » = tt^' (u) by Ajp. 
X y 



But from equation (e) 



u u 



t 
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X y X y 

which can be true only when 

X sc ^ y y 

Hence ~ . — = ^ . ~ r^^' 

. the equation of condition, which being satisfied 

F (t, y) is a fiinction of/ (x, ,y)- 

As a particular instance, take 

(a'x* -f Jy) (ax + iyr = J^ (^.y) ) 
and a«x« -h 6y — a^^ =/• ('r,y). ) 

* "" (a« + lyf 

y - (ox + fty)« 

If 

y ^ 

which being substituted in equaticm Cf) the two mem- 
bers are found to be identical, and F (jc, y) is therefore 
a function o{f (x, y). 

It is easily seen indeed that 

^ (*> y) = (ax + 6y) xfixyy). 

, In this place we might show the method of elimi- 
nating oonstantis from equations between two or more 
variables, by successively taking the fluxions and making 
proper substitutions ; but as it involves no new prin- 
ciples, nor any difficulty in the application, of those 
already explained, we shall proceod to matters of 
greater impwtance. 
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We shall here treat of Vanishing Fractions^ or those 
fractions which, under certain ciicumstanoes, assume the 

indeterminate form '^ . 



N 
Let -rr- s= Q be such that (N and D are functions 

ofx) X being put = a, both nimerator and denominator 
inay vanish ; required under these circumstances, a de- 
terminate value o{ J*. 

Let JV., Z>„ Q., &c. denote the values of N, D, 
Qy 8cc when for x we have substituted a. 

Then since N =z D Q 

JSr = D'Q '\- QD 

.-. />• - Q + J/ 
and yrv = Q„ = •=j, smce D^ = 0. 

Again, if -j^-* also = -jr, we have 

iNT* = D' Q f 2QZ>' + Q D 

and ^ = Q, = ^, since 2>* and Z) each=0. 

N^ 

If -^ still = jr" , we mist repeat the operation, and 

so on, till at length we arive at a determinate value. 

K 
This value will be that of g^ = g . [See page 155.] 

Ex. 1. Let Q =i ' ». 

x^ 



t * 
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n: 1 



Ex. 2, Let Q= 






Then Q. = tp = - 5<. 
A 

a" — ic" 
Ex S. Z/e< Q = ^ f denoting the hyperbolic 

logarithm.) 

Then Q. = j^ = na". 





1 


2; 


Ex. 4. Let Q = - 


cot. X 




N- 




Then Q • = 


(0 

■ D' 


2 

MM 


(0 


(i) 


T» 



Ex.6. 






n««"+' 



Then Q, = — ' = 

A 



N, n . (n}+ 1) 2n + 1) 



1.2.3 



which 



ex- 



presses the sum of the series i 

1 +2« + 8«l- n2. 

This method failing in sone cases of N and D being 
fiinctions of irrational binomiisy trinomials, &c. we shall 
subjoin a process of general pplication^ which has the 
advantage also of being very {mple. 
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Let a+A be substituted for x in iNT and Z>, which let 
be expanded by Taylor's theorem, or any other equi- 
valent process, in series ascending according to the 
powers of A, so that we may have 

Q,^.t=g ./,^ p,,^ ' ■ which being considered ac- 
cording to the three cases m > , = , or < wi', will give, 
by putting AsrO, 

Q. = 

orQ. = - 

1 - 

or ft, = — = X . 

Hence, then, the following general rule tar finding 
the values of all functions of :r, which assume the 

fonn ^ when ,=«. 


Take the first term of N and D expanded according 
to the ascending powers of h (x being put^a-{-h)^ re- 
duce the resulting fraction to its lowest terms^ and then 
put A=0 : the result will express the value required, 

w X 

^ * **^' "g" «« 

We thus find — becomes -- = ■—-, on the 

, irx 8 

4 X COS. -Q- 

supposition that x=0. * 

Also that 3 becomes -x- = -y 

g^a g2*x _^z 6 

when x=iO; which fimctions express the series 
111 



and 



1—1^2 ^ 3e _ j^« ^ 6? _ x2 
111 



12 + j?« 2« + jT^ ^ 32 + a:« 
respectively. 



xx> 



QO 
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Sometimes j^ is of the form — which may, how 
ever, be reduced to-r-, and treated aooordingljr. 

Voj _ 2 ^ ^ ^ 



For^T- = - = 



iV. 

Also we have -^ = 00 — 00 = tt • 

1 

For X — x=xx(l — 1)=Q x0=^. 

Examples of these kinds of functions are 



N ^'^ 
(1.) -r = — -— - — 8 cot. 26. which becomes ~ 

— ft cot. 2d, when jr = x ; and — = -j-~2 cot. 20, 

1 $ 

which is the value of ton. + 4 ton. "o + 02 • ^^w* a? 



00 



+ &c. to X • 



4x " 2a(c»*_l) 



, which expresses the 



senes 



1 + a?^ 



3»+» 



; + 



X 



Here ^ = QO - 00 = Q- g . 



I 

r. 
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SECT. II. — The subject of maxima and minima 
has been so amply and ably treated by our author, that 
little need be given in addition to this section. We 
shall content ourselves with applying TayWs theorem 
to distinguish between maxima and minima of functions 
of one variable, and a few examples in Transcendental 
Functions (exponential, logarithmic, circular, &c.), and 
in functions of two or more independent variables. 

The function of x expressed hy u=f(x) admits of a 

• . •• 

u u u 

maximum or mtninMm, if — = 0, or if each of —, ^ — 

4 5 

^ u u u u u u 

and — = 0, or t/ eacA 0/ — , — , -r;, ~, and - 

6 

«• •« • 

u u u 

= 0, or &c. according as —, or rr, or -rr, or &c. re- 

X X* X 

spectively, is negative or positive. 

For, by Taylor's theorem [see page 284.] 

tf u h^ 

«i =/(^ - A) = tf : A + — 



«,=/(r + A) = ic + ^A + J.^ + .. 

u, and «, being the values immediately preceding and 
succeeding K. 

Now when h is ver^ small, any one term of the series 

Ah-\-Bh^+ oo IS greater than the sum of all the 

succeeding terms: for Bh^ + Ch^+ =A«. (fi+ 

Ch+D¥f ), and CA+DA«+. = A.(C+2)A 

+ ) is evanescent compared with J3, .*. Bh* is 

greater than CA^ -f DA* + and so on 

Hence all the terms beyond — . Y~a ^ ^t > "2 ro*y 
be neglected, and we have 
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X ' i« 1.2 
u u h* 

But in the case of uszmax. u is greater than both Ui emd 

• ■• 

u u 

Hi , which cannot possibly be unless -r = 0, and tz 
is negative. And when tt=mm. u is less than either 

til or «^; therefore, in this case, -r = 0, and tt is 

X x^ 

positive. 

Again, let both — and t^ equal 0. 

Then tt, = tt - T5 . 1:2:3+^7; . 1 2 3,4 i 

- ?- ^' ^ A^ f 

tta- « + ^3 • i.2.3 + -e4 • 1.2.3.4-/ 

higher powers of A being neglected for the same reason 
as before. By the above moae of reasoning, it alsa 
appears in this case, when u = max, or min. we have 



the 



u ^ u _ , tt 



7 = 0, ^ = 0, TT = 0, and T5 = a negative or 

positive quantity, according as u = max. or mim The 
same process may evidently be continued. 

In functions of two or more variables, the diaracters 
which distinguish the maxima from the mtnma, may, 
by a similar but more complicated process, be ascer- 
tained. 

If u=zf(Xf y)f it will be found that according a& 
U = max, or min, the partial fjuxumB 
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^ are, both native, or both positive^ and 

in both cases, 

^ i« X - X y« is greater than \^-j. 

Examples in Tbanscendental Functions. 

1. To find that Number which bears the greatest 
Ratio to its Logarithm (hyperbolic). 

Let X be the number. 

X 

Then y- = max. and taking the fluxions, we have 
Ix 

.*. £v = 1 = /e, or « = e the hyperbolic base. 

(S). To divide a Number n into so many Parts^ that 
their continued Product may he a Maximum. 

Let X be.the number of parts. 
Then (- j =: max. 

and flonoe the greater a quantity is, the greater is its 
logarithm to the same base. 



I. f-i =»./- = max. 
\x/ X 

.\x.l ni = 



.*./-= 1 = /.e. 

X 

n J »» 

•*• ~ s= e, and op = — • 

X e 

m 

Also c' = the maximum. 
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(3). To divide an Arc A (Radius of the Circle 
being 1) into two such Parts^ that the Product of the 
(n)^ Power of the one^ and the m* Power of the other, 
may be a Maximum, 

Let 9 = one part. 
Then ^ - d =: the other, and 

sin. *0 X sin, *(ul — 6) = max. 
and taking the logarithms 

n /. sin. -^ ml. sin. C^ — 6) = max. 
n 0' COS. mB' cos. {A — B) 
sin. B sm. (A — 9) 

n rail. 9 

^ m — « ton. (J *-6) — ton. d "" ««.(J— 2«) 

/. sin. (A — 2^) = . sin. A, which ^ves 

m -{- n 

A — 29f and /. d. Hence also J — is known. 

4. Required the value of x when -^ = a mi- 

sin.(a -* x) 



mmtfm. 

Answerx^a+' 

4 

The following examples will illustrate Art. 45, p. 4S. 

(1.) Amongst all Paralldopepedons, whose Planes are 
perpendicular to one another, and of given Magnitude, 
find that which has the least Surface* 

Let X, j/y Zf be the three edges of the parallelope- 
pedon. 

Then, since the magnitude is given 

xyz = a (a given quantity) 
and 2vy + 2xx + %^z =s a mmimutn 
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/• bj substituting for x, and taking the hidf, 

a a 

jy + «x— -i-y.— = mm, 
mf "^ xy 

a a • 

or2i = aw4- - + — =: jntn. 

y X 

.% - ^ j^ - - = / 

V see page 43. 
and -=» =?0\ 



90S 



• •-■ 



Henoe^ = 




If* 


-3f* 

a 


.-.y 


="*; 


> 


• 


also X 


=,< 


» which indicates that the parallelq^i* 


and .*. z 


= «♦! 


\ 




pedon is a 


cube. 




• 



(2.) ijf a, i, c, 6c «Ac prfwe Faet<^8 composing a 
given Number A^ required the Number of Times each 
mmt efUer that Number, so that it may contain the 
greatest possible Number of Divisors. 

Let XfVf z, be the number of times a, b, c, are taken 
respectively* 

Then a^fc^c* = A. 

And M = (a?+l). (y + 1) (if /+ 1) = »«w^- (see B«- 
low's Theory of Numbers, p. 32). 

Now first we will eliminate 2 fay means of 
xL a +yLb + zk =: lA 

whence u==(x + l).iy+l) {j^ - -j^ ^ 3^ "fc "^ ^ 

VOL. I. X 



S06 



AnKHSIX. 






la 



- («+l) (y+l) ^ = (by Alt. 45). 

J* /■ . •«\ /'^ *^ 31^ , IX 

-(«+i).(^+i).-|=»o. 

Hence U -^ xla — ylb -f & =ss (ar + 1) . /a> 
and W -r- xld ^ ylb + fc = Cv + ') • '*) 
/. (x + 1) fa = ( j^ + 1) . (6 

similarly %tc :=i ylb -^ I . - 

b 

also zsi lA '^ ylb — ariz. 
/. we have the two equa^ons 



jclassylb -^ I. 



and xlasz lA + I . ^ — Syft 

o o 

=: l.(Aae)-^.i 



I. Mae) ^ 325 



>>«^M«l 



similarly x 



r. fAU) - 2fa 



8fa 



w "H n il 






vhidil^Te 



R£CT. m.-r^Sttppfeflaeiitaiy to this section, which 
treats of drawing tangents to curves, we may give other 
modes of determining the position of the tangent, with 
additional ^mmpled in transcettiental and other curves ; 
also a brief exposition of the method of drawing asymp^ 
totes, or those lines which touch the curve at a point 
whose abscissa is infinite. 

(1.) If X andy denote the abscissa and ordinate of a 
curve respectively 9 and the inclination of the tangent 

to the Urn of abscissa, then ^ » tan. d. 

X 

For the angle SCn = CFm = (fig. page 54), and 

sr:d:::Sn: Cn::i :tan.o 

.\1. zsi tan. 9 Ca) 

This equation is useful in determining the position of 
the tangent, or <^ the curre, at particular pomts in the 
curve ; e. g, required the angle at which a circle cuts its 
diamUfr. 

Uerey^ = Srx t- ««. 

y r^x r— a: * 
.•• ton. = ~- = , —u ; =3 

* V^rx — jr« y 

Let X and therefore^ = 0. 
Then, at the point of intersection, 

tan. 9 = ---^ 30 00 ) 

or » a 90% 
which we also know from common geometry. 

(2.) Required the Conditions of Contact of any two 
Curves whose Equations are y ^f* (r), ^ ^j (i")) 
X and X being measured on. the same straight Une. 

Since at the point of contact the two curves meet, we 
there l^e 

x8 
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AlsOy the curves having the same straight line tooeking 
them both at the point of contact, 

^ =s tan. 6 ( see equation a ) s= ^, 
if X 

The oonditicms of contact are, therefore, 

i = y 1 

^i.= i \ <'> 

The use of theses expressions will readily be perceived 
from what follows. 

Ex. 1. Required to draw a Parbbola whose Axis 
shall coincide with that of a given. Cirde, and tondi the 
Cirde in a given Point. 

Let V* = 2rx — «*> 
d ^2 — 4, ^ be the equations of die cirde 

and parabola,p (the lotus reef iim of the parabola) beings 
at present, undetermined. 

Then^ = L 

and -^ = -H- 
X y 

Hence, at the point of contact. 



p r — X 

= i 



(by equation &) 



or jp = ^ X 2 X (t'^x) = 2.(r— «) 

p ~" |> "" 8.(r-«)* 

If, therefore, a parabola, whose latus rectum is 2. (r— ar), 
and vertex, distant froifi the ordinate of the given point 
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2tx — x^ 

in the circle, by » = 5-7 r-, be described, it shall 

38 (r — xj 

toudi the circle at the given point. 

Ex. 8, To draw an Ellipse of given Eccentricity^ 
having the game line of abscissa as a given Circle^ and 
touchtttg it in a given Point, 

Here 51* = 2rx — jp! 

a __ ^_ /o-A \t«\ r ^ *^^ ^ being the 



= 2rx — X* 1 



and^ 

constants to be determined. 
At the point of contact 

r— af y y' £2 a --^ » 

whence 6« = x a«. 

a — « 

Let the given eccentricity = e 

Then a« — c« =: i« = !lll^ x flS 

a— 0? 

and by reduction we get 

ai, — ra^ — c^a a= arc*, 

from which, having found the possible values of a, we 
set f, which enables us to construct the tangent curve as 
m tlie prece^ng example. 

Ex. S. To draw a Straight Line touching any given 
Curve in a given PoifU. 

"Let y =^f (x) be the equation of the curve > 
^ z=z A-\- Bx that of the tangent $ 

A and B being to be determined, and x and (xf havmg 

the same origin and direction. I 

At the point of contact i 

JB = ^ = ^ , andy = ^, mix ^x^ 

X X 
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.-. ^ » ^ - fix* = ^ - ? JC' 

X 



X 



Of ^ - 3^ = T X (y- ar) («) 

whidi is the equation of the tangent to anjr curve, and 
may be used in numy cases more commodiouslj in 
determining its position, than the common expres- 
sion for the subtangent. 

The normal being perpendicalai to the iangcsit, will 
have finr its equation 

y'-i^=:-* X(X''-X) id) 

y 

y and «^^ bong its co^xrdinates, and x^y^ those of the 
curve. 

Thus, in the h]rperbola referred to its asfn^Mes, 
the equation being 

ab 
y - — 

X 

we have^ from (c) 

x 
Andfiom {i) 

^ obx 



it I ■ p ill II Iliillll^.^WI^II 



Again, in the Ciasoid of Diodes, 
■"'^^ (P«ge59) 
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tMd we feadily find ^ eqitatiitts of die iangoxt and 
normal to be 

^ _ — O . (da~^.af-'ax) 

"'^^= Vax -'^' ^-8» ^: 

Alsd in the ^Tttei, the equation being 

X 

^ = ^ X (ar'+ 2jp* - 3a«) 

^ . 2x. V (MP-** 

In the logartikmic curve the equation is 

and it easily appears that the 

yx 1 

subtangent ss'^ = -^ — » 

^ = a* + (jp' — a?) 0*/. a, 

i 

tod y * a" - (a?'*-- jp) X .^-^. 

In the cttive whose equation is 

y = »* 

The fiubtangent « fTfJ (see page 277) 
^ = »» + (j/-a:).(l + /-j:)«' 

andy'^^-^Y+TTp- 
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The reader will find no neat difficulty in ap^yiag 
these fixnng in the solution of the Pioblems 

To draw a atraighi Line from a given Point touch- 
ing a given Curve ; 

To draw a Curve of a given wUure paaring throiugfi 
agioen Pointy and touching a given Curve. 

(8). We now proceed to determine the asi/mptatqf (if 
any) of a curve defined by parallel ordinates ; a subject 
dfconnderaUe importance, altibough entirely oveilooked 
by our author. 

Let C D E be an atymptoie^ or tangent at aii infinite 
distance, to the cunre AMY. 




A P F 

Also let M T be a tangent at the point M, and draw 
AB, P D, at right angles, to C F ; and put A P=jr, 
PM=5^- 

Then since 

P T = "^^j and A P = «, 

y 

vx 
.'. A T = ~ -^ X which = A C when x is infinite. 

y 

Also J = tan. MTP (see page 307) which = 

AB 
tan. A C B = T^r? when x is infinite. 
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Hence by nmking x infinite in the values, deduced 
from the equation of the carve, of 

yx 

(c) 
and? X pf-a:)or^-^ 

we get A C and A B, which are 8u£Bicient to determine 
the position of the asymptote. 

To find all the asymptotes we must treat the epila- 
tions (e) in a similar manner for the infinite value of ^. 

If A.C and B C be both finite, C B being joined 
and produced indefinitely, will be the asymptote re- 
quired. 

If A C be iniSnite and AB finite, C £ bemg drawn 
through B at right angles to A B, or parallel to A F, 
will be the asymptote. 

If A C be finite, and A B infinite, the asymptote, 
will pass throudb C at right angles to C F. 

If A C and A B be both infinite, the curve will 
have no asymptote. 

If A C and A B bodi =s 0, the asymptote passes 

through A, and its direction is fi>und hf\^ ta% 

(see page 807). 
If ACssO, and AB be infinite, it coincides with AB.* 
If A C be infinite, and A C = 0, it coincides with 

AC. 

Ex. !• Ld the Curve be the eommon tiyperbohf 
whoie Equation iaj/^ =s -^ . (2ar 4- ^0* 

Then PT = ?2^±£ (page 68) 

ax 
and.-. AT=5:PT-a? = 



a+x 



or A C = ■■ = a. 

00 
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Henoe C is the eentar of the hypdrbols. 

- _ i X oe - • 

Henoe, drawing A B, A B^ == + &, on different sides 
i£CAf And joining C B, Ac. we^t the pofiitkm ct^e 
agjmptotes, the same as by the orcunary methods oFgeo- 

Ex. 2. Ltt the Equation of the Curve he 

j^ *— «' = cMpy. 

Then it will be found that 
and/. AC = ^ -= g (y being finite). 



8x« '^ 8» 



ay 



Now, to separate.the variables, put zr; = ^ (which 

will apply in similar cases). ' Hence y ss Sxu^ and 
sufastitutiDg in the original equation, fte^ we get 

— J? ~ 8tc = 0, 

a' 

and 1% beaig finite, may be omitted when ^.is iifiwiffe. 



" . 


or tt = 5 
8 

IE 

Hence A C = g > 






|-a« 

3f 


af 




Sx^+tunf 



••• 
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• * * " - S»* - 8» ^ X 



Taking, therefore, A B == A C = -g, and joining CB, 

&C. we shall get the asymptote required. 

Other curves having asymptotes are, the CiasM 
O* = -—^i Conchoid (a+««) . (J« — j:«)=«y> *e 

Witdi (y = g y flJg "" ^ J. Also the curves whose 
equations are^'=aa?*+jr', and ax*— iy^+ca?y=0. 

Another method of determining asymptotes, is by 
finding from the equaticn of the tangent 

fir what ifobieg of site otiiniUee beoome n^bUte. 



Ex. Id the Cissoid^we have ^inge 811) 

^« i^£ — (8a-ar.^-iflc) 

58. (a-<r)* 

wfaidi becoming infinite, when x=:a, coincides with the 
tangent, or is an asymptote. 
Other applications will readily suj^^t themsdvies. 

(4) Given the EqwUion between th$ Sadiua Veptor 
(f), and the Jngle described (d), of a Curve, to draw a 
Tangent at aiy Point of it. 

Let S P be any position of the radius vttitor of the 
curve A B whose pole is S. Also let S T be drawn at 
right angles to S P, meeting the tangent T P R in T, 
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and with S as ooiter, and fadim = 1, describe the 
drde A^ cutting the curye in A and S P inp. 

Then, nsee the point P has two nwOons, one in the 
diiection S F, and the other pemndiculai to it, aiiuiu 
fion the angolar motion itf S P, if the iode&nitet^ imaU 
apace P R, unifmnly described and measuring the vdo- 
city of P in the carve, be lesolrad into F Q, Q B por- 
pendieiilaz aad parallel to S P respectively, PQ, QR 
will rqneKDt the velocities of F in those direcdom, or 
the fluxiaoB of a circle whose radius ia S P, and of S F. 



Let 8 P s r, and A j> = «. 
Then pj = G', and we hare P Q a 



A1sdQR:PQ::SP: ST, whence the subtangent 



Sp 



Xpq^lff. 
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Ex. 1. To draw a Tcti^eni to a Curv9 whose Equa- 
tion U 

• = <; 

a* 

* — • • • • • ^ » • 

Take, therefore, S T = -~ and job T P: TP will 

a 

be the tangent required. » 

When nsl, the curve is the Spiral of Archimedes. 
When n= —1, it is the Reciprocal Spiral. 
When ns — S, it is Cote^a Lituw. 

Ex. S. /fi fAe Involute of a Circle 

. c 

Hence, m&fam. = 'Jt = iZtZ^, 

Of a 

Ex. 3. /» the Conchoid I 



•' == 



0— a) l/f«— «<v+a«— J« 
Hence, <i(&ta». s= £-;- = 



Other examples are the Conic Seetima referred to the 
yocKtf, a circ/e whose pole is in the circumferenoe, and 

1 

the curves whose equations are, == "y ■ ==» 

(>« = Od - 0«, d = fl^ + Jp« + Cf ' + &C5. 

In this place we might dilate upon the conditions of 
contact, &c. of any two curves refixred to the same pole, 
and deduce conclusions similar to those for curves 
referred to an axis ; but matter of greater importance 
daims our attention. 



(fi). To^nA th A^gmpMii of Cwrvcs refirred to 
a Pole. 



Compute the subtangent ^-r- for the infimte value of 

fy and find the eofiesponding value of d. Draw a per- 
pendicukr to that radium vector which passes through 
the extiemi^ of this value of d, and measure upon it 
the value of the si4)tangent. Then the perpendicular 
at the extremity of this subtangcnt will be the asjmp- 
tot%required. 

If when f is infiniley 6 is finite^ or =* 0^ the eorve 
admits an as3rmptote. 

If when f is infinite, is infinite, there is no asymp- 
tote. 

If when d is infinite, p is finite, the curve admits a 
circular asymptote, the ra£us of the circle being that 
finite value of ^ 

a" 
Ex. 1. Let = -r. 

Then, since is qpt infinite when f is, the curve 
' admits an asymptote, and the subtaiq;ent 

ST = -^rzr - 

when f is infimte, for all values of n except 1, and 
d then s 0. 

Whenn = l, STte— rf. 

Hefice, supposing ^ to 
begm at A, the infinite 
value of f wQl pass through 
Ay and S'J', perpendicular 
to S P, being put =; a, then 
T D, perpendicular to S T, 
will be the asymptote. 

This is the tU€U»if^ksal 




► 



A9f£K]>ZX. 



819 



Let ft == 2. 



Then S T s 0^ and the ongia 
bemg at A, d = 0, and the 
asjfmptote ooinddes with S P. 

This is the L^uus. 

When » is any number greater 
than 2, SP is still the asymp- 
tote. 




Ex. S. In the Conchoid^ the equation is 

aecamt i^ zs p ^ a, 

and .-. ST = ^ . . 

ss b, when p is infinite, 
and sine^ sec. s oo , when f =s oo , 

a ss 90^. 



Henoe, if T be the 
beginning of B, T A a 
quadrant, and S T=&, 
tne perpendicular T D 
will DO the asymptote. 




Ex. 8. Let • s 
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When P s CD 9 f s a. 

Also f camioi exceed a, beesase tl»e& would be 
inmginmy. 

/• a ciide whose ndius ka is ail asymptote to the spzal. 

Also f makes an infinite number of levolutioiis befine 
it tenninates in the center. For when f = 0» d = qd . 



Ex.4. LetO = 



V^f'-of 



Then, anoe f must always be greater than Oy and 
yet may approach it nearer than by any assignable dif- 
ference, the circle ab described with the center S and 
radius s a will be an asymptote to the spiraL 



^ 
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Again, the subtangent 



ST = r=— 1> whenfssoo. 



And 9 then '= 0. 



{f-af)i 



Hence, A being the bemnning of d, and ST s= 1^ TD 
pezpendicular to oT, will be an asymptote to the curve. 

SECT. IV. Simpson, in this section, having 
omitted to treat of Spirals and those curves which a^e 
refisrred to a center or pole, we shall endeavour to sup- 
ply the defect. See page 88. 

VOL. I. Y 
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(!)• To ddermine the Points of cotUraty Flexure 
til Curve$ i^ned by Polar Co-ordinates. 




Let C be the point of contrary flexure. Then sn^ 
posing P C convex towards S, and C P'S concave, it is 
evident that the perpendicular upon the tangent Sy 
increases from P to C, and afterwards decreases. At C 
therefore the perpendicukr is a maximum, and its 
fluxion = 0. 

Let S^ =: p. 
Now from simikr triangles (fig. page 816) 

Sy:Py::PQ:Qii, 

or retaining our fimner notation, 

P : v7^ : ( K «: : / 

Hence p s= ■ . ^ -=; — JLjl— ^ 

and taking the flu:d«»is on the supposition that V is 
constant, we obtavi, 



fl 



• 









+ fi 






A9nv^m%n ass 

iPliit at the point of QOHtrary flexure p xz 0; h^ftce 
then 



•• 



^ - -^ + <>' « 

2 2 • »^ 

is the equation ^ oopditiqi^ for a poky; 4s£ ^^ntraty 
flexure, 

Ex. 1. Required the Poinis of cq/ntrarj^ flexure in 

the CStrve whose Equation fs 0= -^ . z 

ft* n f f^ 

^^MW ^BMiB ^i^M, mmmm^m^m^ * ^p^pa ^^^ ^^^M ^mm^^tm^tm 

f <>"+"■ » 

Hence -^= _ . _ X j^ 

Theiefinre, by subatitution in equation (f) we get 






(g)- 

^ fl _ i _ V»-i 



f' ^ fT 



If » be n^tive^ these equations are uqpossibIe» or 
tibe mini has no points of inflexion. 
Ifit^l, f is infinite, and curve has no inflexum. 

Iftt = a, , = 41= ± l/I 



1 

M>d 9 = ± ^ 



^ all h^her values of » will give points of inflexisB. 

t2 
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Ex. ft. In the Comhind considered as a Sptrcl, 
required the Points ofin/lexion. 

Here sec. B ^ f ^ a, 
.•.0'= , *'^ (page 280). 

m 

Heneej- « ^. y^,* - 2«v + <i«-6« 

J^ = ^ X (2p«-4(v+2a«--ft0 

and substituting in (y[) we find^ after the requisite le- 
ductions, that 

f' + — ^j — f'-^ ^ '+''• (**-«')=o,^ 

the solution of which will '^ve the values of p corres- 
ponding to the points of inflexion required. 

In this place, if our limits would permit, we might 
' give an exposition of the theory of singular points in 
general ; as of Mtdtipk Points, Points of Undulatumy 
Conjugate Points, Points of Double Undulation, &c. &c. 
On this subject the reader may consult, wiih great 
advantage, Cramer, Introduction d t Analyse des Lignes 
Courbes, and A Collection of Examples of the AppUca- 
tions of the Differential and Integral Calculus, By 6. 
Peaco^, A. M. &c. 

SECT, y The theory of Contact and Osculation 
is better explained as follows. 

Let two curves whose equations are y ^=.f(x), 
ff =yCj/^, (« and jf being measured from the same . 
point, and along the same line), touch one another. 

Then (page 807) 

i/ y 

Also, if we suppose x and x\ to increase by the quantity 



I 
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ky and the oorrespondiiifi; increments of y, y (o be A:, k^ 
respectively, Taylor's tneorem wiU give us 

y y A^ y h^ 



and .*. the distance between the curves 

measured along the ordinate corresponding to the 
abscissa i+ A; or the deflection from the tangent, is the 
less in proportion, as there are more of the equations 

t ^ t 

y _ £. > <e) 

8cc.= &c. 

that is, the contact is so much the more intimate. It is 
said to be of the first, second, third, &c. orders, accord- 
ing as one, two, three, &c. of these equations obtain. 

Hence we reduce the whole theory of Osculation to the 
solution of the following problem. 

Given the nature of a Curve to find its dimetisions 
(i. e. its indeterminate Constants) so that it may touch a 
given Curve in a given Point more intimately than any 
other of the same kind, 

(1») Letj:^,v^be the co-ordinates of the tangent 
curve, and first, let it be a straight line. 

Then, since ^ is constant, and t^j > Tjf > &c. all 
vanish, and~j -rj, 8ic. do not vanish, except when 

X X 



{Sjjf) u ako s stni^l hae, only tee of tke equiuifliifl 

Henet one tiraiglU Unt ca$mot touch a cwrve more 

When (x, y) and {p^^j^ we both strai^t lines, then 
an infinite number of equatiOBs obtain, and the lines 
actoally mncida 

(2). Let (pifyjf) be a ciicle wlMMfe geoerale^tiottiB 

R being the radius, and («, /?) the co-eidinates of its 
oenter lefened to the line of abseissa of the given carve 

Then(x'-«)+(#-/S).|^ =0^ 

andl+J-- + (^-0).^=O^ 

Hence obtaining ^ — /3 and ^ -— «, and substituting 
them in the given equation, we get 

R = ^""S)' 



But at the point of contact 

•/ • 

y. - t. 



.-. i? = :^_^ (t) 

y 



«« 



which completely detennines the radius (^ the circle 



which touebes th6 cut^ (^^ y) tfMke iniitAiiidf' than 
aayodief; bMuise nd otfaeir drd)6 ^ill k«ijuire tt^t^ <df 
the eqAttfaons (g) to dbtaiti. 

ThU is d OoAtaet df the seeoHd ordbs 

The ofardes df iilMpfe eoiitoer are iilliiitti^Mibte ; A>r, 
from the equation of the circle, the fit^t bf f il^, and 

the conditions of simpk contact i =» ^, « =^ y , we 

leadilj obtain 

i? ^ 

~ • J? 

« = x + — J , atna iS =B jf — -—»-—-- 






f'> 



whence 2? = (« — «) \/ 1 + — i 

or J?=(y-Q\/l+i;^ 

which, since a, and aits indeterminate, must have in-- 
numerable values. 

Equating these values of R^ ^e get 

e-y= -*(«-«) (I) 

y 

which denotes that the locus of the points whose co-or- 
dinates ate (a, 0), or the centers of the circles of mhtU 
contact^ is the normdl of the given curve at the pomt 
of contact. 

Proceeding as abeve, we ttight determine the degrees 
of contact of other cu^'ves. We should find that the 
ellipse, having four constants in its general equation, 
has three orders of contact ; and in general, that an 
osculating curve having (n + 1) constants in its general 
equation, can only be determined in its dimensions by n 
of the equations (g) obtaining, and thei^fore, that it is 
susceptible of a contact of the n^ order. This we must 
leave to the reader. 
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Geraneters have agreed to adopt the clrde, from ito^ 
i^[ulaiity of curvatiue and general sunplicity, as the 
measuie of cunratuie of other curves ; and that cmde 
which touches a curve most intimately at any point, is 
caQed the drck of turvaJtwrt, and its radius, tne radius 
of curvature of that point. 

* 

HeoceBsz :■, fmj 

L 

the radius of curvature [p. 72.] 

In the ahove expression x is constant, but^ z being the 
jure corresponding to x, y, 

R = — ;— r — , and making x vary, we have 






i» 



which is the complete expression for R, 

(3.) The above method will apply with the same 
success in Polar Curves. We prefer, however, deducing 
the expression for R in this case, as follows : 

If p be the radius vector of a curve' and d its inclina- 
tion to the line along which x would be measured, 
we have 

f = X^x' + y« 

X sz f . COS. and jf = f . sin, d 

and from the equation of the circle of curvature, and 
the conditions of contact [p. 3^6] we get, by substitution, 

(p COS. O-ay + (f sin. 0-^)2 = iJ2 fpj 
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and taking the n fluxions twice with regard top and d, 
we get 

(f . COS. d — «) f -r COS. 0— p sin, 6) + **^" ®""^) ^ 
{■^ «»• ^ + f CO*. 6) = 0, and f ■- co«. — p «n. 6)^ 
-f- (p cos. d— «) X { TT- COS. d — 2 L 5m. fl— p COS. 0) + 
(y 9tn. d + p C05. d)« + (p «Mt. d — j8) . f ^ am. 6 + 

S ^ CO*, d— p sin. B)ss^ ; whence obtaining p mw. d— ft 

and p COS. — a, and substituting them in equation 
(jp^ we finally obtain 

« = — ,: ' ,- (?.) 

(4.) The tvolute is evidently the locus of the centers 
of the circles of curvature for the different points of the 
given curve. Its co-ordinates are therefore « and ft and 

Its equation will be determined very easily by substi- 

• •• 

tuting for y, ^ , ^, deduced from the equation of the 
curve in terms of x, in the equations of contact [see K]. 






andl + '5L 

and hence eliminating x. 

We shall thus obtain the relation between » and 
or the equation of the evolute. 



*-=^a.S)' 



Tki toohk of eoay algdmdcd turte^ ki^gtqiial^ 
kngiky to the difference of the radii of curvature tah- 
responding to its extremitiesy is alwojfs rect^abk. 

We have not much room fiir e3aim]^les in this theory. 
Take the following : 

Ex.1. Let the curve be the rectangular hyperbdd 
referred to Us asgmptoits^ or xy =i a\ 

Then we readily find 

3 

-«» 
««« 



and 6om equations (r) and that of the enrve 

d« a^ , 8a^ »' 

• = -s- + rr-T> •■d $ x= --— + - — 

Hence, to eliminate x, we should have, by the usual 
method, to scdve an equation of the thiid d^ree. An 
artifice, however, will simplify the matter. 

. - a la ac\* 
J „ a la «\' 

i 



... 5 ^ : = (I) . (. .^ «y 



and 



Hence ^ = (|) .{(• + <»)*-(«-?) } 



and 



2« /a\ 1 



*)* 
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and /. (^-\ = (* + |S)*- (« ^ fT, A* eqtMtbtt 
to the evolute. 

Ex. 2. In the ellipse ft/^zz ^ . a« — tf^^, we shall 

find 

a« — &2 



5 = - 



a* 



ab 
and the equation to the evolute^ 

(a. «r + (6w iS?)^ = (a« - JT- 

Ex. 8. In the Trisedtrix the equation ts p = S 
COS. 9 + 1 ; «nd we easily find by equation (f) tW 

p (5 ± 4 cog. By , 
9 ± 6 co«. d 

SECT. VI.— This Section, treating of the fluents 
of algdyraic functions only, is imperfect ; in invatigating, 
the areas, &c. of all sorts of curves, we may have occa- 
sion to find the fluents also of exponefUialf logarithmic^ 
and circidar fiinctions. 

(J.) T6findthefiujentof<fx. 

Let c^ » fc . 

Then 6 = o'i. Z. a [p. 277.] 

.". fifx = - — +.C is -— -^ CyC teing supposed the 

constant which vanished by taking the fluxion, and / de- 
noting the fl\iett of the qudotity whicli imaNdiatdy 
follows it. 



I 

1 
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GtMtrdbf, rejmrcd ihtjbtait of (7i, wAere U is cay 
algdrakpmMon of ft =s «, whatever. 

Sinee x = ^- — as above, we have 
HI. a 

-- — , which is reduced to an algAraie (ana. 
Ml. a 



(2.) To fbA the JUtent of x.<fx^ which is partly 
algebraie andpar^ exponentiaL 

Since (vw)'^ pw -{• wv 

and .'. fvw ss tm '^ f^j ▼c have 

the fluent lequized. 

Aasi getierally^ reqairtd the fbuMi of Xa^Xf where 
X is any algebraic Junction ofx. 

&C. = &C. 

Then since /JTx o'is^jr- -1. f— o-jcrs 

la la J X 

tf 1 

-— JT . fXnifatf if the process be continued we 

la la 

shall obtain 

fX<fx^—^—+—^&c. 

la { , la — (fa)" 

when n is an integer. 
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This method mil alwa^rs reduce direct powers of x or 
its functions. 

When the powers are inverse or in the denominator, 
we must make 

Xj = fXx 
&c. = &c. and 

continued, will give 
' fXxX(f- X^ff - Ia X^<f + (fa)«. Xo* - ^ 

jT^ \{n^l)^' (n-1) (^2) *-* 



(n—l).,.2.lj X- 



(3.) Tojndtheftuentofxl. x. 
Since (ir)- = - [p. 277.] 

fx X Ix sz xlx "^ I — XX 

J X 
s= x/« — X + C, 

and generally, required thefiuent of xf. (/ . x) . where 
jT denotes an algebraic function. 

Let Ix =i u 

Then x = «^ 

andxs ttc*[p.877.] 

«,Hence fxf.(lx) = f(^uf{u) which may be 
found by the general process explamed in the preceding 
article. '■ 

(4.) To find the fluent of Xxl. x, tcAerc X t> any 
Algebraic Function ofx. 



«M 



whUk wM. ht algdbnk if /.Xd0 come out in tllst fi>im. 
Ex. 1, Let Jr = If. 

Then /*-<ir » ^^-j^ £r - /a-» = j^ x 

(tr - 1) + C. 
Ami gauraUy, tojmi ike FbuiU ifJ[i(l. »/•. 

Then, by oontmuing the above jftoees^ we shall get 

jr, (ixy*- &c. 

(6.) roj&id (Ae ;%KNt ^ 



Let^.=^^ 



^. 






&C =: &C. 



Tk« /(^ = / ar* X -^ (&?)- 



X 

X 



-J& 






(jr*)- 



~ (n-l) (tr)-« + J (n-l) (fa)-' * 



» 



far — - = (/. «)' 



Henoe, bj ^ontinmn^ the process, we obtain 

&Cy constantly diminishing the negative index of Ix. 

a; 
It is worthy of remark, that the general form — - x 



f* Qx) being =i {Ix)' \f. (ir), may be always integrated- 

(64) Tajb$i t^fmn$ of oi sin. Xj ^ icm, x^ « «ec. Xj 
and op v^8» X. 

First fx 5im x^f--(co8. x)' (see page 279). 

= — 008. X + c... (a} 

lleKOe fx $08,Xx:fxam. i-^ ^ ^(^ ac 

/ -» ("g - «y «% (^ '^ *) = «^- (^•■^ *) ^ 



. . ^ . f « «n. X r r- (co$. xi 

Agam /« f^n. « =: I == I ^ *^ 

J008.X 4 cot. a> 
as — / . (co». a?) + c. 

J\fxta^.X^fx.-'r^^ ate I ; — S^'^l.COS.X + C.^Xc) 

co«. a? J co^ X ^ ^ 

Hence / » cot. x =: fx tan. (q"-*)= ~- f(o — 

xy tan. f — — :r) = /. tm. f — — x)+c=f.($mj?)+c 

^ COS. X (^ £ 

.*. /i co^. x=:faQ —. — = I ^ =Z. nn. a?+c ...^ (d) 

stn, X J wtt X ^ 



= J^T^T + J^ 



I 

I 
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-/.•l -« 



StMm X 



I 

^ 1— JtJI. X 

=/.toi. (45+ 9} + c (c) 

JX X 

-: =s /. tan. -3- + c.,.^j(f} 



fx vert. X = /x . (1 — ^ oat. x) = /x — 
/x oot. X s= X — mi. X + c (g) 

Hence fx oovcfsed sm. x=/x cerr. ( — — x) = — 

— x) + c = x— ■^+c«». x + c f*^ 

(7.) To/niI iAc /ibime ^x shu'x x cos. "x = F. 

First let us reduce »• 

By the fiirm /d»=«i9'/ti?v, we hsve 
Fszfx sins X .oof.'x x «n»*"'x 

=* r-.cM. T*'x X «tfi.*^'x+ — rr X 

m+1 m+1 *^ 

/X C09. ■**x . m. •^x. 

But cot. ■+*x sin, •^xsscot. "x sin. "^ x (1— w'ji. *x) 
rscot. "x nil. •^x — oot. "x sin. "x. 

Hence — -=• JP = — — — i- . cot. "^'x sou "^x + 
«i+l »+l ^ 

» — 1 .. . . ^ 
— —r- fx COS. "x . nil. •Tr, or 
» + 1 -^ ' 

_ 1 _., . , * — 1 
F = — — ; — cot. "^'x stn. ""'x + X 

m-^n m + s . 

f X COS. 'x sin. ''^x fkj 

in whidi n the index of m. x is reduced hy two. 



X 
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I 

Agaift to reduce m we have 
jp = fx COS. X . sin. "j? X, COS. "~'x 

sin. "■'■^x COS. "^*x + ^"" / i nn. "+•« x 



n + 1 » + 1 

eo«. '""'x, and reducing as before, we obtain 

^ sin. "'*''ar . cos. ""'ar ^ m — 1 ^ . . . „_. 

jr — , . 4- /jc ^n, "x €09. "^JP 

.,.;. fO 

which reduces the index m by S. 

Continuing these reductions we shall at length arrive 
at ^he simplest form of the fluent. Whea.m and n are 
itit^:ers, our last form will be one of the fbrtns in the 
pr^4 number. 

(a) To^ni the fluaU of t!!±If = F. 

COS. X 

To reduce n, we have 

F =z fx . sin. X . COS. "** x sin. *"*t, 
and proceeding as before, we get 

1 sin. ""^j tt — 1 r* sin. *^x , . 

+ — ■ ' ^ '(m) 

n—mj COS. •"« 



'F=- 



»— -m COS. "^'x 



which reduces m by twt). 

To reduce m we have 

F = fx cos.x sin.^x x cor*""*^^*, 
and we easily obtain 

-, 1 sin. "^'t »— »ir+ 2 r» 5Mi. "« * . 

jPss— -. — I -• .....*... fni 

m— 1 co«.*~'a? »— 1 J cos.'^^x 
which reduces m by two. 

Repeating these operations, the flaent may be r0» 
duced to its most simple £brm ; and when m, n ' are in-^ 
tegers it is reducible to some (me of those in No. 6. « 

-VOL. I. z 



AmntL. 



9 Ttit, X 

Hcnee we vomj find the fluent of x Uau *xr= , 



of 9 9tt. *X 



X eo§ee, 'x. 



cot. *x 



, and theiefiKe of x eoL *Xy and of 



(9.) To find the fluent of -7—^ 



nn.'jt. eos^jr 



The proeess lequiied fiir redadng m and si hoe, 
not difler firom that deliYeced in No. 9 for redacing 



(10.) Tojlnd the pnad of £ sin. 
x see, "'«, and x vers, "'x, where sin. 
the are whose sine is xto nuLsl &c. 



~'», X tan. ~'x, 
"^Xy &C. denotes 



Fint, fx sin. ""'x = x «m. "■» — /x (nia. "'xy = 

J XX 
_ (see pafle 879, line 8) = 

V^l— X* 

x.w»-'x - 1/1— x« + c .(•) 

Again, /« to»."'x = X eon. "■« — I- (see 

p. 879, No. 5)=x toi. ar' — ^/.(l+x«)+c f>; 

J XX 

, (see 

p.280) = x^.-.-/^. But^^= 



i + 



JBX 



V^»«-l («+V^x*-l) 



x + /x«— 1 x+v^x* — r 

.•. /« «ec. "^x-ss^x sec. "^x — / . (x + V x« — 1) ... (j) 
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Again^ /r vers, -'jtssx vers. ""'« — /Jf .. (vers. ""'jr)'. 
L*et vers, d s x == 1 •— cos. B^ .*. i = stn. d s 

dVl - CM.«fl = dV2j?-xS .-. 6' = {vers.-'xy = 

Jar* 

— t/ar — x^ + wr*. "'or. 

.*. we finally obtain 
fx vers. '"'x=(x— 1) vers. ~*x-f V^ar— x^ + c fr^ 

Hence there will be no difficulty in getting the 
fluents of X cos, ""'x, x cot, ~'x, x cosec. "'x, and 
X covers, "^x, 

(11.) To find thefiuent of Xx x 2", where X is any 
iiinction of x, and j? the arc, whose sine, or cosine, or 
tangent &c. = x. 

i . ' " 

Let — = P, a function of x. 

i X ' 



Let also fXx = X^ 
fPX.x = jr, 

/p jr,x = X, 

&c. = &c. 

Then /^x«- = JT.ar — nfXPxz*-\ and repeating 
the operatioii, we get 

/Xx2-=Z,««-.»X»g"-^ + n.(n-l) Jf;j8r^-&c (s) 

Having thus laid down the general principles of the 
subject, the reader is enabled to supply the detail 
himself. 
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SECT. VII. — Ex. 1. To find the area i>f the 
logarUkmie curvt^ whose equation is 

fyi = f(fx = ^ -f c (see p. 381.) 

la 

1 
JLet X ?= 0, then the area = 0, and /: = — r-. 

Ex. S. In the aintmd whose equation isy ^ sin. x^ 
me have 

fyx =: f£ sin, « = c — fios. x (see p. 385) 

= 1 ■?- cos, X, 

Ex. 3. In the conchoid referred to a pole the 
equation is ^ 

f == bsec. B+,a .'. I —^ = 1 g ±fabB sec.Q 

/to«d' J« 0\ a^ 

—^-.tan, d ± ab.l,tg,n. (45° -f -g-j+ "g" + x? 

(see pp. 1S2, 885.) 

Let the area s when d a 0* 
Then c :5: . + aM. (ft). 









SECT. VIII.— In this Section, which treats of the 
rectification of curves, we may add the fluxional €»c- 
pression for the arc of a curve, as defined by a radius 
Pfictor and the angle at the pole. 
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In figure page 157, it Rm denote the fluxion of the 
curve AR or i, then mr =: fCRj'= p', and Nn = 



Thenfir = JNTn x 



CR 
CN 



= d>. 



Hence z = Vmr^ + JKr« = )/f^ + p»d'« (aj 

which is another ex|)ression for the fluxion of an arc. 

Ex. Let 0=zp* be the equation of the eurve. 

Then i = f ' /l + »* ^^% 

whose fluent cannot be found generally except bjr 
approximation. 

When n=l or the curve is the spiral of Archtmedss^ 

Let p . 1/1 + p^ = te 
Then « = 2/v^iTF- 



V'l + f^ 






2 ^ J V^l+f' 



"g-^ + 1 . ^ (p+ vTT?) + c (sc« 



p. 140.) 



Let the arc = 0, when = 0; thence c =: 0, 

- p^l+p* —— 

«id« = I— —J:. + |./.0 + y'l+,«) (seep. 164.) 



When n s — 1, or the curve is the rec^road apirat 
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Put i/l -f ^» = U, 



Then u == 



\/l+p« 9y/l^-f' 



X (f« 4- 1 - 1) 



= - •! + f« -, 



f 



•l+f^ 



here 



Hence 2 = V^l + f« + I ■ 1 - > 

•^ ^v 1 + f* 

But f JL = f f. , ^^''^^ (seel41,w 

Simpson might have shown in the same way, that 

^— . ~ aiso — t • y — — . ^T Tt^s I • 
j: V a* ± X- V a« + x* + a/ 

Hence, and taking the correction on the supposition 
that the arc vanishes when f does, we get 



z 



= •! + f>« + /, 



/I + f* + 1 



-L 



SECT* IX and X. — If a solid be generated by 
the doubk motion of a curve' whose plaife is constantly 
perpendicular to that of a given curve, one in the 
direction of its own line of cAscissa, and the other in 
that of the given curve, so that the intersections of the 
curves may be their common ordinates, its solid content 
is thus obtained: 

Let AN = j?, PN=j^, A'N = x'. 

Hence, since fyx' =3 the area of P A'p, the sohd 
content otFApA' will be expressed by 

S ^ fxfiyx' ^ Zfxfyx\ 



L 



f 



I 
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Ex. Let BAG be a aemicvrcle whose radius BO is r, 
and V Afp a triangle^ whose equation isy ^ ax\ 

Here S = 2/x J^ = 2/i|^ + / c» = 

(Srr — «*) rx* x^ 
%foG ' — s ^ + <xr = ^ + cx-ifc^^ But the 

area B A' j> 3= 0, when ^ = 

.', cssO; and the solidssO, when x=0, .*. c'asO. 



rx^ 



X' 



2H 



Henoe S ^ 5- = -5—, when « = r, 

a Da Ikz 



= 5 • ■" X r = Q the triangular base x 
o a o 

altitude. 

Other examples will readily surest themselves. 

# 

The expression for surfaces so generated, will evi- 
dently be « s fzfzy z and z bebg the arcs of the 
curves. 
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We might now proceed to the discussion of curves^ 
curve surfices, and solids, in general, as referred to 
three rectangular co-ordinates, that is, any how dis- 
posed in space ; but it would greatly exceed the limits 
of this work. The reader will find all the information 
on this intricate subject, he can desire, in the works of 
Mongc, 
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